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FOREWORD 


It is often said that the problem of the very small cosmological constant is the 
greatest mystery in cosmology and in particle physics, and that no one has any 
good ideas on how to solve it. The contents of this book make a lie of that 
statement. The material in this monograph builds upon a candidate solution to 
the problem, often dubbed ‘emergence’. It is a solution so simple and direct that 
it can be stated here in this foreword. Visualize the vacuum of particle physics 
as if it were a cold quantum liquid in equilibrium. Then its pressure must vanish, 
unless it is a droplet—in which case there will be surface corrections scaling as 
an inverse power of the droplet size. But vacuum dark pressure scales with the 
vacuum dark energy, and thus is measured by the cosmological constant, which 
indeed scales as the inverse square of the ‘size’ of the universe. The problem is 
‘solved’. 

But there is some bad news with the good. Photons, gravitons, and gluons 
must be viewed as collective excitations of the purported liquid, with dispersion 
laws which at high energies are not expected to be relativistic. The equivalence 
principle and gauge invariance are probably inexact. Many other such ramifi- 
cations exist, as described in this book. And experimental constraints on such 
deviant behavior are extremely strong. Nevertheless, it is in my opinion not out 
of the question that the difficulties can eventually be overcome. If they are, it will 
mean that many sacrosanct beliefs held by almost all contemporary theoretical 
particle physicists and cosmologists will at the least be severely challenged. 

This book summarizes the pioneering research of its author, Grisha Volovik, 
and provides a splendid guide into this mostly unexplored wilderness of emergent 
particle physics and cosmology. So far it is not respectable territory, so there is 
danger to the young researcher venturing within- working on it may be detri- 
mental to a successful career track. But together with the danger will be high 
adventure and, if the ideas turn out to be correct, great rewards. I salute here 
those who take the chance and embark upon the adventure. At the very least 
they will be rewarded by acquiring a deep understanding of much of the lore of 
condensed matter physics. And, with some luck, they will also be rewarded by 
uncovering a radically different interpretation of the profound problems involving 
the structure of the very large and of the very small. 


Stanford Linear Accelerator Center James D. Byjorken 
August 2002 
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PREFACE 


Topology is a powerful tool for gaining the most important information on com- 
plicated many-body systems in a very economic way. Topological classification of 
defects — vortices, domain walls, monopoles — allows us to elucidate which defect 
is stable and what will be the result of the fusion of two defects, without resort 
to any equations. In many cases there are no simple equations which govern such 
processes, while numerical simulations from the first principles — from the Theory 
of Everything (provided that such a theory exists) — are highly time consuming 
and not conclusive because of lack of generality. A number of different vortices 
with an intricate structure of the multi-component order parameter have been 
experimentally observed in the superfluid phases of *He, but the mathematics 
which is used to treat them is as simple as the equation 1+1=0. This equation 
demonstrates that the collision of two singular vortices gives rise to a continuous 
vortex-skyrmion, or that two soliton walls annihilate each other. 

Another example is the Fermi surface: it is stable because it is a topological 
defect — a quantized vortex in momentum space. Again, without use of the mic- 
roscopic theory, only from topology in the momentum space, one can predict 
all possible types of behavior of the many-body system at low energy which do 
not depend on details of atomic structure. The system is either fully gapped, or 
the Fermi surface is developed, or, what has most remarkable consequences, a 
singular point in the momentum space evolves — the Fermi point. If a Fermi point 
appears, as happens in superfluid *He-A, at low energies the system is governed 
by a quantum field theory describing left-handed and right-handed fermionic 
quasiparticles interacting with effective gauge and gravity fields. Practically all 
the ingredients of the Standard Model emerge, together with Lorentz invariance 
and other physical laws. This suggests that maybe our quantum vacuum belongs 
to the same universality class, and if so, the origin of the physical laws could 
be understood together with some puzzles such as the cosmological constant 
problem. 

In this book we discuss the general consequences from topology on the quan- 
tum vacuum in quantum liquids and the parallels in particle physics and cosmol- 
ogy. This includes topological defects; emergent relativistic quantum field theory 
and gravity; chiral anomaly; the low-dimensional world of quasiparticles living in 
the core of vortices, domain walls and other ‘branes’; quantum phase transitions; 
emergent non-trivial spacetimes; and many more. 


Helsinki University of Technology Grigory E. Volovik 
November 2002 


PREFACE TO THE PAPERBACK EDITION 


The paperback edition is a straight reprint of the hardback edition published 
in 2003. I did not make an attempt to add new material, or the references 
to numerous important papers which appeared in the period 2002-2008: this 
would go beyond the scope of a paperback reprint. However, I did include up- 
to-date citations to a few key and review papers that have been published in 
that period (Adler 2005; Akhmedov and Singleton 2007; Bais 2005; Barcelo et 
al. 2005; Creutz 2008; Cross and Brinkman 1977; Deser et al. 1982; Dziarmaga 
et al. 2008; Eltsov et al. 2006, 2008; Gurarie and Radzihovsky 2007; Hlubina 
2008; Horava 2005; Jackiw 2005; Jackiw and Rossi 1981; Kee and Maki 2007; 
Kitaev 2006; Klinkhamer 2006; Klinkhamer and Volovik 2005, 2008; Kolomeisky 
et al. 2008; Leurs et al. 2008; Martin et al. 2008; Mel’nikov et al. 2008; Roy and 
Kallin 2008; Ruokola and Kopu 2005; Schiitzhold 2005; Stone and Anduaga 2008; 
Volovik 1995c, 1998c, 2003, 2007, 2008; Volovik and Zelnikov 2003; Yamashita 
et al. 2006). A number of typographical errors have been corrected, and I thank 
the readers who attracted my attention to mistakes in some equations. 


Helsinki University of Technology Grigory E. Volovik 
October 2008 
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INTRODUCTION: GUT AND ANTI-GUT 


There are fundamental relations between three vast areas of physics: particle 
physics, cosmology and condensed matter. These relations constitute a successful 
example of the unity of physics. The fundamental links between cosmology and 
particle physics, in other words, between macro- and micro-worlds, have been well 
established. There is a unified system of laws governing all scales from subatomic 
particles to the cosmos and this principle is widely exploited in the description 
of the physics of the early Universe (baryogenesis, cosmological nucleosynthesis, 
etc.). The connection of these two fields with the third ingredient of modern 
physics — condensed matter — is the main goal of the book. 

This connection allows us to simulate the least understood features of high- 
energy physics and cosmology: the properties of the quantum vacuum (also called 
ether, spacetime foam, quantum foam, Planck medium, etc.). In particular, the 
vacuum energy estimated using the methods of particle physics is in disagree- 
ment with modern cosmological experiments. This is the famous cosmological 
constant problem. A major advantage of condensed matter is that it is described 
by a quantum field theory in which the properties of the quantum vacuum are 
completely known from first principles: they can be computed (at least numer- 
ically) and they can be measured experimentally in a variety of quantum con- 
densed matter systems, such as quantum liquids, superconductors, superfluids, 
ferromagnets, etc. 

The analogy between the quantum vacuum in particle physics and in con- 
densed matter could give an insight into trans-Planckian physics and thus help 
in solving the cosmological constant problem and other outstanding problems 
in high-energy physics and cosmology, such as the origin of matter—antimatter 
asymmetry, the formation of the cosmological magnetic field, the problem of the 
flatness of present Universe, the formation of large-scale structure, the physics 
of the event horizon in black holes, etc. 

The traditional Grand Unification view of the nature of physical laws is that 
the low-energy symmetry of our world is the remnant of a larger symmetry, 
which exists at high energy, and is broken when the energy is reduced. According 
to this philosophy the higher the energy the higher is the symmetry. At very 
high energy there is the Grand Unification Theory (GUT), which unifies strong, 
weak and hypercharge interactions into one big group such as the SO(10) group 
or its G(224) subgroup of the Pati-Salam model (Sec. 12.2.2). At about 1015 
GeV this big symmetry is spontaneously broken (probably with intermediate 
stages) into the symmetry group of the Standard Model, which contains three 
subgroups corresponding to separate symmetry for each of three interactions: 
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anti-GUT: anti-GUT: 


chiral fermions, emergent symmetry 


Lorentz invariance in superfluid 3He-A 
| gauge fields, gravity, ... 
all gradually emerge 


10!°Gev 
Planck scale 
10'5Gev 
GUT scale 


10°GeV 
electroweak 
scale 


GUT in Standard Model GUT in superfluid 3He 
symmetry breaking phase transitions symmetry breaking phase transitions 


SO(10) =æ SU(3)xSU(2)xU(1) ==- SU(3)xU(1) f| SO(3)xSO(3)xU(1) == U(1)xU(1) == SO(3) 


Fic. 1.1. Grand Unification and anti-Grand-Unification schemes in the Stan- 
dard Model and in superfluid 3He. 


U(1) x SU(2) x SU (3). Below about 200 GeV the electroweak symmetry U (1) x 
SU (2) is violated, and only the group of electromagnetic and strong interactions, 
U(1) x SU(8), survives (see Fig. 1.1 and Sec. 12.2). 

The less traditional view is quite the opposite: it is argued that starting from 
some energy scale (probably the Planck energy scale) one finds that the higher 
the energy the poorer are the symmetries of the physical laws, and finally even the 
Lorentz invariance and gauge invariance will be smoothly violated (Froggatt and 
Nielsen 1991; Chadha and Nielsen 1983). From this point of view, the relativistic 
quantum field theory (RQFT) is an effective theory (Polyakov 1987; Weinberg 
1999; Jegerlehner 1998). It is an emergent phenomenon arising as a fixed point in 
the low-energy corner of the physical vacuum whose nature is inaccessible from 
the effective theory. In the vicinity of the fixed point the system acquires new 
symmetries which it did not have at higher energy. It is quite possible that even 
such symmetries as Lorentz symmetry and gauge invariance are not fundamental, 
but gradually appear when the fixed point is approached. From this viewpoint it 
is also possible that Grand Unification schemes make no sense if the unification 
occurs at energies where the effective theories are no longer valid. 

Both scenarios occur in condensed matter systems. In particular, superfluid 
3He-A provides an instructive example. At high temperature the *He gas and at 
lower temperature the normal *He liquid have all the symmetries that ordinary 
condensed matter can have: translational invariance, global U(1) group and two 
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global SO(3) symmetries of spin and orbital rotations. When the temperature 
decreases further the liquid 3He reaches the superfluid transition temperature T, 
about 1 mK (Fig. 1.1), below which it spontaneously loses each of its symmetries 
except for the translational one — it is still liquid. This breaking of symmetry 
at low temperature, and thus at low energy, reproduces that in particle physics. 
Though the ‘Grand Unification’ group in *He, U(1) x SO(3) x SO(3), is not 
as big as in particle physics, the symmetry breaking is nevertheless the most 
important element of the ?He physics at low temperature. 

However, this is not the whole story. When the temperature is reduced fur- 
ther, the opposite ‘anti-Grand-Unification’ (anti-GUT) scheme starts to work: 
in the limit T — 0 the superfluid *He-A gradually acquires from nothing almost 
all the symmetries which we know today in high-energy physics: (an analog of) 
Lorentz invariance, local gauge invariance, elements of general covariance, etc. It 
appears that such an enhancement of symmetry in the limit of low energy hap- 
pens because *He-A belongs to a special universality class of Fermi systems. For 
condensed matter in this class, the chiral (left-handed and right-handed) fermi- 
ons and gauge bosons arise as fermionic quasiparticles and bosonic collective 
modes together with the corresponding symmetries. Even the left-handedness 
and right-handedness are the emergent low-energy properties of quasiparticles. 

The quasiparticles and collective bosons perceive the homogeneous ground 
state of condensed matter as an empty space — a vacuum ~ since they do not 
scatter on atoms comprising this vacuum state: quasiparticles move in a quantum 
liquid or in a crystal without friction just as particles move in empty space. 
The inhomogeneous deformations of this analog of the quantum vacuum is seen 
by the quasiparticles as the metric field of space in which they live. It is an 
analog of the gravitational field. This conceptual similarity between condensed 
matter and the quantum vacuum gives some hint on the origin of symmetries 
and also allows us to simulate many phenomena in high-energy physics and 
cosmology related to the quantum vacuum using quantum liquids, Bose-Einstein 
condensates, superconductors and other materials. 

We shall exploit here both levels of analogies: GUT and anti-GUT. Each of 
the two levels has its own energy and temperature range in ?He. According to 
Fig. 1.1, in ?He the GUT scheme works at a higher energy than the anti-GUT 
one. However, it is possible that at very low temperatures, after the anti-GUT 
scheme gives rise to new symmetries, these symmetries will be spontaneously 
broken again according to the GUT scheme. 

The GUT scheme shows an important property of the asymmetry of the quan- 
tum vacuum arising due to the phenomenon of spontaneous symmetry breaking. 
Just as the symmetry is often broken in condensed matter systems when the 
temperature is reduced, it is believed that the Universe, when cooling down, 
would have undergone a series of symmetry-breaking phase transitions. One of 
the most important consequences of such symmetry breaking is the existence 
of topological defects in both systems. Cosmic strings, monopoles, domain walls 
and solitons, etc., have their counterparts in condensed matter: namely, quan- 
tized vortices, hedgehogs, domain walls and solitons, etc., which we shall discuss 
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in detail in Part III. 

The topological defects formed at early-Universe phase transitions may in 
turn have cosmological implications. Reliable observational input in cosmology 
to test these ideas is scarce and the ability to perform controlled experiments, 
of course, absent. However, such transitions exhibit many generic features which 
are also found in symmetry-breaking transitions in condensed matter systems at 
low temperatures and thus can be tested in that context (see Part VI). 

However, mostly we shall be concerned with the anti-GUT phenomenon of 
gradually emerging symmetries. On a microscopic level, the analogs of the quan- 
tum vacuum — quantum condensed matter systems, such as *He and 4He quan- 
tum liquids, superconductors and magnets — consist of strongly correlated and/or 
strongly interacting quantum elements (atoms, electrons, spins, etc.). Even in its 
ground state, such a system is usually rather complicated: its many-body wave 
function requires extensive analytic studies and numerical simulations. However, 
it appears that such calculations are not necessary if one wishes to study low- 
energy phenomena in these systems. When the energy scale is reduced, one can 
no longer resolve the motion of isolated elements. The smaller the energy the 
better is the system described in terms of its zero modes — the states whose en- 
ergy is close to zero. All the particles of the Standard Model have energies which 
are extremely small compared to the ‘Planck’ energy scale, that is why one may 
guess that all of them originate from the fermionic or bosonic zero modes of the 
quantum vacuum. If so, our goal must be to describe and classify the possible 
zero modes of quantum vacua. 

These zero modes are represented by three major components: (i) the bosonic 
collective modes of the quantum vacuum; (ii) the dilute gas of the particle- 
like excitations — quasiparticles — which play the role of elementary particles; 
(iii) topological defects have their own bosonic and fermionic zero modes. The 
dynamics of the zero modes is described within what we now call ‘the effective 
theory’. 

In superfluid +He, for example, this effective theory incorporates the collec- 
tive motion of the ground state — the superfluid quantum vacuum; the dynamics 
of quasiparticles in the background of the moving vacuum — phonons, which form 
the normal component of the liquid; and the dynamics of the topological defects 
— quantized vortices interacting with the other two subsystems. It appears that 
in the low-energy limit the dynamics of phonons is the same as the dynamics of 
relativistic particles in the metric field g,,. This effective acoustic metric is dy- 
namical and is determined by the superfluid motion of the vacuum of superfluid 
4He. For quasiparticles, the essentially Galilean space and time of the world of 
the laboratory are combined into an entangled spacetime continuum with prop- 
erties determined by what they think of as gravity. In this sense, the two-fluid 
hydrodynamics describing the interdependent dynamics of superfluid quantum 
vacuum and quasiparticles represents the metric theory of gravity and its inter- 
action with matter (Part I). This metric theory is a caricature of the Einstein 
gravity, since the metric field does not obey the Einstein equations. But this car- 
icature is very useful for investigating many problems of RQFT in curved space 
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(Part VII), including the cosmological constant problem and the behavior of the 
quantum matter field in the presence of the event horizon. For example, for the 
horizon problem it is only important that the effective metric g,, exhibits the 
event horizon for (quasi)particles, and it does not matter from which equations, 
Einstein or Landau—Khalatnikov, such a metric has been obtained. 

An effective theory in condensed matter does not depend on details of mi- 
croscopic (atomic) structure of the substance. The type of effective theory is 
determined by the symmetry and topology of zero modes of the quantum vacu- 
ume, and the role of the underlying microscopic physics is only to choose among 
different universality classes of quantum vacua on the basis of the minimum 
energy consideration. Once the universality class is determined, the low-energy 
properties of the condensed matter system are completely described by the ef- 
fective theory, and the information on the underlying microscopic physics is lost. 

In Part II we consider universality classes of the fermionic vacua. It is as- 
sumed that the quantum vacuum of the Standard Model is also a fermionic 
system, while the bosonic modes are the secondary quantities which are the col- 
lective modes of this vacuum. The universality classes are determined by the 
momentum space topology of fermion zero modes, in other words by the topo- 
logical defects in momentum space — the points, lines or surfaces in p-space at 
which the energy of quasiparticles becomes zero. There are two major topological 
classes of vacua with gapless fermions (the rigorous topological classification of 
fermionic vacua has been made by Horava (2005)). Zeros in the energy spectrum 
form in 3-dimensional p-space either the Fermi surface or the Fermi points. 
The vacua with a Fermi surface are more abundant in condensed matter; the 
Fermi points exist in superfluid ?He-A, in the planar and axiplanar phases of 
spin-triplet superfluids and in the Standard Model. The effective theory in the 
vacua with Fermi points is remarkable. At low energy, the quasiparticles in the 
vicinity of the Fermi point — the fermion zero modes — represent chiral fermions; 
the collective bosonic modes represent gauge and gravitational fields acting on 
the chiral quasiparticles. This emerges together with the ‘laws of physics’, such 
as Lorentz invariance and gauge invariance, and together with such notions as 
chirality, spin, isotopic spin, etc. 

All this reproduces the main features of the Standard Model and general 
relativity, and supports the anti-GUT viewpoint that the Standard Model of the 
electroweak and strong interactions, and general relativity, are effective theories 
describing the low-energy phenomena emerging from the fermion zero modes 
of the quantum vacuum. The nature of this Planck medium — the quantum 
vacuum — and its physical structure on a ‘microscopic’ trans-Planckian scale 
remain unknown, but from topological properties of elementary particles of the 
Standard Model one might suspect that the quantum vacuum belongs to the 
same universality class as 7He-A. More exactly, to reproduce all the bosons and 
fermions of the Standard Model, one needs several Fermi points in momentum 
space, related by some discrete symmetries. In this respect the Standard Model 
is closer to the so-called planar phase of spin-triplet p-wave superfluidity, which 
will be also discussed. 
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The conceptual similarity between the systems with Fermi points allows us 
to use 3He-A as a laboratory for the simulation and investigation of those phe- 
nomena related to the chiral quantum vacuum of the Standard Model, such as 
axial (or chiral) anomalies, electroweak baryogenesis, electroweak genesis of pri- 
mordial magnetic fields, helical instability of the vacuum, fermionic charge of the 
bosonic fields and topological objects, quantization of physical parameters, etc. 
(Part IV). As arule these phenomena are determined by the combined topology: 
namely, topology in the combined r- and p-spaces. The exotic terms in the action 
describing these effects represent the product of the topological invariants in r- 
and p-spaces. 

The combined topology in the extended (r, p)-space is also responsible for the 
fermion zero modes present within different topological defects (Part V). Because 
of the similarity in topology, the world of quasiparticles in the vortex core or in 
the core of the domain wall in condensed matter, has a similar emergent physics 
as the brane world — the 3+1 world of particles and fields in the core of the 
topological membranes (branes) in multi-dimensional spacetime — the modern 
development of the Kaluza—Klein theory of extra dimensions. 

We hope that condensed matter can show us possible routes from our present 
low-energy corner of the effective theory to the ‘microscopic’ physics at Planck- 
ian and trans-Planckian energies. The relativistic quantum field theory of the 
Standard Model, which we have now, is incomplete due to ultraviolet diver- 
gences at small length scales. The ultraviolet divergences in the quantum theory 
of gravity are even more crucial, and after 70 years of research quantum gravity 
is still far from realization in spite of numerous magnificent achievements (Rov- 
elli 2000). This represents a strong indication that gravity, both classical and 
quantum, and the Standard Model are not fundamental: both are effective field 
theories which are not applicable at small length scales where the ‘microscopic’ 
physics of a vacuum becomes important, and, according to the anti-GUT sce- 
nario, some or all of the known symmetries in nature are violated. The analogy 
between the quantum vacuum and condensed matter could give an insight into 
this trans-Planckian physics since it provides examples of the physically imposed 
deviations from Lorentz and other invariances at higher energy. This is important 
in many different areas of high-energy physics and cosmology, including possible 
CPT violation and black holes, where the infinite red shift at the horizon opens 
a route to trans-Planckian physics. 

As we already mentioned, condensed matter teaches us (see e.g. Anderson 
1984; Laughlin and Pines 2000) that the low-energy properties of different vacua 
(magnets, superfluids, crystals, liquid crystals, superconductors, etc.) are robust, 
i.e. they do not depend much on the details of microscopic (atomic) structure of 
these substances. The principal role is played by the symmetry and topology of 
condensed matter: they determine the soft (low-energy) hydrodynamic variables, 
the effective Lagrangian describing the low-energy dynamics, topological defects 
and quantization of physical parameters. The microscopic details provide us only 
with the ‘fundamental constants’, which enter the effective phenomenological La- 
grangian, such as the speed of ‘light’ (say, the speed of sound), superfluid density, 
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modulus of elasticity, magnetic susceptibility, etc. Apart from these ‘fundamental 
constants’, which can be rescaled, the systems behave similarly in the infrared 
limit if they belong to the same universality and symmetry classes, irrespective 
of their microscopic origin. 

The detailed information on the system is lost in such an acoustic or hy- 
drodynamic limit. From the properties of the low-energy collective modes of the 
system — acoustic waves in the case of crystals — one cannot reconstruct the 
atomic structure of the crystal since all the crystals have similar acoustic waves 
described by the same equations of the same effective theory; in crystals it is the 
classical theory of elasticity. The classical fields of collective modes can be quan- 
tized to obtain quanta of acoustic waves — phonons. This quantum field remains 
the effective field which is applicable only in the long-wavelength limit, and does 
not give detailed information on the real quantum structure of the underlying 
crystal (except for its symmetry class). In other words, one cannot construct the 
full quantum theory of real crystals using the quantum theory of elasticity. Such 
a theory would always contain divergences on an atomic scale, which cannot be 
regularized in a unique way. 

It is quite probable that in the same way the quantization of classical gravity, 
which is one of the infrared collective modes of the quantum vacuum, will not 
add much to our understanding of the ‘microscopic’ structure of the vacuum 
(Hu 1996; Padmanabhan 1999; Laughlin and Pines 2000). Indeed, according to 
this anti-GUT analogy, properties of our world, such as gravitation, gauge fields, 
elementary chiral fermions, etc., all arise in the low-energy corner as low-energy 
soft modes of the underlying ‘Planck condensed matter’. At high energy (on 
the Planck scale) these modes merge with the continuum of all the high-energy 
degrees of freedom of the ‘Planck condensed matter’ and thus can no longer be 
separated from each other. Since gravity is not fundamental, but appears as an 
effective field in the infrared limit, the only output of its quantization would 
be the quanta of the low-energy gravitational waves — gravitons. The deeper 
quantization of gravity makes no sense in this philosophy. 

The main advantage of the condensed matter analogy is that in principle 
we know the condensed matter structure at any relevant scale, including the 
interatomic distance, which plays the part of one of the Planck length scales 
in the hierarchy of scales. Thus condensed matter can show the limitation of 
the effective theories: what quantities can be calculated within the effective field 
theory using, say, a renormalization group approach, and what quantities depend 
essentially on the details of trans-Planckian physics. For such purposes the real 
strongly interacting systems such as He and *He liquids are too complicated for 
calculations. It is more instructive to choose the simplest microscopic models, 
which in the low-energy corner leads to the vacuum of the proper universality 
class. Such a choice of model does not change the ‘relativistic’ physics arising 
at low energy, but the model allows all the route from sub-Planckian to trans- 
Planckian physics to be visualized. We shall use the well known models of weakly 
interacting Bose (Part I) and Fermi (Part II) gases, such as the BCS model with 
the proper interaction providing in the low-energy limit the universality class 
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with Fermi points. 

Using these models, we can see what results for the vacuum energy when it 
is calculated within the effective theory and in an exact microscopic theory. The 
difference between the two approaches just reflects the huge discrepancy between 
the estimation of the cosmological constant in RQFT and its observational limit 
which is smaller by about 120 orders. The exact microscopic theory shows that 
the equilibrium vacuum ‘is not gravitating’, which immediately follows from the 
stability of the vacuum state of the weakly interacting quantum gas. Moreover, 
the same stability condition applied to the quantum liquids shows that the energy 
of their ground state is exactly zero irrespective of the microscopic structure of 
the liquid. This implies that either the energy of our quantum vacuum is zero (in a 
full equilibrium), or the vacuum energy is non-gravitating (in a full equilibrium). 
This paradigm of the non-gravitating equilibrium vacuum, which is easily derived 
in condensed matter when we know the microscopic ‘trans-Planckian’ physics, 
can be considered as one of the postulates of the effective phenomenological 
theory of general relativity. This principle cannot be derived within the effective 
theory. It can follow only from the still unknown fundamental level. 

On the other hand, the quantum liquid examples demonstrate that this prin- 
ciple does not depend on the details of the fundamental physics. This is actually 
our goal: to extract from the well-determined and complete microscopic many- 
body systems the general principles which do not depend on details of the system. 
Then we may hope that these principles will be applicable to such a microscopic 
system as the relativistic quantum vacuum (such an attempt has been recently 
made by Klinkhamer and Volovik (2008) who considered the quantum vacuum 
as a Lorentz invariant self-sustained medium). 

By investigating quantum liquids we can get a hint on what kind of con- 
densed matter the ‘Planck matter’ is. The quantum Fermi liquids belonging to 
the universality class of Fermi points nicely reproduce the main features of the 
Standard Model. But the effective gravity still remains a caricature of the Ein- 
stein theory, though it is a much better caricature than the effective gravity in 
the Bose liquids. From the model it follows that to bring the effective gravity 
closer to Einstein theory, i.e. to reproduce the Einstein—Hilbert action for the gv 
field, one must suppress all the effects of the broken symmetry: the ‘Planck mat- 
ter’ must be in the non-superfluid disordered phase without Goldstone bosons, 
but with Fermi points in momentum space. 

The condensed matter analogy is in some respect similar to string theory, 
where the gauge invariance and general covariance are not imposed, and fermi- 
ons, gravitons and gauge quanta are the emergent low-energy properties of an 
underlying physical object — the fundamental string. At the moment string the- 
ory is viewed as the most successful attempt to quantize gravity so far. However, 
as distinct from string theory which requires higher dimensions, the ‘relativis- 
tic’ Weyl fermions and gauge bosons arise in the underlying non-relativistic con- 
densed matter in an ordinary 3+1 spacetime, provided that the condensed matter 
belongs to the proper universality class. 


Part I 


Quantum Bose liquid 
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GRAVITY 


Since we are interested in the analog of effective gravity arising in the low-energy 
corner of the quantum Bose liquids, let us first recall some information concerning 
the original Einstein theory of the gravitational field. 


2.1 The Einstein theory of gravity 


The Einstein theory of gravitation consists of two main elements: 

(1) Gravity is related to a curvature of spacetime in which particles move 
along geodesic curves in the absence of non-gravitational forces. The geometry 
of spacetime is described by the metric gy which is the dynamical field of gravity. 
The action Sm for matter in the presence of a gravitational field is obtained from 
the special relativity action for the matter fields by replacing everywhere the flat 
Minkowski metric by the dynamical metric g,, and the partial derivative by 
the g-covariant derivative. This follows from the principle that the equations 
of motion do not depend on the choice of the coordinate system (the so-called 
general covariance). This also means that motion in the non-inertial frame can 
be described in the same manner as motion in some gravitational field — this 
is the equivalence principle. Another consequence of the equivalence principle is 
that spacetime geometry is the same for all particles: gravity is universal. Since 
the action Sm for matter fields depends on guv, it simultaneously describes the 
coupling between gravity and the matter fields (all other fields except gravity). 

(2) The dynamics of the gravitational field itself is determined by adding 
to Sm the action functional Sq for gav, describing the propagation and self- 
interaction of the gravitational field: 


S=Sat+ Su. (2.1) 


The general covariance requires that Sg is a functional of the curvature. In the 
original Einstein theory only the first-order curvature term is retained: 


1 
Sq = -a | vR , (2.2) 
T 


where G is the Newton gravitational constant and œR is the Ricci scalar curvature. 

In the following chapters we shall exploit the analogy with the effective 
Lorentz invariance and effective gravity arising in quantum liquids. In these 
systems the ‘speed of light’ c — the maximum attainable speed of the low-energy 
quasiparticles — is not a fundamental constant, but a material parameter. In or- 
der to describe gravity in a manner also applicable to quantum liquids, the action 
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should not contain explicitly the material parameters. That is why eqn (2.2) is 
written in such a way that it does not contain the speed of light c: it is absorbed 
by the Newton constant and by the metric. It is assumed that in flat spacetime, 
the Minkowski metric has the form g,,, = diag(—1, c~?, c~”, c~”). This form can 
be extended for anisotropic superfluids, where the ‘speed of light’ depends on 
the direction of propagation, and the metric of the effective ‘Minkowski’ space- 
time is gu = diag(—1, c3’, c°, cz’). The dimension of the Newton constant 
is now [G]~! = [E]?/[h], where [E] means the dimension of energy. Further, 
if the Planck constant A is not written explicitly, we assume that A = 1, and 
correspondingly [G]~! = [E]}?. 
The Einstein—Hilbert action is thus 


1 
instein — — d u y 2. 
SEinst wal zy -gR + Sm (2.3) 
Variation of this action over the metric field g”” gives the Einstein equations: 
ÒS Einstein 1 1 1 M 
— = zV g | | Riv — FRO Tis =0; 2.4 
bgt gv 9 | 8rG ( k g In ) tiw E 


where TH is the energy-momentum tensor of the matter fields. 


2.1.1 Covariant conservation law 


Using Bianchi identities for the curvature tensor one obtains from eqn (2.4) the 
‘covariant’ conservation law for matter: 


1 a 
Tek =0 or On (ToM V =g) = 2 V =gT PMO, gap i (2.5) 


Equation (2.5) is the check for the self-consistency of the Einstein equations, 
since the ‘covariant’ conservation law for matter can be obtained directly from 
the field equations for matter without invoking the dynamics of the gravitational 
field. The only input is that the field equations for matter obey the general 
covariance. We shall see later that in the effective gravity arising in the low- 
energy corner of quantum liquids, eqn (2.5) does hold for the ‘matter fields’ 
(i.e. for quasiparticles), though the effective ‘gravity field’ gay does not obey the 
Einstein equations. 


2.2 Vacuum energy and cosmological term 
2.2.1 Vacuum energy 


In particle physics, field quantization allows a zero-point energy, the constant 
vacuum energy when all fields are in their ground states. In the absence of 
gravity the constant energy can be ignored, since only the difference between 
the energies of the field in the excited and ground states is meaningful. If the 
vacuum is distorted, as for example in the Casimir effect (Casimir 1948), one 
can measure the difference in energies between distorted and original vacua. But 
the absolute value of the vacuum energy is unmeasurable. 
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On the contrary, in the Einstein theory of gravity the gravitational field reacts 
to the total value of the energy-momentum tensor of the matter fields, and thus 
the absolute value of the vacuum energy becomes meaningful. If the energy— 
momentum tensor of the vacuum is non-zero it must be added to the Einstein 
equations. The corresponding contribution to the action is given by the so-called 
cosmological term, which was introduced by Einstein (1917): 


2 ôS 
=i EER IN pe A 
Sa = ps fa IV =g, Tw = Vg ôg.” = PAGuw - 


The energy-momentum tensor of the vacuum shows that the quantity p,./—g is 
the vacuum energy density, while the partial pressure of the vacuum is —p,a./—g. 
Thus the equation of state of the vacuum is 


Pa =—pa. (2.7) 


The cosmological term modifies the Einstein equations (2.4) adding the energy— 
momentum tensor of the vacuum to the right-hand side: 


1 1 
FE (Bu = TRou ) =P AT (2.8) 


(2.6) 


At the moment there is no law of nature which forbids the cosmological con- 
stant, and what is not forbidden is compulsory. Moreover, the idea that the vac- 
uum is full of various fluctuating fields (such as electromagnetic and Dirac fields) 
and condensates (such as Higgs fields) is widely accepted. Using the Standard 
Model or its extension one can easily estimate the vacuum energy of fluctuating 
fields: the positive contribution comes from the zero-point energy (1/2)E(p) of 
quantum fluctuations of bosonic fields and the negative one from the occupied 
negative energy levels in the Dirac sea. Since the largest contribution comes from 
the fluctuations with ultrarelativistic momenta p >> mc, where the masses m of 
particles can be neglected, the energy spectrum of particles can be considered as 
massless, E = cp. Then the energy density of the vacuum is simply 


1 1 
PAV TI = V (rons >D zP = E ~) i (2.9) 


P 


Here V is the volume of the system; Mposons is the number of bosonic species and 
Vfermions 1S the number of fermionic species in the vacuum. The vacuum energy 
is divergent and the natural ultraviolet cut-off is provided by the gravity itself. 
The cut-off Planck energy is determined by the Newton constant: 


hA 1/2 
Planck = G : (2.10) 


It is on the order of 101° GeV. If there is no supersymmetry — the symmetry 
between the fermions and bosons — the Planck energy-scale cut-off provides the 
following estimate for the vacuum energy density: 
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1 1 
PAVI ~ +3 EPlanck = “53 Vg E$ianck ë (2.11) 


The sign of the vacuum energy is determined by the fermionic and bosonic con- 
tent of the quantum field theory. 

The vacuum energy was calculated for flat spacetime with the Minkowski 
metric in the form g v = diag(—1, c7?, c~”, c7?), so that y=g = c~®. The right- 
hand side of eqn (2.11) does not depend on the ‘material parameter’ c, and thus 
(as we see later) is also applicable to quantum liquids. 


2.2.2 Cosmological constant problem 


The ‘cosmological constant problem’ refers to a huge disparity between the 
naively expected value in eqn (2.11) and the range of actual values. The ex- 
perimental observations show that the energy density in our Universe is close to 
the critical density pe, corresponding to a flat Universe. The energy content is 
composed of baryonic matter (very few percent), the so-called dark matter which 
does not emit or absorb light (about 30%) and vacuum energy (about 70%). Such 
a distribution of energy leads to an accelerated expansion of the Universe which 
is revealed by recent supernovae Ia observations (Perlmutter et al. 1999; Riess 
et al. 2000). The observed value of the vacuum energy pa ~ 0.Tpe is thus on 
the order of 1071? E$ anek in contradiction with the theoretical estimate in eqn 
(2.11). This is probably the largest discrepancy between theory and experiment 
in physics. 

This huge discrepancy can be cured by supersymmetry, the symmetry be- 
tween fermions and bosons. If there is a supersymmetry, the positive contribution 
of bosons and negative contribution of fermions exactly cancel each other. How- 
ever, it is well known that there is no supersymmetry in our low-energy world. 
This means that there must by an energy scale Egusy below which the super- 
symmetry is violated and thus there is no balance between bosons and fermions 
in the vacuum energy . This scale is providing the cut-off in eqn (2.9), and the 
theoretical estimate of the cosmological constant becomes pa(theor) ~ Eg, sy. 
Though Esusy can be much smaller than the Planck scale, the many orders of 
magnitude disagreement between theory and reality still persists, and we must 
accept the experimental fact that the vacuum energy in eqn (2.9) is not gravi- 
tating. This is the most severe problem in the marriage of gravity and quantum 
theory (Weinberg 1989), because it is in apparent contradiction with the general 
principle of equivalence, according to which the inertial and gravitating masses 
coincide. 

One possible way to solve this contradiction is to accept that the theoreti- 
cal criteria for setting the absolute zero point of energy are unclear within the 
effective theory, i.e. the vacuum energy is by no means the energy of vacuum 
fluctuations of effective fields in eqn (2.9). Its estimation requires physics be- 
yond the Planck scale and thus beyond general relativity. To clarify this issue 
we can consider such quantum systems where the elements of the gravitation 
are at least partially reproduced, but where the structure of the quantum vac- 
uum beyond the ‘Planck scale’ is known. Quantum liquids are the right systems, 
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and later we shall show how ‘trans-Planckian physics’ solves the cosmological 
constant problems at least in quantum liquids. 


2.2.3 Vacuum-induced gravity 


Why does the Planck energy in eqn (2.10) serve as the natural cut-off in quantum 
field theory? This is based on the important observation made by Sakharov 
(1967) that the second element of the Einstein theory (the action for the gravity 
field) can follow from the first element (the action of the matter field in the 
presence of gravity). Sakharov showed that vacuum fluctuations of the matter 
fields in the presence of the classical background metric field g,,, make the metric 
field dynamical inducing the curvature term in the action for guv. 

According to Sakharov’s calculations, the magnitude of the induced Newton 
constant is determined by the value of the ultraviolet cut-off: G ~ h/E? itom: 
Actually G7! ~ NE? tog/ħ, where N is the number of (fermionic) matter fields 
contributing to the gravitational constant. Thus in Sakharov’s theory of gravity 
induced by quantum fluctuations, the causal connection between gravity and the 
cut-off is reversed: the physical high-energy cut-off determines the gravitational 
constant. Gravity is so small compared to the other forces just because the cut- 
off energy is so big. Electromagnetic, weak and strong forces also depend on the 
ultraviolet cut-off Eeutog¢. But the corresponding coupling ‘constants’ have only a 
mild logarithmic dependence on Ecuto#, as compared to the 1/ E2 tog dependence 
of G. 


2.2.4 Effective gravity in quantum liquids 


Sakharov’s theory does not explain the first element of the Einstein theory: it 
shows how the Einstein—Hilbert action for the metric field g,, arises from the 
vacuum fluctuations, but it does not indicate how the metric field itself appears. 
The latter can be given only by the fundamental theory of the quantum vacuum, 
such as string theory where gravity appears as a low-energy mode. Quantum liq- 
uids also provide examples of how the metric field naturally emerges as the 
low-energy collective mode of the quantum vacuum. The action for this mode 
is provided by the dynamics of quantum vacuum in accordance with Sakharov’s 
theory, and even the curvature term can be reproduced in some condensed mat- 
ter systems in some limiting cases. From this point of view gravity is not the 
fundamental force, but is determined by the properties of the quantum vacuum: 
gravity is one of the collective modes of the quantum vacuum. 

The metric field naturally arises in many condensed matter systems. An 
example is the motion of acoustic phonons in a distorted crystal lattice, or in the 
background flow field of superfluid condensate. This motion is described by the 
effective acoustic metric (see below in Chapter 4). For this ‘relativistic matter 
field’ (acoustic phonons with dispersion relation E = cp, where c is the speed of 
sound, simulate relativistic particles) the analog of the equivalence principle is 
fulfilled. As a result the covariant conservation law in eqn (2.5) does hold for the 
acoustic mode, if g,,, is replaced by the acoustic metric (Sec. 6.1.2). 
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The second element of the Einstein gravity is not easily reproduced in con- 
densed matter. In general, the dynamics of the effective metric g,, does not 
obey the equivalence principle. In existing quantum liquids, the action for gy is 
induced not only by quantum fluctuations of the ‘relativistic matter fields’, but 
also by the high-energy degrees of freedom of the quantum vacuum, which are 
‘non-relativistic’. The latter are typically dominating, as a result the effective 
action for g,, is non-covariant. Of course, one can find some very special cases 
where the Einstein action for the effective metric is dominating, but this is not 
the rule in condensed matter. 

Nevertheless, despite the incomplete analogy with the Einstein theory, the ef- 
fective gravity in quantum liquids can be useful for investigating many problems 
that are not very sensitive to whether or not the gravitational field satisfies the 
Einstein equations. In particular, these are the problems related to the behav- 
ior of the quantum vacuum in the presence of a non-trivial metric field (event 
horizon, ergoregion, spinning string, etc.); and also the cosmological constant 
problem. 


3 


MICROSCOPIC PHYSICS OF QUANTUM LIQUIDS 


There are two ways to study quantum liquids: 

(1) The fully microscopic treatment. This can be realized completely either by 
numerical simulations of the many-body problem, or for some special ranges of 
the material parameters analytically, for example, in the limit of weak interaction 
between the particles. 

(2) A phenomenological approach in terms of effective theories. The hier- 
archy of the effective theories corresponds to the low-frequency, long-wavelength 
dynamics of quantum liquids in different ranges of frequency. Examples of ef- 
fective theories: Landau theory of the Fermi liquid; Landau—Khalatnikov two- 
fluid hydrodynamics of superfluid “He; the theory of elasticity in solids; the 
Landau-Lifshitz theory of ferro- and antiferromagnetism; the London theory of 
superconductivity; the Leggett theory of spin dynamics in superfluid phases of 
3He; effective quantum electrodynamics arising in superfluid 3He-A; etc. The last 
example indicates that the existing Standard Model of electroweak and strong 
interactions, and the Einstein gravity too, are the phenomenological effective 
theories of high-energy physics which describe its low-energy edge, while the 
microscopic theory of the quantum vacuum is absent. 


3.1 Theory of Everything in quantum liquids 
3.1.1 Microscopic Hamiltonian 


The microscopic Theory of Everything for quantum liquids and solids — ‘a set of 
equations capable of describing all phenomena that have been observed’ (Laugh- 
lin and Pines 2000) in these quantum systems — is extremely simple. On the 
‘fundamental’ level appropriate for quantum liquids and solids, i.e. for all practi- 
cal purposes, the *He or “He atoms of these quantum systems can be considered 
as structureless: the He atoms are the structureless bosons and the *He atoms 
are the structureless fermions with spin 1/2. The simplest Theory of Everything 
for a collection of a macroscopic number N of interacting “He or *He atoms is 
contained in the non-relativistic many-body Hamiltonian 


Az A N N 
k=l i=1 j=i+1 
acting on the many-body wave function Ọ(r1,r2,...,ri,..-,rj,...). Here m is 


the bare mass of the atom; U(r; — rj) is the pair interaction of the bare atoms i 
and j. 
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The many-body physics can be described in the second quantized form, where 
the Schrödinger many-body Hamiltonian (3.1) becomes the Hamiltonian of the 
quantum field theory (Abrikosov et al. 1965): 


2 
Hun’ = f cites) | -al veth f dxdyu -yut egw! HEU 

(3.2) 
In #He, the bosonic quantum fields ~!(x) and y(x) are the creation and an- 
nihilation operators of the “He atoms. In *He, 7'(x) and y(x) are the corre- 
sponding fermionic quantum fields and the spin indices must be added. Here 
N = f dx yt (x)p(x) is the operator of the particle number (number of atoms); 
H is the chemical potential — the Lagrange multiplier introduced to take into 
account the conservation of the number of atoms. Note that the introduction of 
creation and annihilation operators for helium atoms is the formal procedure: 
it does not imply that we really can create atoms from the vacuum: this is cer- 
tainly highly prohibited since the relevant energies in the liquid are of order 10 
K, which is many orders of magnitude smaller than the GeV energy required to 
create the atom-antiatom pair from the vacuum. 


3.1.2 Particles and quasiparticles 


In quantum liquids, the analog of the quantum vacuum — the ground state of the 
quantum liquid — has a well-defined number of atoms. Existence of bare particles 
(atoms) comprising the quantum vacuum of quantum liquids represents the main 
difference from the relativistic quantum field theory (RQFT). In RQFT, particles 
and antiparticles which can be created from the quantum vacuum are similar to 
quasiparticles in quantum liquids. What is the analog of the bare particles — 
‘atoms’ of the quantum vacuum of RQFT - is not clear today. At the moment 
we simply do not know the structure of the vacuum, and whether it is possible 
to describe it in terms of some discrete elements — bare particles — whose number 
is conserved. 

In the limit when the number N of bare particles in the vacuum is large, 
one might expect that the difference between two quantum field theories, with 
and without conservation of particle number, disappears completely. However, 
this is not so. We shall see that the mere fact that there is a conservation law 
for the number of ‘atoms’ of the vacuum leads to a definite conclusion on the 
value of the relevant vacuum energy : it is exactly zero in equilibrium (see also 
the recent paper by Klinkhamer and Volovik (2008)). Also, as we shall see below 
in Chapter 29, the discreteness of the quantum vacuum can be revealed in the 
mesoscopic Casimir effect. 


3.1.3 Microscopic and effective symmetries 


The Theory of Everything (3.2) has a very restricted number of symmetries: 
(i) The Hamiltonian is invariant under translations and SO(3) rotations in 3D 
space. (ii) There is a global U(1)~ group originating from the conservation of the 
number N of atoms: H is invariant under global gauge rotation w(x) > e’°a(x) 
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with constant a. The particle number operator serves as the generator of the 
gauge rotations: e~*~N weiN = we”. (iii) In 3He, the spin-orbit coupling is rel- 
atively weak. If it is ignored, then H is also invariant under separate rotations of 
spins, SO(3)g (later we shall see that the symmetry violating spin-orbit interac- 
tion plays an important role in the physics of fermionic and bosonic zero modes 
in all of the superfluid phases of ?He). At low temperature the phase transition 
to the superfluid or to the quantum crystal state occurs where some of these 
symmetries are broken spontaneously. 

In the *He-A state all of the symmetries of the Hamiltonian, except for the 
translational one, are broken. However, when the temperature and energy de- 
crease further the symmetry becomes gradually enhanced in agreement with the 
anti-Grand-Unification scenario (Froggatt and Nielsen 1991; Chadha and Nielsen 
1983). At low energy the quantum liquid or solid is well described in terms of a 
dilute system of quasiparticles. These are bosons (phonons) in *He and fermions 
and bosons in He, which move in the background of the effective gauge and/or 
gravity fields simulated by the dynamics of the collective modes. In particular, 
as we shall see below, phonons propagating in the inhomogeneous liquid are de- 
scribed by the effective Lagrangian for the scalar field a in the presence of the 
effective gravitational field: 


1 
Leftective = 5 V —gg"” ð aða : (3.3) 


Here g”” is the effective acoustic metric provided by the inhomogeneity of the 
liquid and by its flow (Unruh 1981, 1995; Stone 20000 and the review by Barcelo 
et al 2005). 

These quasiparticles serve as the elementary particles of the low-energy effec- 
tive quantum field theory. They represent the analog of matter. The type of the 
effective quantum field theory — the theory of interacting fermionic and bosonic 
quantum fields — depends on the universality class emerging in the low-energy 
limit. In normal Fermi liquids, the effective quantum field theory describing dy- 
namics of fermion zero modes in the vicinity of the Fermi suface which interact 
with the collective bosonic fields is the Landau theory of Fermi liquid. In super- 
fluid ?7He-A, which belongs to different universality class, the effective quantum 
field theory contains chiral ‘relativistic’ fermions, while the collective bosonic 
modes interact with these ‘elementary particles’ as gauge fields and gravity. All 
these fields emerge together with the Lorentz and gauge invariances and with 
elements of the general covariance from the fermionic Theory of Everything in 
eqn (3.2). The vacuum of the Standard Model belong to the same universality 
class, and the RQFT of the Standard Model is the corresponding effective theory. 

The emergent phenomena do not depend much on the details of the Theory 
of Everything (Laughlin and Pines 2000) — in our case on the details of the pair 
potential U(x—y). Of course, the latter determines the universality class in which 
the system finds itself at low energy. But once the universality class is established, 
the physics remains robust to deformations of the pair potential. The details of 
U(x — y) influence only the ‘fundamental’ parameters of the effective theory 
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(‘speed of light’, ‘Planck’ energy cut-off, etc.) but not the general structure of the 
theory. Within the effective theory the ‘fundamental’ parameters are considered 
as phenomenological. 


3.1.4 Fundamental constants of Theory of Everything 


The original number of fundamental parameters of the microscopic Theory of 
Everything is big: these are all the relevant Fourier components of the pair po- 
tential U(r = |x — y|). However, one can properly approximate the shape of the 
potential. Typically the Lennard-Jones potential U(r) = €o ((ro/r)” — (ro/r)°) 
is used, which simulates the hard-core repulsion of two atoms at small distances 
and their van der Waals attraction at large distances. This U(r) contains only 
two parameters, the characteristic depth €o of the potential well and the length 
ro which characterizes both the hard core of the atom and the dimension of the 
potential well. 

Thus the microscopic Theory of Everything in a quantum liquid can be ex- 
pressed in terms of four parameters: h, €9, ro and the mass of the atom m. These 
‘fundamental constants’ of the Theory of Everything determine the ‘fundamen- 
tal constants’ of the descending effective theory at lower energy. On the other 
hand, we know that at least two of them, co and ro, can be derived from the 
more fundamental Theory of Everything — atomic physics — whose ‘fundamental 
constants’ are h, electric charge e and the mass of the electron me. In turn, e 
and me are determined by the higher-energy Theory of Everything — the Stan- 
dard Model etc. Such a hierarchy of ‘fundamental constants’ indicates that the 
ultimate set of fundamental constants probably does not exist at all. 

The Theory of Everything for liquid He or “He does not contain a small 
parameter: the dimensionless quantity, which can be constructed from the four 
constants T9\/méo/h, appears to be of order unity for *He and *He atoms. As 
a result the quantum liquids He and He are strongly correlated and strongly 
interacting systems. The distance between atoms in equilibrium liquids is deter- 
mined by the competition of the attraction and the repulsing zero-point oscil- 
lations of atoms, and is thus also of order rọ. Zero-point oscillations of atoms 
prevent solidification: in equilibrium both systems are liquids. Solidification oc- 
curs when rather mild external pressure is applied. 

Since there is no small parameter, it is a rather difficult task to derive the 
effective theory from first principles, though it is possible if one has enough com- 
puter time and memory. That is why it is instructive to consider the microscopic 
theory for some special model potentials U(r) which contain a small parameter, 
but leads to the same universality class of effective theories in the low-energy 
limit. This allows us to solve the problem completely or perturbatively. In the 
case of the Bose-—liquids the proper model is the Bogoliubov model (1947) of 
weakly interacting Bose gas; for the superfluid phases of *He it is the Bardeen- 
Cooper-Schrieffer (BCS) model. 

Such models are very useful, since they simultaneously cover the low-energy 
edge of the effective theory and the Theory of Everything, i.e. high-energy ‘trans- 
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Planckian’ physics. In particular, this allows us to check the validity of different 
regularization schemes elaborated within the effective theory. 


3.2 Weakly interacting Bose gas 
3.2.1 Model Hamiltonian 


In the Bogoliubov theory of the weakly interacting Bose gas the pair potential in 
eqn (3.2) is weak. As a result, in the vacuum state most particles are in the Bose— 
Einstein condensate, i.e. in the state with momentum p = 0. The vacuum with 
Bose condensate is characterized by the scalar order paramater — the non-zero 
vacuum expectation value (vev) of the particle annihilation operator at p = 0: 

lap=0) = V Noe’? , (ata) = /Noe®®. (3.4) 
Here No < N is the particle number in the Bose condensate, and ® is the phase 
of the condensate. The vacuum state is not invariant under U(1)y global gauge 
rotations, and thus the vacuum states are degenerate: vacua with different ® are 
distinguishable but have the same energy. Further we choose a particular vacuum 
state with @ = 0. Since the number of particles in the condensate is large, one 
can treat operators @p—o and ues as classical fields, merely replacing them by 
their vev in the Hamiltonian. 

If there is no interaction between the particles (an ideal Bose gas), the vac- 
uum is completely represented by the Bose condensate particles, No = N. The 
interaction pushes some fraction of particles from the p = 0 state. If the interac- 
tion is small, the fraction of the non-condensate particles in the vacuum is also 
small, and they have small momenta p. As a result, only the zero Fourier compo- 
nent of the pair potential is relevant, and the potential can be approximated by 
a 6-function, U(r) = Ud(r). The Theory of Everything in eqn (3.2) then acquires 
the following form: 


NEU 
H — uN = —uNo + 2V (3.5) 
p? 
+ 5 (= = n) alap (3.6) 
p#0 
NoU 
+ 3V >D (2ah,ap + 2a! pa-p + Gpa—p + aka!) . (3.7) 
p40 


We ignore quantum fluctuations of the operator ap considering it as a cnumber: 
No alao aoai alai aoao. Note that the last two terms in eqn (3.7) 
do not conserve particle number: this is the manifestation of the broken U(1)y 
symmetry in the vacuum. 

Minimization of the main part of the energy in eqn (3.5) over No gives 
UNo/V = u and one obtains 


2 
H 
P 
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1 ( p? u 
Hp = = (= + n) (ahap + a! aanp) + 5 ZE + aka! ») P (3.9) 


3.2.2 Pseudorotation — Bogoliubov transformation 


At each p the Hamiltonian Hp can be diagonalized using the following consid- 
eration. Three operators 


1 : 

5 (4p + al pa-p +1) , Lı +iLl2 = abat 
form the group of pseudorotations, SU (1,1) (the group which conserves the form 
x£? + x2 — x2), with the commutation relations: 

[L£3, L1] = ile , (Le, L3] =iL1 , [£1, L2] = —iL3 . (3.11) 


The Hamiltonian in eqn (3.9) can be written in terms of these operators in the 
following general form: 


L3 = ; Li = ilo = apa_p (3.10) 


P 


Hp = 9'(P)Li + 9° (p) - (3.12) 
In more complicated cases, when the spin or other internal degrees of freedom are 
important, the corresponding Hamiltonian Hp is expressed in terms of generators 
of a higher symmetry group. For example, the SO(5) group naturally arises for 
triplet Cooper pairing (see e.g. Murakami et al. (1999)). 
In the particular case under discussion and for non-zero phase ® of the con- 
densate, one has 


2m 2\2m 


The diagonalization of this Hamiltonian is achieved first by phase rotation by 
angle 2® around axis x3 to obtain g! = u and g? = 0, and then by the Lorentz 
transformation — pseudorotation around axis x2: 


p? 1 p? 
g` = pcos(2®) , g? = psin(26) , g? =-— +, 9° = -= [= +1) . (3.13) 


Ls = L3chy+Lishy , £1 =Lichy+Lsshy , thy = (3.14) 
m tH 

This corresponds to Bogoliubov transformation and gives the diagonal Hamil- 

tonian as a set of uncoupled harmonic oscillators: 


-y ( +. n) poper, 2 (B17) 


Here Gp and E(p) are the annihilation operator of quasiparticles and the quasi- 
particle energy ae respectively. 

The above procedure makes sense if the interaction between the original 
atoms is repulsive, i.e. U > 0 and thus u > 0, otherwise c? < 0 and the gas will 
collapse to form a condensed state such as a liquid, or explode. 
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3.2.3 Low-energy relativistic quasiparticles 


The total Hamiltonian now represents the ground state — the vacuum determined 
as Gp |vac) = 0 — and the system of quasiparticles above the ground state 


H- uN = (H 5 UN) vac T as E(p)a}hap ‘ (3.18) 


The Hamiltonian (3.18) has important properties. First, it conserves the num- 
ber of quasiparticles (this conservation law is, however, approximate: the higher- 
order terms do not conserve quasiparticle number). 

Second, though the vacuum state contains many particles (atoms), a quasi- 
particle cannot be scattered on them. Quasiparticles do not feel the homogeneous 
vacuum, it is an empty space for them; in other words, it is impossible to scat- 
ter a quasiparticle on quantum fluctuations. A quasiparticle can be scattered by 
inhomogeneity of the vacuum, such as a flow field of the vacuum, or by other 
quasiparticles. However, the lower the energy or the temperature T of the sys- 
tem, the more dilute is the gas of thermal quasiparticles and thus the weaker is 
the average interaction between them. 

This description in terms of the vacuum state and dilute system of quasipar- 
ticles is generic for quantum liquids and is valid even if the interaction of the 
initial bare particles is strong. The phenomenological effective theory in terms 
of vacuum state and quasiparticles was developed by Landau for both Bose and 
Fermi liquids. Quasiparticles (not the bare particles) play the role of elementary 
particles in such effective quantum field theories. 

In a weakly interacting Bose gas in eqn (3.17), the spectrum of quasiparticles 
at low energy (i.e. at p < mc) becomes that of the massless relativistic particle, 
E = cp. The maximum attainable speed here coincides with the speed of sound 
c? = N(du/dN)/m. This can be obtained from the leading term in energy: one 
has N = —d(E — pN)/du = pV/U and c? = N(du/dN)/m = p/m. These 
quasiparticles are thus phonons, quanta of sound waves. 

The same quasiparticle spectrum occurs in the real superfluid liquid +He, 
where the interaction between the bare particles is strong and also in the very dif- 
ferent spin system which experiences the Bose condensation of magnons (Volovik 
2008). This shows that the low-energy properties of the system do not depend 
much on the microscopic (trans-Planckian) physics. The latter determines only 
the ‘fundamental constant’ of the effective theory — the speed of sound c. One can 
say that weakly interacting Bose gas and strongly interacting superfluid liquid 
“He belong to the same universality class, and thus have the same low-energy 
properties. One cannot distinguish between the two systems if one investigates 
only the low-energy effects well below the corresponding ‘Planck energy scale’, 
since they are described by the same effective theory. 


3.2.4 Vacuum energy of weakly interacting Bose gas 

In systems with conservation of the particle number two kinds of vacuum energy 
can be determined: the vacuum energy (H — UN) ac — the thermodynamic po- 
tential expressed in terms of the chemical potential u; and the vacuum energy 
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(H) ac ~ the thermodynamic potential expressed in terms of particle number N. 
For the weakly interacting Bose gas these vacuum energies come from eqns (3.8), 
(3.15) and (3.16): 


1 D mict 
(H — BN) vac = Fv +55 (ro) -Z me + - ) , (3.19) 
p 
and 
= = 1 2 1 p’ 2 mc 
(Hvac = Eyac(N) T= zN me F 2 (ew) = Im — mc + p? : (3.20) 


The last term in both equations m3c*/p? is added to take into account the 
perturbative correction to the matrix element U; as a result the sum becomes 
finite. 

Let us compare these equations to the naive estimation of the vacuum energy 
(2.9) in RQFT. First of all, the effective theory is unable to resolve between 
two kinds of vacuum energy . Second, none of these two vacuum energies is 
determined by the zero-point motion of the ‘relativistic’ phonon field. Of course, 
eqn (3.19) and eqn (3.20) contain the term DA E(p), which at low energy is 
4 yap cp, and this can be considered as zero-point energy of relativistic field. But 
it represents only a part of the vacuum energy , and its separate treatment is 
meaningless. 

This divergent ‘zero-point energy’ is balanced by three counterterms in eqn 
(3.20) coming from the microscopic physics, that is why they explicitly contain 
the microscopic parameter — the mass m of the atom. These counterterms cannot 
be properly constructed within the effective theory, which is not aware of the 
existence of the microscopic parameter. Actually the theory of weakly interacting 
Bose gas can be considered as one of the regularization schemes, which naturally 
arise in the microscopic physics. After such ‘regularization’, the contribution of 
the ‘zero-point energy’ in eqn (3.20) becomes finite 


1 1 1 p? 2 mí 8 amc 

= E(p)== E(p)—-= — — = —N 

ad 5i 2 n 2 P E S 
(3.21) 


where n = N/V is the particle density in the vacuum. Thus the total vacuum 
energy in terms of N is 


Eva (N) = J drefn), (3.22) 


1 16 m3\ 1 8 
e(n) = sme” (n+ mes} = Un? + ——am3/2U5/2n5/2 , (3.23) 


2 1572h? 
Here, we introduce the vacuum energy density e(n) as a function of particle 


density n (note that the ‘speed of light’ c(n) also depends on n). This energy 
was first calculated by Lee and Yang (1957). 
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In this model, the ‘zero-point energy’, even after ‘regularization’ (the second 
terms in eqn (3.23)), is much smaller than the leading contribution to the vacuum 
energy, which comes from the interaction (the first term in eqn (3.23)). 


3.2.5 Fundamental constants and Planck scales 


In Sec. 3.1.4 we found that the reasonable Theory of Everything for liquid +He is 
described by four ‘fundamental’ constants. The Theory of Everything for weakly 
interacting Bose gas also contains four ‘fundamental’ constants. They can be cho- 
sen as h, m, c and n. In this theory there is a small parameter, which regulates 
the perturbation theory in the above procedure of derivation of the low-energy 
properties of the system. This is mcag/h < 1, where ao is the interatomic dis- 
tance related to the particle density n: ag ~ n713 

In this choice of units, however, the ‘speed of light’ c is actually computed 
in terms of more fundamental units, h, m, U and n, which characterize the 
microscopic physics: c = \/Un/m. That is why according to the Weinberg (1983) 
criterion it is not fundamental (see also the discussion by Duff et al. (2002) and 
Okun (2002) and the review paper on fundamental constants by Uzan (2003)). 
However, the ‘speed of light’ c becomes the fundamental constant of the effective 
theory arising in the low-energy corner. A small speed of sound reflects the 
smallness of the pair interaction U. In the microscopic ‘fundamental’ units the 
small parameter is aoy mU /aġ/ħ < 1. 

Even among these microscopic ‘fundamental’ units, some constants are more 
‘fundamental’ than others. For instance, in the set h, m, U and n, the most 
fundamental is A, since quantum mechanics is fundamental in the high-energy 
atomic world and does not change in the low-energy world. The least fundamental 
is the particle density n, which is a dynamical variable rather than a constant. 
Both c and n are local quantities rather than global ones. 

The ‘fundamentalness’ of constants depends on the energy scale. Using four 
‘fundamental’ constants one can construct two energy parameters, which play 
the role of the Planck energy scales: 

EP \anck jig me? ; EP ianck a 5 ; (3.24) 
with EPlanck 1 < EPlanck 2 in the Bose gas. 

Below the first Planck scale E < Epjanck 1, the energy spectrum of quasipar- 
ticles in eqn (3.17) is linear, E = cp, and the effective ‘relativistic’ quantum field 
theory arises in the low-energy corner with c being the fundamental constant. 
This Planck scale not only marks the border where the ‘Lorentz’ symmetry is 
violated, but also provides the natural cut-off for the ‘zero-point energy’ in eqn 
(3.21), which can be written as 


1 
= X` Elp) = —— V-GED 3.25 
2 (p) 15723 g9ĽPlanck 1 ( ) 
p reg 
Here g = —1/c® is the determinant of the acoustic ‘Minkowski’ metric gy, = 


diag(—1, ¢~?, c7?,c7?). This contribution to the vacuum energy has the same 
g 8y 
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structure as the cosmological term in eqn (2.11), with the factor 8/157? provided 
by the microscopic theory. The Planck mass corresponding to the first Planck 
scale Epjanck 1 is the mass m of Bose particles — ‘atoms’ of the vacuum. 

The second Planck scale E’pjanck 2 marks the border where the discreteness 
of the vacuum becomes important: the microscopic parameter which enters this 
scale is the number density of particles and thus the distance between the par- 
ticles in the vacuum. This scale corresponds to the Debye temperature in solids. 
In the model of weakly interacting particles one has Epjanck 1 K EPianck 2; this 
shows that the distance between the particles in the vacuum is so small that 
quantum effects are stronger than interactions. This is the limit of strong corre- 
lations and weak interactions. Because of that, the leading term in the vacuum 
energy density is 


1 


1 
L Un? = —~ 
2” TR 


V =g EBlanck 2 Planck As (3.26) 
It is much larger than the ‘conventional’ cosmological term in eqn (3.25). This 
example clearly shows that the naive estimate of the vacuum energy in eqn (2.9), 
as the zero-point energy of relativistic bosonic fields or as the energy of the Dirac 
sea in the case of fermionic fields, can be wrong. 


3.2.6 Vacuum pressure and cosmological constant 


The pressure in the vacuum state is the variation of the vacuum energy over the 
vacuum volume at a given number of particles: 
d(H) d(Ve(N/V)) de 1 
P = = —— va = — l — —_ = — — = 

dV dV SON Spe) 
In the last equation we used the fact that the quantity de/dn is the chemical 
potential u of the system, which can be obtained from the equilibrium condition 
for the vacuum state at T = 0. The equilibrium state of the liquid at T = 
0 (equilibrium vacuum) corresponds to the minimum of the energy functional 
f re(n) as a function of n at a given number N = f d'rn of bare atoms. This 
corresponds to the extremum of the following thermodynamic potential 


J ran = f reel) un) = (= WN) + (3.28) 


rien) 


vac 


where the chemical potential u plays the role of the Lagrange multiplier. In 
equilibrium one has 


—=0 or — =n. (3.29) 
n 
It is important that it is the thermodynamic potential € which provides the 
action for effective fields arising in the quantum liquids at low energy includ- 
ing the effective gravity. That is why € is responsible also for the ‘cosmological 
constant’. According to eqn (3.27) the pressure of the vacuum is minus č: 


Prac = —€Evac eq - (3.30) 
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The thermodynamic relation between the energy € and pressure in the ground 
state of the quantum liquid is the same as the equation of state for the vacuum 
in RQFT obtained from the Einstein cosmological term in eqn (2.7). Such an 
equation of state is actually valid for any homogeneous vacuum at T = 0. 

The pressure in the vacuum state of the weakly interacting Bose gas is given 
by 


4m3/2U5/2 „5/2 


U 
P=—n? 
T 52K 


1 8 
= yg Vg (Panas 2EPlanck i = EB lanck .) : 


5r 

(3.31) 
This pressure is positive, which implies that weakly interacting Bose gas can 
exist only under external positive pressure. However, if one uses the effective 
theory for estimation of the vacuum energy as the ‘zero-point energy’ of the 
phonon field, one obtains from eqn (3.25) the negative vacuum pressure. This 
demonstrates the counterintuitive property of the quantum vacuum: using the 
effective theory one cannot even predict the sign of the vacuum pressure. 


3.3 From Bose gas to Bose liquid 
3.3.1 Gas-like vs liquid-like vacuum 


In a real liquid, such as liquid *He, the interaction between the bare particles 
(atoms) is not small. It is a strongly correlated and strongly interacting system, 
where the two Planck scales are of the same order, mc? ~ he/ao. The interaction 
energy and the the energy of the zero-point motion of atoms (which is only 
partly represented by the zero-point motion of the phonon field) are of the same 
order in equilibrium. Each of them depends on the particle density n, and it 
appears that one can find a value of n at which the two contributions to the 
vacuum pressure compensate each other. This means that the system can be in 
equilibrium at zero external pressure, P = 0, i.e. it can exist as a completely 
autonomous isolated system without any interaction with the environment. An 
example of such a self-sustained system is a droplet of quantum liquid in empty 
space. The He atoms in such a droplet do not fly apart as happens for gases, 
but are held together forming the state with a finite mean particle density n. 
This density n is fixed by the attractive interatomic interaction and repulsive 
zero-point oscillations of atoms. 

To ensure that atoms do not evaporate from the droplet to the surrounding 
empty space, the chemical potential, counted from the energy of an isolated “He 
atom, must be negative. This is not the case for the weakly interacting Bose gas, 
where p is positive, but it is the case in real tHe where u ~ —7.2 K [547, 121] 
(Woo 1976; Dobbs 2000). 

Thus there are two principal factors distinguishing liquid “He (or liquid He) 
from the weakly interacting gases. Liquid He and ĉHe can be in equilibrium at 
zero pressure, and their chemical potentials at T = 0 are negative. 
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3.3.2 Model liquid state 


Using our intuitive understanding of the liquid state, let us try to construct 
a simple model of the quantum liquid. The model energy density describing 
a stable isolated liquid at T = 0 must satisfy the following conditions: (i) it 
must be attractive (negative) at small n and repulsive (positive) at large n to 
provide equilibrium density of liquid; (ii) the chemical potential must be negative 
to prevent evaporation; (iii) the liquid must be locally stable, i.e. either the 
eigenfrequencies of collective modes must be real, or their imaginary part must 
be negative. All these conditions can be satisfied if we modify eqn (3.23) for 
a weakly interacting gas in the following way. Let us change the sign of the 
first term describing interaction and leave the second term coming from vacuum 
fluctuations intact, assuming that it is valid even at high density of particles. Due 
to the attractive interaction at low density the Bose gas collapses forming the 
liquid state. Of course, this is a rather artificial construction, but it qualitatively 
describes the liquid state. So we have the following model: 


1 2 
e(n) = -7o + Pa ; (3.32) 


where a > 0 and 8 > 0 are fitting parameters. In principle, one can use the 
exponents of n as other fitting parameters. 

Now we can use the equilibrium condition to obtain the equilibrium particle 
density no(u) as a function of the chemical potential: 


d 
=H > -an t+ Bre? =p. (3.33) 


From the equation of state one finds the pressure as a function of the equilibrium 
density: 
1 


P(no) = ~&(no) = uno(pi) — e(nolu)) = -Zang + song? (3.34) 


The two contributions to the vacuum pressure cancel each other for the following 
value of the particle density: 


Ba \* 
P=0=(—]). 3.35 
no(P = 0) = (35) (3.35) 
A droplet of the liquid with such a density will be in complete equilibrium in 
empty space if u < 0 and c? > 0. These conditions are satisfied since the chemical 
potential and speed of sound are 


1 
p(P =0) = Grom (3.36) 
dP 5) 1 3 
2 
mc = | — = | n— = -noQ = =|pl . 3.37 
(E) ( a gle (3.37) 
Equation €(n9) = —P = 0 means that the vacuum energy density which is 


relevant for effective theories is zero in the equilibrium state at T = 0. This 
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corresponds to zero cosmological constant in effective gravity (see Sec. 3.3.4 
below). 


3.3.3 Real liquid state 


The parameters of liquid “He at P = 0 have been calculated using the exact 
microscopic Theory of Everything (3.2) with the realistic pair potential (Woo 
1976; Dobbs 2000). The many-body ground state wave function of “He atoms has 
been constructed at P = 0 (and thus with zero vacuum energy € = e— un = 0). It 
gave the following values for the equilibrium particle density, chemical potential 
and speed of sound: 

no(P =0) ~ 2-10” cem~? , (P = 0) = sO ATK, 


e~2.5-10'cms !, (3.38) 


in good agreement with experimental values. 
The values of the two Planck energy scales in eqn (3.24) are thus 


EPlanck 1 = mc? N 30 K 5 EPlanck 2 = = ~ 5 K. (3.39) 

Let us compare the partial pressures in the vacuum of the Bose gas (3.31) 
and in that of the liquid state (3.34). The quantum zero-point energy of atomic 
motion produces a positive vacuum pressure both in the weakly interacting Bose 
gas and in the liquid. The contributions to the vacuum pressure from the inter- 
action of bare particles have opposite signs in the two systems: interaction leads 
to a positive vacuum pressure in the Bose gas and to a negative vacuum pressure 
in the liquid. 

As a results, the liquid has a self-sustained equilibrium state which is ob- 
tained from the competition of two effects: attractive interaction of bare atoms 
(corresponding to the negative vacuum pressure in eqn (3.34)) and their zero- 
point motion which leads to repulsion (corresponding to the positive vacuum 
pressure in eqn (3.34)). Because of the balance of the two effects in equilibrium, 
the two Planck scales in eqn (3.39) are of the same order of magnitude. 

This example of the quantum vacuum in a liquid shows that even the sign of 
the energy of the zero-point motion in the vacuum contradicts the naive treat- 
ment of the vacuum energy in effective theory, eqn (2.9). 


3.3.4 Vanishing of cosmological constant in liquid + He 


In the equilibrium vacuum state of the liquid, which occurs when there is no in- 
teraction with the environment (e.g. for a free droplet of liquid “He), the pressure 
P = 0. Thus the relevant vacuum energy density € = V~!(H—pN),,,, = —P 
in eqn (3.30) is also zero: € = 0. This can now be compared to the cosmological 
term in RQFT, eqn (3.30). Vanishing of both the energy density and the pres- 
sure of the vacuum, Pa = —p, = 0, means that, if the effective gravity arises 
in the liquid, the cosmological constant would be identically zero without any 
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fine tuning. The only condition for this vanishing is that the liquid must be in 
complete equilibrium at T = 0 and isolated from the environment. 

Note that no supersymmetry is needed for exact cancellation. The symmetry 
between the fermions and bosons is simply impossible in +He, since there are no 
fermionic fields in this Bose liquid. 

This scenario of vanishing vacuum energy survives even if the vacuum under- 
goes a phase transition. According to conventional wisdom, the phase transition, 
say to the broken-symmetry vacuum state, is accompanied by a change of the 
vacuum energy , which must decrease in a phase transition. This is what usually 
follows from the Ginzburg-Landau description of phase transitions. However, 
if the liquid is isolated from the environment, its chemical potential u will be 
automatically adjusted to preserve the zero external pressure and thus the zero 
energy € of the vacuum. Thus the relevant vacuum energy is zero above the tran- 
sition and (after some transient period) below the transition, meaning that T = 0 
phase transitions do not disturb the zero value of the cosmological constant. We 
shall see this in the example of phase transitions between two superfluid states 
at T = 0 in Sec. 29.2. 

The vacuum energy vanishes in liquid-like vacua only. For gas-like states, 
the chemical potential is positive, u > 0, and thus these states cannot exist 
without an external pressure. That is why one might expect that the solution 
of the cosmological constant problem can be provided by the mere assumption 
that the vacuum of RQFT is self-sustained, i.e. it is liquid-like rather than the 
gas-like, see recent papers by Klinkhamer and Volovik (2008). However, as we 
shall see later, the gas-like states suggest their own solution of the cosmological 
constant problem. One finds that, though the vacuum energy is not zero in the 
gas-like vacuum, in the effective gravity arising there the vacuum energy is not 
gravitating if the vacuum is in equilibrium. It follows from the local stability of 
the vacuum state (see Sec. 7.3.6). 

Thus in both cases it is the principle of vacuum stability which leads to the 
(almost) complete cancellation of the cosmological constant in condensed matter. 
It is possible that the same argument of vacuum stability can be applied to the 
‘cosmological fluid’ — the quantum vacuum of the Standard Model. If so, then 
this generates the principle of non-gravitating vacuum, irrespective of what are 
the internal variables of this fluid. According to Brout (2001) the role of the vari- 
able n in a quantum liquid can be played by the inflaton field — the field which 
causes inflation (the Lorentz invariant vacuum analogs of the variable n were 
suggested by Klinkhamer and Volovik (2008)). Another important lesson from 
the quantum liquid is that the naive estimate of the vacuum energy density from 
the zero-point fluctuations of the effective bosonic or fermionic modes in eqn 
(2.9) never gives the correct magnitude or even sign. The effective theory sug- 
gesting such an estimate is valid only in the sub-Planckian region of energies, in 
other words for fermionic and bosonic zero modes, and knows nothing about the 
microscopic trans-Planckian degrees of freedom. In quantum liquids, we found 
that it is meaningless to consider separately such a zero-point energy of effective 
fields. This contribution to the vacuum energy is ambiguous, being dependent 
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on the regularization scheme. However, irrespective of how the contribution of 
low-energy degrees of freedom to the cosmological constant is estimated, because 
of the vacuum stability it will be exactly cancelled by the high-energy degrees 
without any fine tuning. Moreover, the microscopic many-body wave function 
used for calculations of the physical parameters of liquid *He (Woo 1976; Dobbs 
2000) contains, in principle, all the information on the quantum vacuum of the 
system. It automatically includes the quantum fluctuations of the low-energy 
phononic degrees of freedom, which are usually considered within the effective 
theory in eqn (2.9). That is why separate consideration of the zero-point energy 
of the effective fields can lead at best to the double counting of the contribution 
of fermion zero modes to the vacuum energy. 


4 


EFFECTIVE THEORY OF SUPERFLUIDITY 


4.1 Superfluid vacuum and quasiparticles 

4.1.1 Two-fluid model as effective theory of gravity 

Here we discuss how the effective theory incorporates the low-energy dynamics 
of the superfluid vacuum and the dynamics of the system of quasiparticles in 
Bose liquids. The effective theory — two-fluid hydrodynamics — was developed 
by Landau and Khalatnikov (see the book by Khalatnikov (1965)). According 
to the general ideas of Landau a weakly excited state of the quantum system 
can be considered as a small number of elementary excitations. Applying this to 
the quantum liquid *He, the dense system of strongly interacting He atoms can 
be represented in the low-energy corner by a dilute system of weakly interacting 
quasiparticles (phonons and rotons). In addition, the state without excitation 
— the ground state, or vacuum — has its own degrees of freedom: it can experi- 
ence the coherent collective motion. The superfluid vacuum can move without 
friction with a superfluid velocity generated by the gradient of the condensate 
phase vs = (h/m)V®. The two-fluid hydrodynamics incorporates the dynamics 
of the superfluid vacuum, the dynamics of quasiparticles which form the so-called 
normal component of the liquid, and their interaction. 

We can compare this to the Einstein theory of gravity, which incorporates 
the dynamics of both the gravitational and matter fields, and their interaction. 
We find that in superfluids, the inhomogeneity of the flow of the superfluid 
vacuum serves as the effective metric field acting on quasiparticles representing 
the matter field. Thus the two-fluid hydrodynamics serves as an example of the 
effective field theory which incorporates both the gravitational field (collective 
motion of the superfluid background) and the matter (quasiparticle excitations). 
Though this effective gravity is different from the Einstein gravity (the equations 
for the effective metric guy are different), such effective gravity is useful for the 
simulation of many phenomena related to quantum field theory in curved space. 


4.1.2 Galilean transformation for particles 


We have already seen that it is necessary to distinguish between the bare particles 
and quasiparticles. The particles are the elementary objects of the system on a 
microscopic ‘trans-Planckian’ level, these are the atoms of the underlying liquid 
(?He or He atoms). The many-body system of the interacting atoms forms the 
quantum vacuum — the ground state. The non-dissipative collective motion of 
the superfluid vacuum with zero entropy is determined by the conservation laws 
experienced by the atoms and by their quantum coherence in the superfluid state. 
The quasiparticles are the particle-like excitations above this vacuum state, and 
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serve as elementary particles in the effective theory. The bosonic excitations in 
superfluid *He and fermionic and bosonic excitations in superfluid 3He represent 
matter in our analogy. In superfluids they form the viscous normal component 
responsible for the thermal and kinetic low-energy properties of superfluids. 

The liquids considered here are non-relativistic: under laboratory conditions 
their velocity is much less than the speed of light. That is why they obey the 
Galilean transformation law with great precision. Under the Galilean transfor- 
mation to a coordinate system moving with a velocity u, the superfluid velocity 
— the velocity of the quantum vacuum — transforms as Vs —> Vs + u. 

The transformational properties of bare particles comprising the vacuum and 
quasiparticles (matter) are essentially different. Let us start with bare particles, 
say “He atoms. If p and E(p) are the momentum and energy of the bare particle 
(atom with mass m) measured in the system moving with velocity u, then from 
the Galilean invariance it follows that its momentum and energy measured by 
the observer at rest are correspondingly p + mu and E(p+ mu) = E(p) +p- 
u + (1/2)mu?. This transformation law contains the mass m of the bare atom. 

However, where the quasiparticles are concerned, one cannot expect that such 
a characteristic of the microscopic world as the bare mass m enters the transfor- 
mation law for quasiparticles. Quasiparticles in effective low-energy theory have 
no information on the trans-Planckian world of atoms comprising the vacuum 
state. All the information on the quantum vacuum which a low-energy quasi- 
particle has, is encoded in the effective metric guv. Since the mass m must drop 
out, one may expect that the transformation law for quasiparticles is modified 
putting m = 0. Thus the momentum of the quasiparticle must be invariant under 
the Galilean transformation p — p, while the quasiparticle energy must simply 
be Doppler shifted: E(p) — E(p)+p-u. Further, using the simplest system — 
the system of non-interacting atoms — we shall check that this is the correct law. 


4.1.3 Superfluid-comoving frame and frame dragging 


Such a transformation law allows us to write the energy of a quasiparticle when 
the superfluid vacuum is moving. 

Let us first note that at any point r of the moving superfluid vacuum (or in 
any other liquid) one can find the preferred reference frame. It is the local frame in 
which the superfluid vacuum (liquid) is at rest, i.e. where vs = 0. In its motion, 
the superfluid vacuum drags this frame with it. We call this local frame the 
superfluid-comoving frame. This frame is important, because it determines the 
invariant characteristics of the liquid: the physical properties of the superfluid 
vacuum do not depend on its local velocity if they are measured in this local 
frame. This concerns the quasiparticle energy spectrum too: in the superfluid- 
comoving frame it does not depend on vs. 

Let p and E(p) be the v;-independent quasiparticle momentum and energy 
measured in the frame comoving with the superfluid. If the superfluid vacuum 
itself moves with velocity vs with respect to some frame of the environment (say, 
the laboratory frame) then according to the modified Galilean transformation 
its momentum and energy in this frame will be 
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p=p, E(p) = E(p)+ p: vs. (4.1) 
4.1.4 Galilean transformation for quasiparticles 


The difference in the transformation properties of bare particles and quasiparti- 
cles comes from their different status. While the momentum and energy of bare 
particles are determined in ‘empty’ spacetime, the momentum and energy of 
quasiparticles are counted from that of the quantum vacuum. This difference is 
essential even in case when the quasiparticles have the same energy spectrum as 
bare particles. The latter happens for example in the weakly interacting Bose 
gas: according to eqn (3.17) E(p) approaches the spectrum of bare particles, 
E(p) — p?/2m, in the limit of large momentum p > me. At first glance the dif- 
ference between particles and quasiparticles completely disappears in this limit. 
Why then are their transformation properties so different? 

To explain the difference we consider an even more confusing case — an ideal 
Bose gas of non-interacting bare particles, i.e. c = 0. Now quasiparticles have 
exactly the same spectrum as particles: E(p) = p?/2m. Let us start with the 
ground state of the ideal Bose gas in the superfluid-comoving reference frame. In 
this frame all N particles comprising the Bose condensate have zero momentum 
and zero energy. If the Bose condensate moves with velocity vs with respect to 
the laboratory frame, then its momentum and energy measured in that frame 
are correspondingly 


(P) vac = Nmvs , (4.2) 
(H) vnc = ni , (4.3) 


Now let us consider the excited state, which is the vacuum state + one quasi- 
particle with momentum p. In the superfluid-comoving reference frame it is the 
state in which N — 1 particles have zero momenta, while one particle has the 
momentum p. The momentum and energy of such a state are correspondingly 
(P)vactign = P and (H)vactigp = E(P) = p?/2m. In the laboratory frame the 
momentum and energy of such a state are obtained by the Galilean transforma- 
tion 


(P seer = (N — 1)mvs F (p T mvs) = Pak + Pp, (4.4) 


we + E(p)+p-vs. (4.5) 


cd nee = (N = vac 
The right-hand sides of eqns (4.4) and (4.5) reproduce eqn (4.1) for a quasi- 
particle spectrum in a moving vacuum. They show that, since the energy and 
the momentum of quasiparticles are counted from that of the quantum vacuum, 
the transformation properties of quasiparticles are different from the Galilean 
transformation law. The part of the Galilean transformation which contains the 
mass of the atom is absorbed by the quantum vacuum. 

The right-hand sides of eqns (4.4) and (4.5) have universal character and 
remain valid for the interacting system as well (provided, of course, that the 
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quasiparticle energy spectrum E(p) in the superfluid-comoving frame remains 
well determined, i.e. provided that quasiparticles still exist). 


4.1.5 Broken Galilean invariance. Momentum vs pseudomomentum 


The modified Galilean transformation law for quasiparticles is a consequence of 
the fact that the mere presence of the underlying liquid (the superfluid vacuum) 
breaks the Galilean invariance for quasiparticles. The Galilean invariance is a 
true symmetry for the total system only, i.e. for the quantum vacuum + quasi- 
particles. But it is not a true symmetry for ‘matter’ only, i.e. for the subsystem of 
quasiparticles. Thus in superfluid He two symmetries are broken: the superfluid 
vacuum breaks the global U(1) symmetry and the Galilean invariance. 

On the other hand, the homogeneous quantum vacuum does not violate the 
translational invariance. As a result there are two different types of translational 
invariance as discussed by Stone (20006, 2002): (i) The energy of a box which 
contains the whole system — the superfluid vacuum and quasiparticles — does 
not depend on the position of the box in the empty space. This is the original 
symmery of the empty space. (ii) One can shift the quasiparticle system with 
respect to the quantum vacuum, and if the box is big enough the energy of the 
whole system also does not change. 

In case (i) we used the fact that empty space is translationally invariant. 
This is the translational invariance for particles comprising the vacuum, i.e. the 
symmetry of the Theory of Everything in eqn (3.1) with respect to the shift of all 
particles, r; — r; +a. The corresponding conserved quantity is the momentum. 
Thus the bare particles in empty space are characterized by the momentum. 

The operation (ii) is a symmetry operation provided the superfluid vacuum 
is homogeneous, and thus infinite. In this case the quasiparticles do not see the 
superfluid vacuum: for them the homogeneous vacuum is an empty space. As 
distinct from (i) the translational symmetry (ii) is approximate, since it does 
not follow from the Theory of Everything in eqn (3.1). It becomes exact only 
in the limit of infinite volume; in the case of the finite volume, by moving a 
quasiparticle we will finally drag the whole box. The symmetry of quasiparticles 
under translations with respect to the effectively empty space gives rise to an- 
other conserved quantity called the pseudomomentum (Stone 20000, 2002). The 
pseudomomentum characterizes excitations of the superfluid vacuum — quasipar- 
ticles. The difference between momentum and pseudomomentum is the reason for 
the different Galilean—transformation properties of particles and quasiparticles. 

The Galilean invariance is a symmetry of the underlying microscopic physics 
of atoms in empty space. It is broken and fails to work for quasiparticles. Instead, 
it produces the transformation law in eqn (4.1), in which the microscopic quantity 
—the mass m of bare particles — drops out. This is an example of how the memory 
of the microscopic physics is erased in the low-energy corner. Furthermore, when 
the low-energy corner is approached and the effective field theory emerges, these 
modified transformations gradually become part of the more general coordinate 
transformations appropriate for the Einstein theory of gravity. 

The difference between momentum in empty space and pseudomomentum in 
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the quantum vacuum poses the question. What do we measure when we mea- 
sure the momentum of the elementary particle such as electron: momentum or 
pseudomomentum? 


4.2 Dynamics of superfluid vacuum 
4.2.1 Effective action 


In the simplest superfluid, such as bosonic superfluid *He, the coherent motion 
of the superfluid vacuum is characterized by two soft collective (hydrodynamic) 
variables: the mean particle number density n(r,t) of atoms comprising the liq- 
uid, and the condensate phase ® of atoms in the superfluid vacuum. The super- 
fluid velocity v,(r,t) — the velocity of the coherent motion of superfluid vacuum 
— is determined by the gradient of the phase: vs = (i/m)V®, where m is the 
bare mass of the particle — the mass of the *He atom. The simple hand-waving 
argument why it is so comes from the observation that if the whole system moves 
with constant velocity vs, the phase ® of each atom is shifted by p-r/h, where 
the momentum p = mvs. 

The flow of such superfluid vacuum is curl-free: V x vs = 0. This is not the 
rule however. There can be quantized vortices — topologically singular lines at 
which the phase ® is not determined. Also, we shall see in Sec. 9.1.4 that in some 
other superfluids, e.g. in ?He-A, the macroscopic coherence is more complicated: 
it is not determined by the phase alone. As a result the flow of superfluid vacuum 
is not potential: it can have a continuous vorticity, V x vs Æ 0. 

The particle number density n(r,t) and the condensate phase ®(r,t) are 
canonically conjugated variables (like angular momentum and angle). This ob- 
servation dictates the effective action for the vacuum motion at T = 0: 


. 1 ħ 
Sa = pas (inè + JonV + e) ,Vs=—V®. (4.6) 
m 


The last two terms represent the energy density of the liquid: the kinetic energy 
of superflow and the vacuum energy density as a function of particle density, e(n). 
The factor in front of the kinetic energy of the flow of the vacuum is dictated by 
the Galilean invariance. 

Since the variables v;(r,t) and n(r,t) provide the effective metric for quasi- 
particle motion, the above effective action is the superfluid analog of the Ein- 
stein action for the metric in eqn (2.2). The effective action in eqn (4.6) does 
not depend much on the microscopic physics. The contribution of the Theory 
of Everything is very mild: it only determines the function e(n) (after extensive 
numerical simulation). The structure of the effective theory is robust to details of 
the interaction between the original particles, unless the interaction is so strong 
that the system undergoes a quantum phase transition to another universality 
class: it can become a crystal, a quantum liquid without superfluidity, a super- 
fluid crystal, etc. 
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4.2.2 Continuity and London equations 


The variation of the effective action over ® and n gives the closed system of the 
phenomenological equations which govern the dynamics of the quantum vacuum 
at T = 0. These are the continuity equation, which manifests the conservation 
law for the particle number in the liquid: 


on +V-(nvs)=0, (4.7) 
where J = nv, is the particle current; and the London equation: 
1 oe 
Ë — =0. 4. 
hP + z™ys + mn 0 (4.8) 


Taking the derivative of both sides of eqn (4.8) one obtains the more familiar 
Euler equation for an ideal irrotational liquid: 


Ws _ ig (v F +z) . (4.9) 


From eqn (4.8) it follows that the value of the effective action (4.6) calculated 
at its extremum is 


Sg (extremum) = fe- n& +e +eln )) = fte E(n =- fate P , (4.10) 


where P is the pressure in the liquid. The action in equilibrium coincides with 
the thermodynamic potential of a grand canonical ensemble, which again shows 
that € = e(n) — un is the relevant vacuum energy density responsible for the 
cosmological constant in quantum liquids. 

If the liquid is in complete equilibrium at T = 0 in the absence of any 
contact with the environment, i.e. at zero external pressure, and if the liquid 
is homogeneous, one finds that the value of the effective action is exactly zero. 
This supports our conclusion that the cosmological constant in the equilibrium 
quantum vacuum in the absence of inhomogeneity and matter fields is exactly 
zero without any fine tuning. 


4.3 Normal component — ‘matter’ 
4.3.1 Effective metric for matter field 


The structure of the quasiparticle spectrum in superfluid *He becomes more and 
more universal the lower the energy. In the low-energy limit one obtains the linear 
spectrum, E(p,n) — c(n)p, which characterizes the phonon modes — quanta of 
sound waves. Their spectrum depends only on the ‘fundamental constant’, the 
speed of ‘light’ c(n) obeying c?(n) = (n/m)(d?€/dn?). All other information on 
the microscopic atomic nature of the liquid is lost. Since phonons have long 
wave-length and low frequency, their dynamics is within the responsibility of the 
effective theory. The effective theory is unable to describe the high-energy part 
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of the spectrum — the rotons — which can be determined in a fully microscopic 
theory only. 

The action for sound wave perturbations of the vacuum, propagating above 
the smoothly varying superfluid background, can be obtained from the action 
(4.6) by decomposition of the vacuum variables, the condensate phase ® and 
the particle density n, into the smooth and fluctuating parts: ® — ® + (m/h)a, 
n>n+h, Vs > Vs + Va (Unruh 1981, 1995; Visser 1998; Stone 2000a; Barcelo 
et al 2005). Substituting this into the action (4.6) one finds that the linear terms 
in perturbations, a and n, are canceled due to the equations of motion for the 
vacuum fields, and one has 

S=Se+5Sm, (4.11) 


where the action for the ‘matter’ field is 
; 2 
Su=2 faten («way - HE) aes 
4 me nm 2 
+ fda E (a-i avs Va) (4.13) 
2 C 


Variation of this action over ñ eliminates the second term, eqn (4.13). The re- 
maining action in eqn (4.12) can be written in terms of the effective metric 
induced by the smooth velocity and density fields of the vacuum: 


SM = 5 J avag da0, : (4.14) 


The effective Riemann metric experienced by the sound wave, the so-called 
acoustic metric, is simulated by the smooth parts describing the vacuum fields 
(here and below vs, n and c mean the smooth parts of the velocity, density 
and ‘speed of light’, respectively). The contravariant components of the acoustic 
metrics are 


1 ; Eos T 

00 _ Oi _ i ij 
g T ’ a Us, g I= 
mnc mnc mnc 


(PS — vivi) . (4.15) 
The non-diagonal elements of this acoustic metric are provided by the superfluid 
velocity. 

The inverse (covariant) metric is 


22 
nm, 2 mn 


- mon 
ors (c — ví) , Jij =x bij , Joi = —Jijv? > V79 z 


(4.16) 


It gives rise to the effective spacetime experienced by the sound waves. This pro- 
vides a typical example of how an enhanced symmetry and an effective Lorentzian 
metric appear in condensed matter in the low-energy corner. In this particular 
example the matter is represented by the fluctuations of the ‘gravity field’ itself, 
i.e. phonons play the role of gravitons, and the matter consists of gravitons only. 
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In the more complicated quantum liquids, such as *He-A, the relevant matter 
fields are fermions and gauge bosons. 

The second quantization of the Lagrangian for the matter field gives the 
energy spectrum of sound wave quanta — phonons — determined by the effective 
metric: 

g” Pup = 0. (4.17) 


Omitting the conformal factor 1/(mnc) in eqn (4.15) one obtains 
—(E-—p-v,)? + cp? =0. (4.18) 


This gives the following quasiparticle energy in the laboratory frame: 


E(p,r) = E(p,n(r)) +p-vs(r) . (4.19) 


This is in accordance with eqn (4.1), which states that due to the modified 
Galilean invariance, the quasiparticle energy in the laboratory frame can be 
obtained by the Doppler shift from the invariant quasiparticle energy E(p,n(r)) 
in the superfluid-comoving frame, i.e. in the frame locally comoving with the 
superfluid vacuum. 


4.3.2 External and inner observers 


The action (4.14) for the matter field obeys Lorentz invariance and actually gen- 
eral covariance: invariance under general coordinate transformations. Of course, 
the ‘gravitational’ part (4.6) of the action, which governs the dynamics of the 
g””-field, lacks general covariance. But if the gravitational field is established (it 
does not matter from which equations), the motion of a quasiparticle in the ef- 
fective metric field is determined by the same relativistic equations as the motion 
of a particle in a real gravitational field. That is why many effects experienced 
by a particle (and by low-energy degrees of quantum vacuum) in the non-trivial 
metric field can be reproduced using the inhomogeneous quantum liquid. 

Since there are particles and quasiparticles, there are two observers, ‘exter- 
nal’ and ‘inner’, who belong to different worlds. An ‘external’ observer is made 
of particles and belongs to the microscopic world. This is, for example, the ex- 
perimentalist who lives in the ‘trans-Planckian’ Galilean world of atoms. The 
world is Galilean because typically all the relevant velocities related to the quan- 
tum liquids are non-relativistic and thus the quantum liquid itself obeys Galilean 
physics. The atoms of the liquid and an external observer live in absolute Galilean 
space. 

An ‘inner’ observer is made of low-energy quasiparticles and lives in the 
effective ‘relativistic’ world. For the inner observer the liquid in its ground state is 
an empty space. This observer views the smooth inhomogeneity of the underlying 
liquid as the effective spacetime in which free quasiparticles move along geodesics. 
This spacetime, determined by the acoustic metric, does not reflect the real 
absolute space and absolute time of the world of atoms. In measurements here, 
the inner observer uses clocks and rods also made of the ‘relativistic’ low-energy 
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quasiparticles. This observer can synchronize such clocks using the sound signals, 
and define distances by an acoustic radar procedure (Liberati et al. 2002). The 
clocks and rods are ‘flexible’, being determined by the local acoustic metric, as 
distinct from ‘rigid’ clocks and rods used by an external observer. 

Let us suppose that both observers are at the same point r of space and both 
are at rest in the laboratory frame. Do they see the world in the same way? 
Let two events at this point r occur at moments tı and ty. What is the time 
interval between the events from the point of view of the two observers? For the 
external observer the time between two events is simply At = t2 — tı. For the 
inner observer this is not so simple: the observer’s watches are sensitive to the 
flow velocity of the superfluid vacuum. The time between two events (the proper 
time) is Ar = At,/—go0 x At,/1 — v2/c?. The closer the velocity to the speed 
of sound/light, the slower are the clocks. When the velocity exceeds c, the inner 
observer cannot be at rest in the laboratory frame, and will be dragged by the 
vacuum flow. 


4.3.3 Is the speed of light a fundamental constant? 


When an external observer measures the propagation of ‘light’ (sound, or other 
massless low-energy quasiparticles), he or she finds that the speed of light is 
coordinate-dependent. Moreover, it is anisotropic: for instance, it depends on 
the direction of propagation with respect to the flow of the superfluid vacuum. 
On the contrary, the inner observer always finds that the ‘speed of light’ (the 
maximum attainable speed for low-energy quasiparticles) is an invariant quantity. 
This observer does not know that this invariance is the result of the flexibility 
of the clocks and rods made of quasiparticles: the physical Lorentz—Fitzgerald 
contraction of length of such a rod and the physical Lorentz slowing down of 
such a clock (the time dilation) conspire to produce an effective special rela- 
tivity emerging in the low-energy corner. These physical effects experienced by 
low-energy instruments do not allow the inner observer to measure the ‘ether 
drift’, i.e. the motion of the superfluid vacuum: the Michelson—Morley-type mea- 
surements of the speed of massless quasiparticles in moving ‘ether’ would give 
a negative result. The low-energy rods and clocks also follow the anisotropy of 
the vacuum and thus cannot record this anisotropy. As a result, all the inner ob- 
servers would agree that the speed of light is the fundamental constant. Living 
in the low-energy corner, they are unable to believe that in the broader world 
the external observer finds that, say, in 7He-A the ‘speed of light’ varies from 
about 3 cm s~! to 100 ms~! depending on the direction of propagation. 

The invariance of the speed of sound in inhomogeneous, anisotropic and mov- 
ing liquid as measured by a local inner observer is very similar to the invariance 
of the speed of light in special and general relativity. In the same manner, the 
invariance of the speed holds only if the measurement is purely local. If the 
measurement is extended to distances at which the gradients of c and vs (the 
gravitational field) become important, the measured speed of light differs from 
its local value. It is called the ‘coordinate speed of light’ in general relativity. 
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4.3.4 ‘Einstein equations’ 


The action in eqn (4.11) with the action for the matter field in eqn (4.14) is the 
analog of the Einstein action for the gravity field g”” expressed in terms of n 
and ®, and for the matter field a. Variation of this ‘Einstein action’ over vacuum 
variables n and ® gives the analog of the Einstein equations: 


6S = Sa SM bgt” 


ie oe ae oe 
1 aA 
-m (ñ + V(nvs)) — 5V (Som =) =0, (4.20) 
0= és p Sa SM bgt” 
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Here the energy-momentum tensor of matter is 
2 6S: 1 
M _ matter _ B 
= a = ĝ 00,0 — =v gq’ Oyadge . 4.22 
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This energy-momentum tensor obeys the covariant conservation law TEM = 0. 
As distinct from the general relativity the covariant conservation does not follow 
from the ‘Einstein equations’ (4.20) and (4.21) because of the lack of covariance. 
It follows from the covariant equation for the matter field obtained by variation 
of the action over the matter variable a: 


ôS 

a 0 — ð, (V799 3 a) =0. (4.23) 
a 

For perturbations propagating in the background of a conventional fluid the 

covariant conservation law has been derived by Stone (20008). 
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TWO-FLUID HYDRODYNAMICS 


5.1 Two-fluid hydrodynamics from Einstein equations 


At non-zero, but small temperature the ‘matter’ consists of quanta of the a- 
field — phonons (or gravitons) — which form a dilute gas. In superfluids, this gas 
of quasiparticles represents the so-called normal component of the liquid. This 
component bears all the entropy of the liquid. In a local equilibrium, the normal 
component is characterized by temperature T and its velocity vn. The two-fluid 
hydrodynamics is the system of equations describing the motion of the superfluid 
vacuum and normal component in terms of four collective variables n, vs (or ®), 
T and vy. 

It is not an easy problem to write the action for matter in terms of T and vy, 
simply because the action for collective variables is not necessarily well-defined. 
That is why, in the same way as in general relativity, we shall use the ‘Einstein 
equations’ (4.20) and (4.21) directly without invoking the ‘Einstein action’. Since 
these equations do not automatically produce the covariant conservation law 
(2.5), they must be supplemented by the equation TEM = 0, which is actually 
the equation for the matter field expressed in terms of the collective variables T 
and vy. 


5.2 Energy—momentum tensor for ‘matter’ 
5.2.1 Metric in incompressible superfluid 


To complete the derivation of the two-fluid hydrodynamics in the ‘relativistic’ 
regime, we must express the tensor T in terms of collective variables. For 
simplicity we consider an incompressible liquid, where the particle density n is 
constant, and the gravity is simulated by the superfluid velocity only. Since we 
ignore the spacetime dependence of the density n and thus of the speed of sound 
c, the constant factor mnc can be removed from the effective acoustic metric in 
eqns (4.15-4.16). Keeping in mind that later we shall deal with the anisotropic 
superfluid 3He-A, we generalize the effective metric to incorporate the anisotropy. 
Omitting the conformal factor one has 


, J? = i , g” = ggop — viv! , (5.1) 


= ayi glk _ gk a emd 
goo = —1 + gijusvs > Jij JSCF = ô; > Joi = —gijv? ; 


V=9 = (det ior) (5.2) 
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Here gues is the effective 3D space metric in the superfluid-comoving frame 
(SCF), which determines the general form of the energy spectrum of quasiparti- 
cles in the superfluid-comoving frame: 


E?’ (p) = PiPkOSCE . (5.3) 


An inverse matrix (gi*,,.)~1 gives the effective covariant spatial metric gix in the 
laboratory frame. 
In the isotropic superfluid *He one has 


i i 3 1 
98CE = 6" , gin = c? Sik, VTI = Be (5.4) 


while in the anisotropic *He-A one has 


oe are ieee 1 fon ma 1 

ghee = atte (5 — FP) , ga = Slik + (0 PI), V=, 
ci ci cer 

(5.5) 


where Î is the direction of the axis of uniaxial anisotropy. 

In anisotropic superfluids the ‘speed of light’ — the maximum attainable ve- 
locity of quasiparticles — depends on the direction of propagation. In ?He-A it 
varies between the speed c} ~ 3 cm s~! for quasiparticles propagating in a 
direction transverse to 1 and the speed cj ~ 60 m st along 1. 


5.2.2 Covariant and contravariant components of 4-momentum 

Let us write down covariant and contravariant components of the 4-momentum 
of quasiparticles — the massless ‘relativistic’ particles, whose spectrum in the 
superfluid-comoving frame is given by eqn (5.3): 


Pu = (po, pi) »Po = —E(p) = —E(p) —p-vs ,; (5.6) 
p° = 9p, = Elp) , p = 9" Py - (5.7) 
We also introduce the 4-vector of the group velocity of quasiparticles, v, = p"/E, 
and vGp = Pu /E: 
; 08 ðE ; ; 
UG = (1, v@) » Ug = Op; = OD; + Us > UGu = GuvV]@ ; (5.8) 


OE : ðE ðE 
UGi = Iii Dp; Ugo = —1—vaids , VEVGyu =-1 1 9 85, Op; =0. (5.9) 
J t J 


The group velocity is a null vector as well as a 4-momentum: v@vGy = Pup" = 0. 


The physical meaning of the covariant and contravariant vectors is fairly ev- 
ident: p? = E(p) and —po = E(p) + p- Vs represent the invariant quasiparticle 
energy in the superfluid-comoving frame and the Doppler-shifted quasiparticle 
energy in the laboratory frame, respectively. The energy F is an invariant quan- 
tity, since, being determined in the superfluid-comoving frame, it is velocity 
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independent. That is why it plays the role of invariant mass under the Galilean 
transformation from the superfluid-comoving to laboratory frame. 

Similarly v% is the group velocity of quasiparticles in the laboratory frame, 
while vg; represents the phase velocity in the superfluid-comoving frame. Covari- 
ant momentum p; is the canonical momentum of a quasiparticle, and its quantum 
mechanical operator expression is P; = —ihO;. The contravariant momentum 
p? = Evg is the energy (mass) E times the group velocity in the laboratory 
frame. 


5.2.3 Energy-momentum tensor of ‘matter’ 


Introducing the distribution function f(p) of quasiparticles, one can represent 
the energy-momentum tensor of ‘matter’ in a general relativistic form (Fischer 
and Volovik 2001; Stone 2000b, 2002) 


d 
V=gT", = | arte . (5.10) 


Here we omit the index M in the energy-momentum tensor everywhere except 
for the momentum of quasiparticles. Let us write down some components of the 
energy-momentum tensor which have a definite physical meaning: 


/—-9T™ = fre energy density in superfluid-comoving frame, (5.11) 
—/—9T 9 = fr energy density in laboratory frame, (5.12) 


—/—9T'o = Jibi energy flux in laboratory frame, (5.13) 


a 


VJT’; = Jiv = pM momentum density in either frame, (5.14) 


/—9T*; = TE momentum flux in laboratory frame. (5.15) 


Here f means f d?p/(2rħ)’. 


5.2.4 Particle current and quasiparticle momentum 


Let us insert the energy-momentum tensor in the first of two Einstein equations, 
eqn (4.20). Using 
1 


1 Og” k 00 Oi 0 M 
== Tu=- (h Tik) = Ti Tik) = Tk = —=P, , (5.16 
3 Ove Tt (Tor + ofTr) = (9°° Tow + g*Tik) k ar: (5.16) 
one finds that quasiparticles modify the conservation law for the particle number 
~ the continuity equation (4.7): 
On M M d?p 

Thus in the effective theory there are two contributions to the particle current. 
The term nvs is the particle current transferred coherently by the collective 
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motion of the superfluid vacuum with the superfluid velocity vs. In equilibrium 
at T = 0 this is the only particle current. In the microscopic Galilean world, 
the momentum P of the liquid coincides with the mass current, which in the 
monoatomic liquid is the particle current multiplied by the mass m of the atom: 
P = mJ. That is why, if quasiparticles are excited above the ground state, their 
momenta p contribute to the mass current and thus to the particle current, 
giving rise to the second term in eqn (5.17). 

Since the momentum of quasiparticles is invariant under the Galilean trans- 
formation, the total density of the particle current, 


P pM 
J = — = nv; + —, (5.18) 
m m 


transforms in a proper way: J —> J + nu. 


5.3 Local thermal equilibrium 
5.3.1 Distribution function 
In a local thermal equilibrium the distribution of quasiparticles is characterized 


by the collective variables — the local temperature T and the local velocity of the 
quasiparticle gas vn, which is called the normal component velocity: 


fr(p,r) = (ox aie Boh + 1) ; (5.19) 


where the + sign is for the fermionic quasiparticles in Fermi superfluids and the 
minus sign is for the bosonic quasiparticles in Bose superfluids; index 7 means 
thermal equilibrium. 

After the energy-momentum tensor of ‘matter’ is expressed through T and 
Vn, one finally obtains the closed system of six equations of the two-fluid hydro- 
dynamics for six hydrodynamic variables: n, 6, T, v. These are two ‘Einstein 
equations’ (4.20) and (4.21), and four equations of the covariant conservation 
law (2.5). 

Since E(p)—p-vn = E(p)—p-(vn — vs), the distribution of quasiparticles in 
local equilibrium is determined by the Galilean invariant quantity Vn — vs = wW, 
which is the normal component velocity measured in the frame comoving with the 
superfluid vacuum (superfluid-comoving frame), called the counterflow velocity. 


5.3.2 Normal and superfluid densities 


In the limit where the counterflow velocity w = Vn — Vs is small, the quasiparticle 
(‘matter’) contribution to the liquid momentum and thus to the particle current 
is proportional to the counterflow velocity: 


Pipk Ofr 
P~ = ni nk — Us > nik = — Ar? 2 
. MMnik(Unk — Usk) , Nnik : n OE (5.20) 


where the tensor pix is the so-called normal density (or density of the normal 
component). In this linear in velocities regime, the total current in eqn (5.18) can 
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be represented as the sum of the currents carried by the normal and superfluid 
velocities 
P; = mJ, = MNgikVsk + MNnikVnk 5 (5.21) 


where tensor Nsik = NOik — Nnik is the so-called superfluid density. 

In the isotropic superfluids *He and *He-B, where the quasiparticle spectrum 
in the superfluid-comoving frame in eqn (4.19) is isotropic, E(p) = E(p), the 
normal density is an isotropic tensor, nik = Nnôik. In superfluid *He-A the 
normal density is a uniaxial tensor which reflects a uniaxial anisotropy of the 
quasiparticle spectrum (5.5). At T = 0 the quasiparticles are frozen out and one 
has nnik(T = 0) = 0 and nsik(T = 0) = nõik in all monoatomic superfluids. 
Further we shall see that this is valid only in the linear regime. 


5.3.3 Energy-momentum tensor 


Substituting the distribution function (5.19) into the energy-momentum tensor 
of the quasiparticle system (matter), one obtains that it is determined by the 
generic thermodynamic potential density (the pressure) defined in the superfluid- 


comoving frame 
d?p 
Q = FT ———— In(lt 
E | am ™ 


with the upper sign for fermions and the lower sign for bosons. For bosonic 
quasiparticles one has 


F's (5.22) 


T’? Ti Tar T T 
= —— ste Ys ef =Z a> |; 
90n °F VI —w? 
where the renormalized effective temperature Tg absorbs all the dependence on 


the effective metric and on two velocities (normal and superfluid) of the liquid. 
Here 


Q (5.23) 


w? = giw w" , (5.24) 


where w = Vy — Vs is the counterflow velocity. If the normal component (matter) 
is made of phonons with the isotropic energy spectrum E = cp, one has w? = 
w?/c?. 

In the laboratory frame the energy-momentum tensor of the ‘matter’ in lo- 
cal equilibrium has a form which is standard for a gas of massless relativistic 
particles. It is expressed through the 4-velocity of the ‘matter’ 

LV H, V v 0Q 

TH” = (e + Qutu” +g”, e= -0+ Tar = 30, T” „=0. (5.25) 
The 4-velocity of the ‘matter’, u® or ua = gagu’, satisfies the normalization 
equation uau% = —1. It is expressed in terms of the superfluid and normal 
component velocities as 

0 1 i vi giw" abt gipw'v® 


uU = Å — U = === U; = — Un = 
i 0 Tae 


a er (5.26) 
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As before for the group velocity of quasiparticles, the contravariant and covariant 
components, u’ and u;, are related to the velocity of the normal component of 
the liquid in the laboratory and superfluid-comoving frames respectively. 


5.3.4 Temperature 4-vector 


The distribution of quasiparticles in local equilibrium in eqn (5.19) can be ex- 
pressed via the temperature 4-vector 8” and thus via the effective temperature 
Teg introduced in eqn (5.23): 


1 u” lv 
SS ee H — = — = HRY —— -2 
herrene NEE (+ 5 Swi h =-Tg 
(5.27) 


5.3.5 When is the local equilibrium impossible? 


According to eqn (5.23) the local equilibrium in superfluids exists only if w < 1. 
At w > 1 there is no local stability of the liquid. For the isotropic superfluids, 
this means that the local equilibrium exists when |w] < c, i.e. the counterflow 
velocity — the relative velocity between the normal and superfluid components — 
should not exceed the ‘maximum attainable speed’ c for quasiparticles. 

However, each of two velocities separately, vs and vy, can exceed c. The 
quantity c is the maximum attainable velocity for quasiparticles moving with 
respect to the vacuum, but the motion of the vacuum itself is not restricted by 
c. This is why the event horizon may occur in superfluids: when vs exceeds c in 
some region of liquid and quasiparticles are not able to escape from this region. 

Later we shall see that for Fermi superfluids the local thermal equilibrium is 
in principle possible even for w > 1, if one takes into account the corrections to 
the ‘relativistic’ energy spectrum of quasiparticles at high energy. This will be 
discussed later in Sec. 32.4 when the phenomena related to event horizons will 
be considered. 

Extending the discussion in Sec. 4.3.3 on the possible fundamentality of the 
speed of light, we note that the ‘speed of light’ does not enter explicitly the 
criterion w = 1 for the violation of the local equilibrium condition. This is 
because none of eqns (5.23-5.26) contains c: it is absorbed by the metric field. 
Moreover, we know that in anisotropic superfluids there is no unique ‘speed of 
light’: as follows from eqn (5.5) the ‘speed of light’ depends on the direction 
of propagation. Since the ‘speed of light’ is not a fundamental quantity, but is 
determined by the material parameters of the liquid, it cannot enter explicitly 
into any physical result or equation written in covariant form. 

As follows from Sec. 2.1, general relativity satisfies this requirement: all the 
equations of general relativity can be written in such a way that they do not 
contain c explicitly. Written in such a form, these equations can be applied to 
the effective low-energy theory arising in anisotropic *He-A, where there is no 
unique speed of light. This concerns the equations of quantum electrodynamics 
too; we shall discuss this later in Chapter 9 where the effective electrodynamics 
emerging in *He-A is considered. 
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5.4 Global thermodynamic equilibrium 


The global thermal equilibrium is the thermodynamic state in which no dissipa- 
tion occurs. The global equilibrium requires the following conditions: (i) There is 
a reference frame of environment in which the system does not depend on time, 
i.e. superfluid velocity field, textures, boundaries, etc., are stationary. This is 
typically the laboratory frame. But if the walls of container are very far the role 
of the environment can be played by texture (the texture-comoving frame). (ii) 
In the environment frame the velocity of the normal component must be zero, 
vn = 0. (iii) The temperature T is constant everywhere throughout the system. 

For a relativistic system, the true equilibrium with vanishing entropy produc- 
tion is established if the 4-temperature @" is a so-called time-like Killing vector. 
A Killing vector is a 4-vector along which the metric does not change. For in- 
stance, if the metric is time independent, then the 4-vector K” = (1,0,0,0) isa 
Killing vector, since K°0qgy, = 0. In general, a Killing vector must satisfy the 
following equations: 


K” ðaguv + (Guadv + Gvo0p)K* = 0 or Kuyt Koy =0. (5.28) 


A time-like Killing vector satisfies in addition the condition g,,0"8" < 0, so 
that according to eqn (5.27) the effective temperature Teg is well-defined. 

Let us apply these equations to Ø” in the environment frame, where the metric 
is stationary. The u = v = 0 component of this equation gives 39.9 = B'0igoo = 0. 
To satisfy this condition in the general case, where goo depends on the space 
coordinates, one must require that 3° = 0, i.e. vn = 0 in the environment frame. 
Similarly the other components of eqn (5.28) are satisfied when 1/T = 3° = 
constant. Thus the global equilibrium conditions for superfluids can be obtained 
from the requirement that Ø” is a time-like Killing vector determined using the 
‘acoustic’ metric guv- 


5.4.1 Tolman’s law 


From the equilibrium conditions T = constant and vn = 0 it follows that in 
global equilibrium, the effective temperature in eqn (5.23) is space dependent 


according to 


T T 


Here v2 = gipvivé in general and v2 = v2/c? for the isotropic superfluid vacuum. 

According to eqn (5.27) the effective temperature Tep corresponds to the 
proper temperature in general relativity, as measured by a local observer lo- 
cated at point r. Here it is an apparent temperature as measured by a local 
inner observer, who ‘lives’ in a superfluid vacuum and uses sound for commu- 
nication as we use light signals. Equation (5.29) is exactly Tolman’s (1934) law 
in general relativity, which shows how the locally measured temperature (Teg) 
changes in the gravity field in a global equilibrium. The role of the constant 
Tolman temperature — the integration constant in the Tolman’s law — is played 


GLOBAL THERMODYNAMIC EQUILIBRIUM 49 


by the temperature T of the liquid measured by an external observer living in 
the Galilean world of the laboratory. This is real thermodynamic temperature 
since it is constant throughout the entire liquid. 

Note that Q is the pressure created by quasiparticles (‘matter’). In superfluids 
this pressure is supplemented by the pressure of the superfluid component — the 
vacuum pressure discussed in Sec. 3.2.6, so that the total pressure in equilibrium 
is 

z2 

90n° 
For the liquid in the absence of an interaction with the environment, the total 
pressure of the liquid should be zero in equilibrium. This implies that in the pres- 
ence of ‘matter’, the negative vacuum pressure emerges which compensates the 
positive pressure of matter. In the non-equilibrium situation this compensation 
is not complete, but the two pressures are of the same order of magnitude. Per- 
haps this can provide the natural solution of the second cosmological constant 
problem: why the vacuum energy is on the order of the energy density of matter. 
A detailed discussion of the cosmological constant problems will be presented in 
Sec. 29.4. 

Finally let us mention that if the quantum liquid has several soft modes a, 


P= Prac + Patter = Prac $ Teg =g. (5.30) 


each described by its own effective Lorentzian metric g9, the total ‘matter’ 
pressure of the liquid is 


matter — 


rE Spa , (5.31) 
E A) 


90h° 
where Ya are dimensionless quantities depending on spin and the statistics of 
massless modes: y = 1 for a massless scalar field; y = 2 for the analog of electro- 
magnetic waves emerging in ?He-A; and y = (7/4)Npr for Np chiral fermionic 
quasiparticles also emerging in *He-A. In the absence of counterflow the sum 
becomes >>, Ya/ c3, where Ca are speeds of corresponding ‘relativistic’ quasipar- 
ticles. 


5.4.2 Global equilibrium and event horizon 


According to Tolman’s law in eqn (5.29) the global thermal equilibrium is pos- 
sible if vs < 1, i.e. the superfluid velocity in the environment frame does not 
exceed the speed of ‘light’. Within the discussed relativistic domain, the global 
thermal equilibrium is not possible in the presence of the ergosurface where goo 
crosses zero. In the ergoregion beyond the ergosurface goo > 0 (i.e. vs > 1) and 
thus 6" becomes space-like, guu O” > 0, so that the effective relativistic tem- 
perature Tog in eqn (5.27) is not determined. When the ergosurface, where 
vs(r) = 1, is approached the effective relativistic temperature increases leading 
to the increasing energy of thermally excited quasiparticles. 

At some moment the linear ‘relativistic’ approximation becomes invalid, and 
the non-linear non-relativistic corrections to the energy spectrum become impor- 
tant. This shows that the ergosurface or horizon is the place where Planckian 
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physics is invoked. In principle, Planckian physics can modify the relativistic 
criterion for the global thermodynamic stability in such a way that it can be 
satisfied even beyond the horizon. This can occur in the case of the superluminal 
dispersion of the quasiparticle energy spectrum, i.e. if the high-energy quasipar- 
ticles are propagating with velocity higher than the maximum attainable velocity 
c of the relativistic low-energy quasiparticles. Though in the low-energy relativis- 
tic world 3" becomes space-like beyond the horizon, it remains time-like on the 
fundamental level. We shall discuss this in Chapter 32. 

In conclusion of this section, the normal part of superfluid He fully repro- 
duces the dynamics of relativistic matter in the presence of a gravity field. 
Though the corresponding ‘Einstein equations’ for ‘gravity’ itself are not co- 
variant, by using the proper superflow fields we can simulate many phenomena 
related to the classical and quantum behavior of matter in curved spacetime, 
including black-hole physics. 


6 


ADVANTAGES AND DRAWBACKS OF EFFECTIVE THEORY 


6.1 Non-locality in effective theory 
6.1.1 Conservation and covariant conservation 


As is known from general relativity, the equation T”,.,, = 0 or 


Ou (TV79) = YS re OvGos (6.1) 


does not represent any conservation in a strict sense, since the covariant deriv- 
ative is not a total derivative (Landau and Lifshitz 1975). In superfluid He it 
acquires the form 


3 
a, ("v= = f =a jo B= Pronit fs Petiplae. (6.2) 


This does not mean that energy and momentum are not conserved in super- 
fluids. One can check that the momentum and the energy of the whole system 
(superfluid vacuum + quasiparticles) 


e a a a | aeaes) 


(6.3) 


are conserved. For example, for the density of the total momentum of the liquid 
one has the conservation law 


O:(P;) + Vkllik = 0 , P; = mnusi + p~ (6.4) 


with the following stress tensor: 


ðe dp OE dp OE 
Ea aa I ( = a Try! oe) ‘ =) anya?! Bp, 
6.5) 


Equation (6.4) together with the corresponding equation for the density of the 
total energy can be written in the form 


ð, (T" (vacuum) + /—gT",(matter)) = 0. (6.6) 


This is the true conservation law for the energy and momentum, while the 
covariant conservation law (6.1) or (6.2) simply demostrates that the energy and 
momentum are not conserved for the quasiparticle subsystem alone: there is an 
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energy and momentum exchange between the vacuum and ‘matter’. The right- 
hand sides of eqn (6.2) or (6.1) represent the ‘gravitational’ force acting on the 
‘matter’ from the inhomogeneity of the superfluid vacuum, which simulates the 
gravity field. 


6.1.2 Covariance vs conservation 


Equation (6.6) represents the true conservation law but it is evidently non- 
covariant. The energy-momentum tensor for the vacuum field which represents 
gravity is also non-covariant, since the effective gravitational field obeys hydro- 
dynamic equations rather than Einstein equations. However, even for the fully 
covariant dynamics of gravity in Einstein theory the corresponding quantity — 
the energy-momentum tensor for the gravitational field — cannot be presented in 
the covariant form. This is the famous problem of the energy-momentum tensor 
in general relativity. One must sacrifice either covariance of the theory, or the 
true conservation law. In general relativity usually the covariance is sacrificed 
and one introduces the non-covariant energy-momentum pseudotensor for the 
gravitational field (Landau and Lifshitz 1975). 

From the condensed matter point of view, the inconsistency between the co- 
variance and the conservation law for the energy and momentum, is an aspect 
of the much larger problem of the non-locality of effective theories. Inconsis- 
tency between the effective and exact symmetries is one particular example of 
non-locality. In general relativity the symmetry under translations, which is re- 
sponsible for the conservation laws for energy and momentum, is inconsistent 
with the symmetry under general coordinate transformations. From this point of 
view, this is a clear indication that the Einstein gravity is really an effective the- 
ory, with exact translational invariance at the fundamental level and emerging 
general covariance in the low-energy limit. In the effective theories of condensed 
matter such paradoxes come from the fact that the description of the many-body 
system in terms of a few collective fields is always approximate. In many cases 
the fully local effective theory cannot be constructed, since there is still some 
exchange with the microscopic degrees of freedom, which is not covered by local 
theory. 

Let us consider some simple examples of condensed matter, where the para- 
doxes related to the non-locality of the effective theory emerge. 


6.1.3 Paradoxes of effective theory 


There are many examples of apparent inconsistencies in the effective theories of 
condensed matter: in various condensed matter systems the low-energy dynamics 
cannot be described by a well-defined local action expressed in terms of the 
collective variables; the momentum density determined as a variation of the 
hydrodynamic energy over vs does not coincide with the canonical momentum 
in most condensed matter systems; in the case of an axial (chiral) anomaly, which 
is also reproduced in condensed matter (Chapter 18), the classical conservation 
of the baryonic charge is incompatible with quantum mechanics; etc. All such 
paradoxes are naturally built into the effective theory; they necessarily arise when 
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the fully microscopic description is reduced by coarse graining to a restricted 
number of collective degrees of freedom. 

The paradoxes of the effective theory disappear completely at the funda- 
mental atomic level, sometimes together with the effective symmetries of the 
low-energy physics. In a fully microscopic description where all the degrees of 
freedom are taken into account, the dynamics of atoms is fully determined either 
by the well-defined microscopic Lagrangian which respects all the symmetries of 
atomic physics, or by the canonical Hamiltonian formalism for pairs of canoni- 
cally conjugated variables, the coordinates and momenta of atoms. This micro- 
scopic ‘Theory of Everything’ does not contain the above paradoxes. But the 
other side of the coin is that the ‘Theory of Everything’ fails to describe the low- 
energy physics just because of the enormous number of degrees of freedom. In 
such cases the low-energy physics cannot be derived from first principles with- 
out extensive numerical simulations, while the effective theory operating with 
the restricted number of soft variables can incorporate the most important phe- 
nomena of the low-energy physics, which sometimes are too exotic (the quantum 
Hall effect (QHE) is an example) to be predicted by ‘The Theory of Everything’ 
(Laughlin and Pines 2000). 

Thus we must choose between the uncomfortable life of microscopic physics 
without paradoxes, and the comfortable life of the effective theory with its un- 
avoidable paradoxes. Probably this refers to quantum mechanics too. 

Let us discuss two examples of the effective theory: the Euler equations for 
a perfect liquid and the dynamics of ferromagnets. 


6.1.4 No canonical Lagrangian for classical hydrodynamics 


Let us consider the hydrodynamics of a normal liquid. We suppose that there is 
no superfluid transition up to a very low temperature, so that the liquid is fully 
normal, n, = n. In the limit T — 0, the hydrodynamics of the liquid is described 
by two variables: the mass density p = mn and the velocity vn, which is now the 
velocity of the whole liquid (we denote it by v as in conventional hydrodynamics). 
As distinct from the superfluid velocity vs in superfluid 4He, the velocity v is 
not curl-free: V x v # 0. The direct consequence of that is that even the non- 
dissipative hydrodynamic equations, the Euler and continuity equations, cannot 
be derived from a local action expressed through the hydrodynamic variables n 
and v only. Such action does not exist: the original Lagrange principle is violated 
in the effective theory after coarse graining. 

The only completely local theory of hydrodynamics is presented by the Hamil- 
tonian formalism. In this approach, the hydrodynamic equations are obtained 
from the Hamiltonian using the Poisson brackets: 


op = {H, p} ; Ov = {H, v} . (6.7) 


The Poisson brackets between the hydrodynamic variables are universal, are de- 
termined by the symmetry of the system and do not depend on the Hamiltonian 
(see the review paper by Dzyaloshinskii and Volovick 1980). In the case of the 
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hydrodynamics of a normal liquid these are (see the book by Khalatnikov (1965) 
and Novikov 1982) 


{p(r1), p(t2) t =0 , (6.8) 
{v(ri), plr2)} = Vô(rı = rə) , (6.9) 


{vi(r1), v;(r2)} = -Zeig V x v)kð(rı = r2) : (6.10) 


The Hamiltonian is simply the energy of the liquid expressed in terms of hydro- 
dynamic variables (compare with eqn (4.6)): 


1 
H= fè (Se + eo) ) ‘ (6.11) 
Then the Hamilton equations (6.7) become continuity and Euler equations: 
+ (v-VivtV—=0. (6.12) 


The hydrodynamic variables do not form pairs of canonically conjugated 
variables, and thus there is no well-defined Lagrangian which can be expressed 
in terms of well-defined variables. The action can be introduced, say, in terms of 
the non-local Clebsch variables which are not applicable for description of the 
general class of the flow field — the flow with non-zero fluid helicity f d°zv-(V xv). 
The absence of the local action for the soft collective variables in many condensed 
matter systems (Novikov 1982; Dzyaloshinskii and Volovick 1980) is one of the 
consequences of the reduction of the degrees of freedom in effective field theory, 
as compared to a fully microscopic description where the Lagrangian exists at the 
fundamental level. When the high-energy microscopic degrees are integrated out, 
the non-locality of the remaining coarse-grained action is a typical phenomenon, 
which shows up in many faces. 


6.1.5 Novikov-Wess—Zumino action for ferromagnets 


In ferromagnets, the magnetization vector M has three components. The odd 
number of variables cannot produce pairs of canonically conjugated variables, 
and as a result the action for M cannot be written as an integral over spacetime 
(r,t) of any local integrand. But as in Sec. 6.1.4, instead of the Lagrangian one 
can use the Hamiltonian description introducing the Poisson brackets, 


{Mi(r1),Mj(r2)} = —eijk Mp (r1)ô(rı — r2) - (6.13) 


M? = M-M commutes with all three variables, thus the magnitude of 
magnetization is a constant of motion (if the dissipation is neglected). In slow 
hydrodynamic motion M equals its equilibrium value, so that the true slow 
(hydrodynamic) variable is the unit vector yn = M/M. Since the 2D manifold of 
a unit vector rn — the sphere S? — is compact, this variable also cannot produce 
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a well-defined canonical pair. Of course, one can introduce spherical coordinates 
(@,¢) of unit vector mh, and find that cos@ and ¢ do form a canonical pair. But 
these variables are not well defined: the azimuthal angle ¢ is ill defined at the 
poles of the unit sphere of the m-vector, i.e. at 6 = 0 and 6 = 7T. 

There is another way to treat the problem: one introduces the non-local and 
actually multi-valued action in terms of well-defined variables (Novikov 1982). 
Such an action is given by the Novikov-Wess—Zumino term, which contains an 
extra coordinate r. For ferromagnets this term is (Volovik 19866, 1987) 


Snwz = pare dt dr M ñ- (dñ x ðr) , (6.14) 


which must be added to the free energy F of the ferromagnet. The integral here 
is over the D+1+1 disk (r,t,7), whose boundary is the physical D+1 spacetime 
(r,t). Though the action is written in a fictitious D+1+1 space, its variation 
is a total derivative and thus depends on the physical field M(r, t) defined in 
physical spacetime: 


OSnNwz = pee dt M ñ. (O.m x ôm) : (6.15) 


As a result the variation of the Novikov-Wess—Zumino term together with the 
free energy F gives rise to the Landau—Lifshitz equation describing the dynamics 
of the magnetization: 


Man x da = = an (xn =) : (6.16) 
The same equation is obtained from the Poisson brackets (6.13) if F is considered 
as the Hamiltonian. 

Since a well-defined action is absent, the energy-momentum tensor is also 
ill defined in ferromagnets. This is the result of momentum exchange with the 
microscopic degrees of freedom (see Volovik 1987). As distinct from the conven- 
tional dissipation of the collective motion to the microscopic degrees of freedom, 
which leads to the production of entropy, this exchange can be reversible. Later 
in Sec. 18.3.1 we shall discuss a similar reversible momentum exchange between 
the moving texture (collective motion) and the system of quasiparticles. This 
exchange, which is described by the same equations as the phenomenon of ax- 
ial anomaly and also by the Wess—Zumino term in action, leads to a reversible 
non-dissipative force acting on the moving texture (the spectral-flow or Kopnin 
force). 

According to the condensed matter analogy, the presence of a non-local 
Novikov—Wess—Zumino term in RQFT would indicate that such theory is ef- 
fective. Probably the same happens in gravity: the absence of the covariant 
energy-momentum tensor simply reflects the existence of underlying ‘micro- 
scopic’ degrees of freedom, which are responsible for non-locality of the energy 
and momentum of the ‘collective’ gravitational field. 
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6.2 Effective vs microscopic theory 
6.2.1 Does quantum gravity exist? 


Gravity is the low-frequency (and actually the classical) output of all the quan- 
tum degrees of freedom of the ‘Planck condensed matter’. The condensed matter 
analogy supports the extreme point of view expressed by Hu (1996) that one 
should not quantize gravity again. One can quantize gravitons but one should 
not use the low-energy quantization for the construction of Feynman loop dia- 
grams containing integration over high momenta. In particular, the effective field 
theory (RQFT) is not appropriate for the calculation of the vacuum energy and 
thus of the cosmological constant. 

General relativity in the quantum vacuum as well as quantum hydrodynamics 
in quantum liquids are not renormalizable theories. In both of them the effective 
theory can be used only at a tree level. The use of the effective theory at a loop 
level is (with rare exceptions when one can isolate the infrared contribution) 
forbidden, since it gives rise to catastrophic ultraviolet divergence whose treat- 
ment is well beyond the effective theory. The effective theory is the product of 
the more fundamental microscopic (or ‘trans-Planckian’) physics. It is important 
that it is already the final product which (if the infrared edge is not problematic) 
does not require further renormalization within the effective theory. 

If gravity emerges in the low-energy corner as a low-energy soft mode (zero 
mode) of the underlying quantum Planck matter, then it would indicate that 
quantum gravity simply does not exist. If there are low-energy modes which 
can be identified with gravity, it does not mean that these modes will survive 
at high energy. Most probably they will merge with the continuum of all other 
high-energy degrees of freedom of the Planck condensed matter (corresponding 
to the motion of separate atoms of the liquid in the case of *He and *He) and 
thus can no longer be identified as gravitational modes. What is allowed in 
effective theory is to quantize the low-energy modes to produce phonons from 
sound waves and gravitons from gravitational waves. The deeper quantum theory 
of gravity makes no sense in this philosophy. Our knowledge of the physics of 
phonons/gravitons does not allow us to make predictions on the microscopic 
(atomic/Planck) structure of the bosonic or fermionic vacuum. 


6.2.2 What effective theory can and cannot do 


The vacuum energy density in the effective theory (2.11) is of fourth order in the 
cut-off energy. Such a huge dependence on the cut-off indicates that the vacuum 
energy is not within the responsibility of the effective theory, and microscopic 
physics is required. We have already seen that, regardless of the real ‘microscopic’ 
structure of the vacuum, the mere existence of the ‘microscopic’ physics ensures 
that the energy of the equilibrium vacuum is not gravitating. If we nevertheless 
want to use the effective theory, we must take it for granted that the diverging 
energy of quantum fluctuations of the effective fields and thus the cosmological 
term must be regularized to zero in a full and fully homogeneous equilibrium. 
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This certainly does not exclude the Casimir effect, which appears if the vac- 
uum is not homogeneous. The long-wavelength perturbations of the vacuum can 
be described in terms of the change in the zero-point oscillations of the collec- 
tive modes, since they do not disturb the high-energy degrees (see Chapter 29). 
The smooth deviations from the homogeneous equilibrium vacuum, due to, say, 
boundary conditions, are within the responsibility of the low-energy domain. 
These deviations can be successfully described by the effective field theory, and 
thus their energy can gravitate. 

The Einstein action in Sakharov’s (1967a) theory, obtained by integration 
over the fermionic and/or bosonic vacuum fields in the gravitational background, 
is quadratically divergent: 


1 
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LEinstein ZT 
Such dependence on the cut-off also indicates that the Einstein action is not 
within the responsibility of the effective theory used in derivation. Within the 
effective theory we cannot even resolve between two possible formulation of the 
Einstein action: one is eqn (6.17), while the other one is 


1 
Lrinstein = BET V —gRg” OO, 5 (6.18) 


where O, is the cut-off 4-momentum. Each of the two expressions has its plus 
and minus points. The familiar eqn (6.17) is covariant but does not but obey the 
global scale invariance — the invariance under multiplication of guy by a constant 
factor. The latter symmetry is present in eqn (6.18), but the general covariance 
is lost because of the cut-off which introduces a preferred reference frame. This 
is a typical contradiction between the symmetries in effective theories, which we 
discussed in Sec. 6.1. 

The effective action for the gravity field must also contain the higher-order 
derivative terms, which are quadratic in the Riemann tensor, 


eee 


2 (6.19) 


V =9(41 Ryva RHP + Qo Ryu Re” + BR?) ln ( 


The parameters q; depend on the matter content of the effective field theory. If 
the ‘matter’ consists of scalar fields, phonons or spin waves, the integration over 
these collective modes gives qi = —q2 = (2/5)q3 = 1/(180 - 327°) (see e.g. Frolov 
and Fursaev 1998) These terms are non-analytic: they depend logarithmically 
on both the ultraviolet and infrared cut-off. As a result their calculation in the 
framework of the infrared effective theory is justified. This is the reason why 
they obey (with logarithmic accuracy) all the symmetries of the effective theory 
including the general covariance and the invariance under rescaling of the metric. 
That is why these terms are the most appropriate for the self-consistent effective 
theory of gravity. However, they are small compared to the regular terms in 
Einstein action. 
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This is the general rule that the logarithmically diverging terms in the action 
play a special role, since they can always be obtained within the effective theory. 
As we shall see below, the logarithmic terms arise in the effective action for 
the effective gauge fields, which appear in superfluid ?He-A in the low-energy 
corner (Sec. 9.2.2). With the logarithmic accuracy they dominate over the non- 
renormalizable terms. These logarithmic terms in superfluid 7He-A were obtained 
first in microscopic calculations; however, it appeared that their physics can be 
completely determined by the low-energy tail and thus they can be calculated 
within the effective theory. This is well known in particle physics as dimensionless 
running coupling constants exhibiting either the zero-charge effect or asymptotic 
freedom. 

The non-analytic terms (6.19) coming from infrared physics must exist even 
in superfluid He. But being of higher order in gradient, they are always small 
compared to the leading hydrodynamic terms coming from Planckian physics, 
and thus they almost always play no role in the dynamics of superfluids. 


6.3 Superfluidity and universality 


The concept of superfluidity was introduced by Kapitza (1938). Below a critical 
temperature, which was known as the A-point, Tà ~ 2.2 K, from the peculiar 
shape of its specific heat anomaly, liquid He transforms to a new state, He-II 
(Kamerlingh Onnes 1911b). According to Kapitza, this new phase of liquid He, 
which he called superfluid, and the superconducting state of metals, which had 
also been discovered by Kamerlingh Onnes (1911a), are analogous phenomena: 
the vanishing ohmic resistance in the motion of conduction electrons in super- 
conductors and the frictionless motion of atoms in superfluid He-II. 

It is now believed that most systems displaying free motion of particles well 
below some characteristic degeneracy temperature transform to the superfluid or 
superconducting state. However, the concept of inviscid motion was so alien to us 
accustomed to the world at 300 K that it took 30 years for the low-temperature 
physicists of the first half of the past century to accept the new concept. The 
paradox created by the complete absence of viscosity in some experiments and the 
conflicting evidence from seemingly normal dissipative flow in other experiments 
was not a simple problem to resolve. 

An important step in understanding the nature of the superfluid state was 
taken by F. London (1938) who associated it with the properties of an ideal Bose 
gas close to its ground state, following the theory which had been worked out by 
Einstein (1924, 1925). Einstein had found that in a gas of non-interacting bosons 
an unusual kind of condensation occurs below some characteristic critical tem- 
perature: the atoms condense in configurational space to their common ground 
state, i.e. a macroscopic fraction of the atoms occupies the same quantum state, 
which is the state of minimum energy. It is interesting that in the spirit of that 
time London considered He-II not as a liquid but as ‘liquid crystal’, a crystal 
with such a strong zero-point motion caused by quantum uncertainty that atoms 
are no more fixed at the lattice sites but nearly freely move in the periodic po- 
tential produced by other atoms. In modern terminology, the substance which 
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exhibits both periodicity and superfluidity, is called a supersolid. Now we know 
that periodicity does not happen in He-II. But the kind of ‘liquid-crystal’ be- 
havior occurs in solid 4He, and even superfluidity in such a quantum crystal is 
under discussion. 

Although the bridge from a simple non-interacting Bose gas to an interact- 
ing system like liquid He-II was not developed at that time, nevertheless this 
association provided the cornerstone on which Tisza (1938, 1940) built his fa- 
mous picture of two-fluid motion. According to the two-fluid hypothesis, He-II 
consists of intermixed normal and superfluid components. Kapitza’s experiment 
on the superflow in a narrow channel demonstrated that the normal component 
was locked by its viscous interactions to the bounding surfaces, while the su- 
perfluid component moved freely and was responsible for the observed absence 
of viscosity. Tisza interpreted the superfluid component as consisting of atoms 
condensed in the ground state. The normal component in turn corresponds to 
particles in excited states and is assumed to behave like a rarefied gas of normal 
viscous He-I above the A-point. Qualitatively this picture provides a good work- 
ing understanding of the properties of a superfluid. Tisza himself demonstrated 
this by supplying an explanation for the fountain effect and by predicting the 
existence of thermal waves, known today as second sound by the name coined 
by Landau a few years later. Second-sound motion was ultimately demonstrated 
by Kapitza’s student V. P. Peshkov (1944). 

The rigorous physical basis for the two-fluid concept was developed by Lan- 
dau (1941) who derived the complete and self-consistent set of equations of two- 
fluid hydrodynamics — the effective theory of bosonic zero modes which we now 
use. Landau did not use the intriguing connection with the Bose-Einstein con- 
densate, since He-II in reality is a complicated system of strongly interacting 
particles, and based his argument instead on the character of the low-energy 
spectrum of the excitations of the system, quasiparticles. According to Landau, 
He-II corresponds to a flowing vacuum state, similar to a cosmic ether, in which 
quasiparticles — bosomic zero modes of quantum vacuum — move. The quanta 
of these collective modes of the vacuum form a rarefied gas which is responsi- 
ble for the thermal and viscous effects ascribed to the presence of the normal 
component. The motion of the quasiparticle gas produces the normal-superfluid 
counterflow, the relative motion of the normal component (velocity vn) with 
respect to the vacuum (velocity vs). 

The microscopic analysis by Bogoliubov in his model of a weakly interacting 
Bose gas, which was discussed in Sec. 3.2, fully supported Landau’s idea. Ac- 
cording to Bogoliubov, in the interacting system the number of particles in the 
condensate No, i.e. those with momenta p = 0, is less than the total number 
of particles N even at T = 0. Nevertheless, at T = 0 the normal component is 
absent: the vacuum — the state without quasiparticles — is made of all N par- 
ticles of the liquid. The superfluid vacuum is thus more complicated than its 
predecessor — the Bose-Einstein condensate. It is the coherent ground state of 
N atoms which includes the atoms with p = 0 as well as those with p Æ 0. 
The number density No/V of atoms with p = 0 does not enter the two-fluid 
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Fic. 6.1. Schematic illustration of phonon-roton spectrum. 


hydrodynamics; instead the total number density n = N/V is the variable in 
this effective theory. In modern language, in the interacting system the number 
No of atoms in the Bose-Einstein condensate is effectively renormalized to the 
total number N of particles in the coherent many-body state of the superfluid 
vacuum, thus supporting the Landau picture. 

Landau’s prediction for the spectrum of quasiparticles as corresponding to 
the sound wave spectrum was also confirmed in the model. In modern language, 
Landau established the universality class of Bose liquids whose behavior does 
not depend on the details of the interaction. 

Two important hypotheses were introduced by Landau to justify the super- 
fluidity of the quantum vacuum: 

(1) The non-viscous flow of the vacuum should be potential (irrotational). 
Landau (1941) suggested that in liquid *He the rotational degrees of freedom 
have higher energy levels than the levels of potential motion, and these rota- 
tional levels are separated from the vacuum state by the energy gap which was 
estimated as ~ h? /ma2, where ao is the interatomic distance. The corresponding 
quanta of rotational motion were initially named rotons. Later it was found that 
the quasiparticle energy spectrum, which starts at small p as a phonon spectrum, 
has a local minimum at finite p (Fig. 6.1). The name roton was assigned to a 
quasiparticle close to the local minimum, but this quasiparticle has nothing to do 
with rotational degrees of freedom. Later, after the works of Onsager (1949) and 
Feynman (1955), it was understood that rotational degrees of freedom were re- 
lated to quantized vortices. The lowest energy level related to rotational motion 
is provided by a vortex ring of minimum possible size whose energy ~ h? /maz 
is in agreement with Landau’s suggestion. 

(2) The excitation spectrum E(p) of the quasiparticles, rotons and quanta of 
sound — phonons — places an upper limit on the smooth irrotational flow of the 
vacuum. The so-called Landau critical velocity is ULandau = (E(P)/P)min (see 
Chapter 26). If the relative velocity |vs — vn| of the motion of the vacuum with 
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respect to the excitations or boundaries is less than vpandau, then superflow is 
dissipationless because the vacuum cannot transfer momentum p to the excita- 
tions. If |v; — Vn| > ULandau,; New excitations can be created from the vacuum, 
such that the momentum of superfluid motion is dissipated in the momenta p of 
the newly created excitations, and friction arises. 

At low temperature, the effective theory of two-fluid hydrodynamics rests 
on a general principle, namely that the properties of an interacting system are 
determined in the low-energy limit by the spectrum of low-energy excitations — 
zero modes. Later Landau (1956) applied the same principle also to liquid *He, 
which at the temperatures where it can be described in terms of quasiparticles 
is still in a normal (non-superfluid) state. 7He atoms obey FermiDirac statistics 
and have a single-particle-like spectrum of essentially different character from the 
phonons and rotons in *He-II. The result is known as the Landau theory of Fermi 
liquids, which is one of the most successful cornerstones of condensed matter 
theory. Thus a new universality class of quantum vacua and its effective theory 
have been established. Below, in Sec. 8.1, we shall see that Fermi liquids belong 
to the most powerful universality class of quantum vacua, were the fermion zero 
modes form the Fermi surface being protected by the topology in the momentum 
space. 

Alongside Tisza’s idea (1940) of the Bose-Einstein condensate and Landau’s 
idea (1941) of superfluid vacuum, the physical origin of two-fluid motion was 
suggested by Kapitza (1941). Later it was recognized that both Tisza and Landau 
had added important pieces to the description of superfluidity in He-II, while 
Kapitza’s suggestion was long considered as an oddity. However, the discovery of 
anisotropic superfluidity in liquid 7He-A by Osheroff et al. (1972) has completely 
absolved Kapitza’s hypothesis: it now appears to be quite to the point, while the 
Tisza and Landau theories were to be modified. 

Kapitza (1941) postulated on the basis of his ingenious new experiments that 
only a thin surface layer of liquid He-II coating the solid walls was superfluid 
while bulk He-II behaved like a normal fluid. However, although the superfluid 
4He film is very mobile and responsible for many striking phenomena, super- 
fluidity is clearly not only restricted to the surface film in He-II, as Kapitza 
himself later recognized. Nevertheless, this idea is close to the actual situation 
in superfluid *He-A: experiments demonstrate (see the book by Vollhardt and 
Wolfle (1990)): that bulk superflow of ?He-A is unstable, while near the surface 
of the channel the superflow is stabilized due to boundary conditions on the or- 
der parameter. Moreover, the origin of superfluidity in ?He is different from that 
in He-II, but actually is the same as superconductivity in metals: it results from 
the formation of coherent Cooper pairs instead of the London—Tisza scenario of 
the Bose-Einstein condensation of bosons to a common ground state. Also it 
turns out, as we shall see, that the superflow of ?He-A is not irrotational, i.e. it 
is not restricted to the simple potential flow of isotropic superfluids (for which 
VX Vs = 0, as is the case for 4He-II). In other words, as distinct from superfluid 
“He, in 3He-A there is no energy gap between rotational and irrotational mo- 
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tions. This is the reason why the bulk 3He-A behaves as normal fluid (see Fig. 
17.9). Also the Landau critical velocity VLandau is vanishingly small in ?He-A 
because of the gapless fermionic energy spectrum (see Sec. 26.1.1). Thus none 
of the conditions representing the signatures of superfluidity in Landau’s sense 
are strictly valid in 3He-A. This superfluid opened another important universal- 
ity class of Fermi systems with gapless excitations protected by the topology in 
momentum space (Sec. 8.2). 
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Quantum fermionic liquids 
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7.1 Introduction 


Now we proceed to the Fermi systems, where the low-energy effective theory 
involves both bosonic and fermionic fields. First we consider the simplest models 
where different types of fermionic quasiparticle spectra arise. Then we show that 
the types of fermionic spectra considered are generic. They are determined by 
universality classes according to the momentum space topology of the fermionic 
systems. 

Above the transition temperature Te to the superconducting or superfluid 
state, the overwhelming majority of systems consisting of fermionic particles 
(electrons in metals, neutrons in neutron stars, 3He atoms in ?He liquid, etc.) 
form a so-called Fermi liquid (Fig. 7.1). As was pointed out by Landau, the Fermi 
liquids share the properties of their simplest representative — weakly interacting 
Fermi gas: the low-energy physics of the interacting particles in a Fermi liquid 
is equivalent to the physics of a gas of quasiparticles moving in collective Bose 
fields produced by all other particles. We shall see below in Chapter 8 that 
this reduction from Fermi liquid to Fermi gas is possible because they belong 
to the same universality class determined by momentum space topology. The 
topology is robust to details and, in particular, to the strength of the interaction 
between the particles, which distinguishes Fermi liquids from the Fermi gases. 
We shall see that it is the momentum space topology which distributes Fermi 
systems into different universality classes. Fermi liquids belong to one of these 
universality classes, which is of most importance in condensed matter. This class 
is characterized by the so-called Fermi surface — the topologically stable surface 
in momentum space (Sec. 8.1). 

The class of fermionic vacua with a Fermi surface is most powerful, since 
it is described by the lowest-order homotopy group 7, called the fundamental 
group (Sec. 8.1). The overwhelming majority of mobile fermionic systems have a 
Fermi surface. The other important class of fermionic vacua (which contains the 
vacuum of the Standard Model and *He-A) is described by the higher (and thus 
weaker) group — the third hompotopy group 73 (Sec. 8.2.3). If the vacuum of 
the Standard Model is sufficiently perturbed, e.g. by the appearance of an event 
horizon, which introduces Planckian physics near and beyond the horizon, the 
Fermi surface almost necessarily appears (see Sec. 32.4). 

In this Chapter we discuss the BCS theory of the weakly interacting Fermi 
gas in the same manner as the weakly interacting Bose gas in Sec. 3.2, and 
demonstrate how different universality classes arise in the low-energy corner. 
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Fic. 7.1. *He phase diagram demonstrating all three major universality classes 
of those fermionic vacua which are translationally invariant. Normal liquid 
3He represents the class where the quasiparticle spectrum is gapless on the 
Fermi surface. ?He-B belongs to the class with trivial topology in momentum 
space: the quasiparticle spectrum is fully gapped. 3°He-A has topologically 
stable Fermi points in momentum space, where fermionic quasiparticles have 
zero energy. 


7.2 BCS theory 
7.2.1 Fermi gas 


Let us start with an ideal (non-interacting) non-relativistic Fermi gas of, say, 
electrons in metals or ĉ’He atoms. In this simplest case of an isotropic system, 
the energy spectrum of particles is 


p? 

Bo) =- -n, (7.1) 
where u, as before, is the chemical potential for particles, and it is assumed that 
u > 0. For u > 0 there is a Fermi surface which bounds the volume in momentum 
space where the energy is negative, E(p) < 0, and where the particle states are 
all occupied at T = 0. For an isotropic system the Fermi surface is a sphere of 
radius pr = \/2mp. At low T all the low-energy properties of the Fermi gas 
come from the particles in the vicinity of the Fermi surface, where the energy 
spectrum is linearized: E(p) © vp(p — pr), where vp = OpE|p=p, is the Fermi 
velocity. Fermi particles have spin 1/2 and thus there are actually two Fermi 
surfaces, one for particles with spin up and another for particles with spin down. 

Later in Sec. 8.1 we shall see that the Fermi surface is a topologically stable 
singularity of the Green function in momentum space. Due to its topological 
stability, the Fermi surface survives in non-ideal Fermi gases and even in Fermi 
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liquids, where the interaction between particles is strong, unless a total non- 
perturbative reconstruction of quantum vacuum occurs and the system transfers 
to another universality class. 

In particular, such reconstruction takes place when Cooper pairing occurs 
between the particles, and the superfluid or superconducting state arises. Later 
we shall be mostly interested in such superfluid phases, where the Cooper pairing 
occurs between the particles within the same Fermi surface, i.e. which have the 
same spin projection. For such cases of so-called equal spin pairing (ESP) we can 
forget about the spin degrees of freedom and consider only single spin projection, 
say, spin up. In other words, our fermions are ‘spinless’ but obey Fermi—Dirac 
statistics. Thus in our original ‘Theory of Everything’ there is no spin-statistic 
theorem at the ‘fundamental’ level; this theorem will appear in the low-energy 
corner together with Lorentz invariance and the corresponding relativistic spin. 


7.2.2 Model Hamiltonian 


To make life easier we assume a special type of the BSC model with the interac- 
tion leading to pairing in a p-wave state consistent with the equal spin pairing: 


2 
p AÀ 
H-pN = > (= -1) apap — 5 > p'at pal, . (5 Pret) . (7.2) 
p p’ p 


Here A is the small parameter of interaction. In the superfluid state the quantity 
Jp Papa—p acquires a non-zero vacuum expectation value (vev), Os Papa_p) 
This vev is not identically zero because both p and a@pa_p are odd under parity 
transformation: Pp = —p and P(apa_p) = a@_pa@p = —apa_p. The minus sign 
in the last equation is due to the Fermi statistics. The odd factor p in vev allows 
the equal spin pairing (ESP) pairing within the same Fermi surface. 

This vev is similar to the vev of the operator of annihilation of the Bose 
particle with zero momentum in eqn (3.4). In our case the two Fermi particles 
involved also form a Bose particle — the Cooper pair — with the total momentum 
also equal to zero. However, in the case of p-wave pairing the order parameter is 
not a complex scalar as in eqn (3.4) but a complex vector: 


2X 
vV 2 pasa-n) =e, + e2. (7.3) 
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vac 


Here e; and evs are real vectors. 

Equilibrium values of these vectors are determined by minimization of the 
vacuum energy. However, symmetry considerations are enough to find the pos- 
sible structure of the order parameter: there are two structures that are always 
the extrema of the energy functional. In the first case the two vectors, e; and 
e2, are perpendicular to each other and have the same magnitude: 


e,:e€9 = 0 ; lex| = leo| . (7.4) 
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Such a structure of the orbital part of the order parameter occurs in superfluid 
3He-A (Sec. 7.4.6), ?He-A; (Sec. 7.4.8) and in the planar phase (Sec. 7.4.9). In 
all these cases |e;| = |e2| = Ao/pr, where Ao is the amplitude of the gap. The 
three phases differ by their spin structure, which we do not discuss here in the 
model of spinless fermions. 

In the second case the two vectors are parallel to each other, e1 || e2, and the 
order parameter (7.3) 


e1 +ie2 =e e? , (7.5) 


is factorized into the real vector e along the common direction and the phase 
factor ®. The orbital part of the order parameter in the polar phase of the 
spin-triplet superfluid in Sec. 7.4.10 has the same structure. 

For the moment we shall not specify the two vectors, and consider the general 
case of arbitrary e; and eg. In the limit of weak interaction ÀA — 0, the quantum 
fluctuations of the order parameter — deviations of the operator 2p Papa_p from 
its vev — are small. Neglecting the term quadratic in deviations from vev, one 
obtains the following Hamiltonian: 


HN = È (è +3) + Hp , (7.6) 
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7.2.3  Bogoliubov rotation 


For each p the Hamiltonian Hp can be diagonalized using the operators £; 


Lı +iLe = apa_p . (7.8) 


1 : 

L3 = 5 (4p +a} pa-p -1) , Li- ilz: = abal p ; 
As distinct from the Bose case in eqn (3.11) these operators are equivalent to 
the generators of the group SO(3) of conventional rotations with commutation 
relations appropriate for the angular momentum: [L£;, Lj] = ieijkLk. In terms of 
L; one has 


Hp =9' (p)Li+9°(p) , (7.9) 
with 
2 2 
p 1/p 
g =p, =p: e2, = =—- u, = a SE) os (7.10) 
2m 2 \ 2m 


The Hamiltonian is diagonalized by two SO(3) rotations. First we rotate by 
the angle tan~!(p- e2/p e1) around the 23 axis. This is the U(1) global gauge 


rotation which transforms g! — ,/(p-e2)? + (p-e1)?, g? — 0. Then we rotate 
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by the angle tan~!(,/(p- e2)? + (p- ee /(Ż — u)) around the x2 axis; this is 


the Bogoliubov transformation. As a result one obtains the diagonal Hamiltonian 


1 / p°? 
2\2m 
1 2 1 
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Here Gp is the annihilation operator of fermionic quasiparticles (the so-called 
Bogoliubov quasiparticles), whose energy spectrum E(p) is 


2 2 

Bo) = (Z -u) +e? + (pea) (7.12) 
m 

The total Hamiltonian (7.6) represents the energy of the vacuum (the state 

without quasiparticles) and that of fermionic quasiparticles in the background 

of the vacuum: 


H= uN = (H — UN) vac + > E(p)abap , (7.13) 
P 
where the vacuum energy is 


H-N lite- (E-e) a 


2m 
p p 


7.2.4 Stable point nodes and emergent ‘relativistic’ quasiparticles 


The equilibrium state of the vacuum will be later determined by minimization 
of the vacuum energy eqn (7.14) over vectors e; and e2, but it is instructive 
to consider first the general vacuum state with arbitrary vectors e; and eg. In 
general, if we disregard for a moment the very exceptional, degenerate case of 
the order parameter when these vectors are exactly parallel to each other, the 
quasiparticle energy spectrum in eqn (7.12) has two points p“ (a = 1,2) in 
momentum space where the energy is zero: 


Be oA x 
p = qprl , 1= a 


eg, Ss 7.15 
emcee! (7.15) 


Here, as before pr = /2myp, is the Fermi momentum of an ideal Fermi gas. Close 
to each of these two points, which we refer to as Fermi points in analogy with 
the Fermi surface, the energy spectrum becomes 


E2(p) © (e1 (P — qa A))? + (e2 (P — qa A))? + (e3 «(Pp — qa A))? , (7-16) 


This corresponds to the energy spectrum of two massless ‘relativistic’ particles 
with electric charges qa = +1 in the background of an electromagnetic field with 
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the vector potential A = prl, in the space with the anisotropic contravariant 
metric tensor g””: 
g} = eñe} t eiei + eeg , g9 = 1, g*=0. (7.18) 
Thus for the typical vacuum state the quasiparticle energy spectrum becomes 
relativistic and massless in the low-energy corner. This is an emergent property 
which follows solely from the existence of the Fermi points. In turn, according 
to eqn (7.15), the existence of the Fermi points is robust to any deformation of 
the order parameter vectors eı and eg of the vacuum, excluding the exceptional 
case when e; || e2 and the metric g“” becomes degenerate. This illustrates the 
topological stability of Fermi points, which we shall discuss later. Because of this 
stability, emergent relativity is really a generic phenomenon in the universality 
class of Fermi systems to which this model belongs — systems with topologically 
stable Fermi points in momentum space (Sec. 8.2). 


7.2.5 Nodal lines are not generic 


In the exceptional case of e; || e2 in eqn (7.5) which corresponds to the so- 
called polar state discussed in Sec. 7.4.9, the energy spectrum is zero on the line 
(p = pr, p L e) in 3D momentum space. The fact that the line of zeros occurs 
only as an exception to the rule shows that nodal lines are topologically unstable. 
Under general deformations of the order parameter the nodal lines disappear. In 
our simplified model where the spin degrees of freedom are suppressed, the line 
of zeros disappears leaving behind the pairs of Fermi points. But in a more 
general case there is an alternative destiny for a nodal line: zeros can disappear 
completely so that the system becomes fully gapped. 


7.3 Vacuum energy of weakly interacting Fermi gas 
7.3.1 Vacuum in equilibrium 


An equilibrium value of the order parameter is obtained by minimization of the 
vacuum energy in eqn (7.14) over e; and e2 


=0. (7.19) 


Excluding the volume V of the system one obtains two non-linear equations for 


vectors e; and eg: 
dp p(p- e1 P(P - 1,2) 
waar f Ih) El “E : (7.20) 


Substituting eqn (7.20) into eqn (7.14) one obtains that the minimum of the 
vacuum energy (i.e. the energy of the equilibrium vacuum) has the form: 


i (7.21) 
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Compare this with eqn (3.19) for the vacuum energy of the weakly interact- 
ing Bose gas and with eqn (2.9) for vacuum energy in RQFT. The first term 
-4 Jp (Pp) can be recognized as the energy of the Dirac vacuum for fermionic 
quasiparticles. It has the sign opposite to that of the corresponding term in the 
vacuum energy of Bose gas, which contains zero-point energy of bosonic fields. 
This Dirac-vacuum term is natural from the point of view of the effective theory, 
where the quasiparticles (not the bare particles) are the physical objects. 

The somewhat unusual factor 1/2 is the result of the specific properties of 
Bogoliubov quasiparticles. The Bogoliubov quasiparticle represents the hybrid 
of the bare particle and bare hole; as a result the quasiparticle equals its anti- 
quasiparticle as in the case of Majorana fermions. That is why the naive summa- 
tion of the negative energies in the Dirac vacuum leads to the double counting, 
which is just compensated by the factor 1/2 in eqn (7.21). We shall consider this 
in more detail in the next chapter. 

As in the case of the Bose gas, the other two terms in eqn (7.21) represent 
the counterterms that make the total vacuum energy convergent. They are nat- 
urally provided by the microscopic physics of bare particles. In other words, the 
trans-Planckian physics determines the regularization scheme, which depends on 
the details of the trans-Planckian physics. Within the effective theory there are 
many regularization schemes, which may correspond to different trans-Planckian 
physics. There is no principle which allows us to choose between these schemes 
unless we know the microscopic theory. 

The counterterms in eqn (7.21) can be regrouped to reflect different Planck 
energy scales. The natural ‘regularization’ is achieved by consideration of the 
difference between the energy of weakly interacting gas and that of an ideal 
Fermi gas with A = 0. This effectively removes the largest contribution to the 
vacuum energy. The energy of the ideal Fermi gas is 


(H= WN ue 0 = $0 |-[E =n] + (Fe =0) | =v PE (720) 


2m 2m 30m72h? 


The rest part of the vacuum energy is considerably smaller: 


(H = BN oq vac (H — UN) vac A=0 


since the order parameter contains the small coupling constant A. 


7.3.2 Azial vacuum 


It is easy to check that the order parameter structure, which realizes the vacuum 
state with the lowest energy, has the form of eqn (7.4): 


2d ss Se 
T (x Prat) = (e1 + ie2),, = c1 (th + iñ) , (7.24) 
p eq vac 
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=ñ =l , m-n=0. (7.25) 


The condition on the order parameter in equilibrium in eqn (7.25) still allows 
some freedom: the SO(3) rotations of the pair of unit vectors m and n do not 
change the vacuum energy. Thus the vacuum is degenerate. We choose for sim- 
plicity one particular vacuum state with m = x and h = y, so that the energy 
spectrum of quasiparticles becomes 


B(p) = (Z-n) taei- (Z-n) taot. 729 


It is axisymmetric and has uniaxial anisotropy along the axis Î = M x ñ, which 
according to eqn (7.15) shows the direction to the Fermi points in momentum 
space. This demonstrates that the vacuum itself is axisymmetric and has uniaxial 
anisotropy along Î. We shall see later that Î also marks the direction of the angular 
momentum of Cooper pairs, and thus is an axial vector. Such a vacuum state is 
called axial. The corresponding superconducting states in condensed matter are 
called chiral superconductors. 

The parameter cı is the maximum attainable speed of low-energy quasipar- 
ticles propagating transverse to 1, since in the low-energy limit (i.e. close to point 
nodes) the energy spectrum becomes 


p 2 
E2(p) © cf(pz — apr)? + CL (P2 +73), cq) = Sur =. (7.27) 


The Fermi velocity vp represents the maximum attainable speed of low-energy 
quasiparticles propagating along 1. 

The difference in vacuum energies between the weakly interacting and non- 
interacting Fermi gas in eqn (7.23) is also completely determined by c_: 


3 
Prim 2 


(H F UN) og vac (H ve UN) vac A=0 — a eer Ale $ (7.28) 


The value of the parameter c, is determined from eqn (7.20): 


dp PtP; 


The integral on the rhs is logarithmically divergent and one must introduce the 
physical ultraviolet cut-off at which our model becomes inapplicable. This cut- 
off influences only the value of c} = (Eecutof/prF) exp(- z4). Once the value of 
cı is established, we can forget its origin (except that it is small compared to 
vp) and consider it as a phemomenological parameter of the effective theory. For 
superfluid *He-A the ratio c3 /vj is about 1075. 

Since the order parameter magnitude cı is relatively small, its influence on 


the relation between the particle number density n and the Fermi momentum 
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pr is also small. That is why for the system with single spin projection one has 
n & p3 /6r?ħ?. Actually |n — p3 /67?Ã?|/n ~ c/c <1. As a result eqn (7.28) 
becomes i 

(H — N} oq vac — (H — UN vac sg ~ —5 Ne} (7.30) 
where N =nV. 


7.3.3 Fundamental constants and Planck scales 


As in the case of the weakly interacting Bose gas, the Theory of Everything for 
weakly interacting Fermi gas contains four ‘fundamental’ constants. They can 
be chosen as h, m, c} and n (or pr, which is related to n). The small factor, 
which determines the relative smallness of the superfluid energy with respect to 
the energy of an ideal Fermi gas in eqn (7.22), is again mc ,ao/h « 1, where 
ao ~ ħ/pr ~ n—\/8 is the interparticle distance in the Fermi gas vacuum state. 

Because of the anisotropy of the energy spectrum there are three important 
energy scales — the ‘Planck’ scales: 


he 2 
2 £ 2_ PF 
EPlanck 1S5 McC] , EPlanck 2=CLPF™~Y ü , EPlanck 30 me, = ae, (7.31) 
0 


with Planck 1 EPlanck 2 K EPlanck 3: 

Below the first Planck scale E < Epjanck 1 = må, the energy spectrum of 
quasiparticles has the relativistic form in eqn (7.16) (or in eqn (7.27)), and the 
effective ‘relativistic’ quantum field theory arises in the low-energy corner with 
c, and CI being the fundamental constants. This Planck scale marks the border 
where ‘Lorentz’ symmetry is violated. 

The second Planck scale Epjanck 2 is responsible for superfluidity. Below this 
scale one can distinguish the superfluid state of the Fermi gas from its normal 
state. The temperature of the superfluid phase transition Te ~ Eplanck 2. It 
provides the natural cut-off for the contribution of the Dirac vacuum to the 
vacuum energy, and thus determines the part of the vacuum energy in eqn (7.28), 
which is the difference between the energies of normal and superfluid states: 


1 
(H j BN ) eq vac (H ~ UN) vac rA=0 — Toa V =g Eb ianck Des (7.32) 


Here g = -cp crt is the determinant of the effective metric for quasiparticles 
Juv = diag(—1, E; e o) 

This can be compared to the analog contribution to the vacuum energy in 
the Bose gas in eqn (3.25). Both contributions are proportional to the square 
root of the determinant of the effective Lorentzian metric, which arises in the 
low-energy corner, and thus they represent the Einstein cosmological term. Both 
contributions agree with the point of view of an inner observer, who knows only 
the low-energy excitations and believes that the vacuum energy comes from the 
Dirac vacuum of fermions and from the zero-point energy of bosons. They have 
correspondingly negative and positive signs as in eqn (2.11) for the cosmological 
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term. The cut-off is explicitly provided by the Planck energy scale. However, an 
external observer knows that in addition there are larger contributions to the 
vacuum energy coming from the physics at the higher Planck energy scale. In 
our case this is the energy of the Fermi gas in eqn (7.22) which is determined by 
the largest Planck energy scale Epjanck 3- 


7.3.4 Vanishing of vacuum energy in liquid ? He 


In the Fermi system under consideration, both contributions to the vacuum 
energy density € are negative: 


1 
h3 V =g FE Planck 3EPlanck 2. (7.33) 


307? 

Thus the weakly interacting Fermi gas can exist only under external positive 
pressure P = —é. However, when the interaction between the bare particles 
(atoms) increases, the quantum effects become less important. 

In liquids the quantum effects and interaction are of the same order. When 
those high-energy degrees of freedom are considered that mostly contribute to 
the construction of the vacuum state, one finds that the symmetry breaking 
(superfluidity) and even the difference in quantum statistics of 7He and of “He 
atoms have a minor effect (see Fig. 3-6 in the book by Anderson 1984). For 
the main contribution to the vacuum energy the difference between the strongly 
interacting Bose system of *He atoms and the strongly interacting Fermi system 
of He atoms is not very big. Both systems represent quantum liquids which 
can exist without an external pressure. The chemical potential of liquid *He, if 
counted from the energy of an isolated *He atom, is also negative (u ~ —2.47 K 
(Woo 1976; Dobbs 2000), i.e. the superfluid *He is a liquid-like (not a gas-like) 
substance. Thus in both systems the equilibrium value of the vacuum energy is 
exactly zero, (H — UN) oq vac = €V = 0, if there are no external forces acting 
on the liquid. On the other hand, the inner observer believes that the vacuum 
energy essentially depends on the fermionic and bosonic content of the effective 
theory. 


1 
€ = ———5, /—gEpianck 2 — 
DIE gE Planck 2 


7.3.5 Vacuum energy in non-equilibrium 


We know that, if the system is liquid and thus can exist in the absence of an 
environment, its vacuum energy density čvac is zero in complete equilibrium. 
What is the value of the vacuum energy , and thus of the ‘cosmological’ term, if 
the order parameter (and thus the vacuum) is out of equilibrium? To understand 
this we first note that the BCS theory is applicable to the real liquid too. Though 
the particle—particle interaction in the liquid is strong, the effective interaction 
which leads to the Cooper pairing and thus to superfluidity can be relatively 
weak. This is just what occurs in liquid 3He, which is manifested by a relatively 
small value of the order parameter: c /v} ~ 1075. Thus we can apply the BCS 
scheme discussed above to the liquids. 

We must take a step back and consider the superfluid part of the vacuum 
energy, eqn (7.14), before the complete minimization over the order parameter. 
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For simplicity we fix the vector structure of the order parameter as in equilibrium, 
and vary only its amplitude cı. Then, taking into account that in the isolated 
liquid the vacuum energy density € must be zero when cı equals its equilibrium 
value c] o, one arrives at a rather simple expression for the vacuum energy density 
in terms of c1: 2 

Evac(CL) = m*n cin Eto- . (7.34) 

cio 

Equation (7.34) contains four ‘fundamental’ parameters of different degrees of 
fundamentality: A, which is really fundamental; pr and vp, which are funda- 
mental at the Fermi liquid level (here m* = pr/vp and n = p3,/6n7h7); and 
the equilibrium value of the transverse ‘speed of light’ c1o, which is fundamental 
for the effective RQFT at low energy. Let us stress again that this equation is 
applicable to real liquids; the only requirement is that prc, is small compared 
to the energy scales relevant for the liquid state, in particular prc, < prur. 


7.3.6 Vacuum energy and cosmological term in bi-metric gravity 


Equation (7.34) can be rewritten in terms of the effective metric in equilib- 
rium g,,(0) = diag(—1, Cire. one cy), and the effective dynamical metric guv = 
diag(—1, c1’, cT’, o) 
4 
r V= Van va FCL 
Evac(g) = PAV T Jo a ln L 2 > PAF a f 
vg vag vag 6r?ħ 


Close to equilibrium the vacuum energy density is quadratic in deviation from 
equilibrium: 


(7.35) 


‘i 2 
Evac(g) © a (v =g9= v =9o) . (7.36) 
Let us play with the result (7.35) obtained for a quantum liquid, considering 
it as a guess for the vacuum energy in the effective theory of gravity. Then the 
energy-momentum tensor of the vacuum — the cosmological term which enters 
the Einstein equation (2.8) — is obtained by variation of eqn (7.35) over gt”: 


Vv —90 
vg 
Thus in a quantum liquid the vacuum energy (7.35) and the cosmological term 
(7.37) have a different dependence on the metric field. But both of them are 
zero in equilibrium, where g = go. Moreover, the reasons for the vanishing of the 
cosmological term and for the vanishing of the vacuum energy are also different. 
The zero value of the cosmological term in eqn (7.37) in equilibrium, which 
indicates that in eqiuilibrium the vacuum is not gravitating, is a consequence 
of the local stability of the vacuum. The latter implies that the correction to 
the vacuum energy due to non-equilibrium is the positively definite quadratic 
form of the deviations from equilibrium, such as eqn (7.36). This condition of 
local stability of the vacuum is valid for any system, i.e. not only for liquids but 


Th = Pau In (7.37) 
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for weakly interacting gases too. The cosmological term is the variation of the 
vacuum energy over the metric, that is why it is linear in the deviation from 
equilibrium, and must be zero in equilibrium. 

As for the vacuum energy itself it is zero if, in addition, the equilibrium 
vacuum is ‘isolated from the environment’. This is valid for the quantum liquid 
but not for a gas-like substance such as the weakly interacting Fermi gas. 

In both equations, (7.35) and (7.37), the overall factor — the ‘bare’ cosmolog- 
ical constant pa — has the naturally expected Planck scale value of order Esnie 
Thus, in spite of a huge value for the bare cosmological constant, one obtains 
that the equilibrium quantum vacuum is not gravitating. The cosmological term 
and in the case of the liquid even the vacuum energy itself are zero in equilibrium 
without any fine tuning. 

The price for this solution of the cosmological constant problem is that we now 
have the analog of the bi-metric theory of gravity: the metric g,,,(9) characterizes 
the equilibrium vacuum, while the metric g,, is responsible for the dynamical 
gravitational field acting on quasiparticles. Actually the metric g,,,(9) is also 
dynamical though at a deeper fundamental level: it depends on the characteristics 
of the underlying liquid, such as the density n of atoms. 


7.4 Spin-triplet superfluids 
7.4.1 Order parameter 


In Sec. 7.2 we considered the equal spin pairing (ESP) of particles, i.e. the pairing 
of atoms/electrons having the same spin projection. We discussed only single spin 
projection, and thus the particles were effectively spinless. Now we turn to the 
spin structure of the Cooper pairs in ?He liquids. In a particular case of ESP, 
when particles forming the Cooper pair have the same spin projection, the total 
spin projection of the Cooper pair is either +1 or —1. These are particular states 
arising in spin-triplet pairing, the pairing into the S = 1 state. The general form 
of the order parameter for triplet pairing is the direct modification of eqn (7.3) 
when the spin indices are taken into account: 


2A 
y (x tonto =e,(o gag, g= io. (7.38) 
P vac 


Here a = (, |) and 8 = (f, |) denote the spin projections of a particle; and o”) 
with u = 1,2,3 are the 2 x 2 Pauli matrices. 

Instead of the complex vector in the spinless case, the order parameter now 
is triplicated and becomes a 3 x 3 complex matrix e, = epi, with u = 1,2,3 and 
i = 1,2, 3. This order parameter e,,; belongs to the vector representation L = 1 of 
the orbital rotation group SO(3), (whence the name p-wave pairing), and to the 
vector representation S = 1 of the spin rotation group SO(3)s (whence the name 
spin-triplet pairing). In other words, e,,; transforms as a vector under SO(3)s 
spin rotations (the first index) and as a vector under SO(3)z orbital rotations 
(the second index). Also, the order parameter is not invariant under U(1)y 
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symmetry operations, which is responsible for the conservation of the particle 
number N (?He atoms or electrons ): under global U (1)y gauge transformation 
(ap — e’*ap) the order parameter transforms as 


enim eeni : (7.39) 


The factor 2 is because the order parameter ep; is the vev of two annihilation 
operators ap. 
Thus all the symmetry groups of the liquid in the normal state 


G= SO(3)L x SO(3)s x U(1)n (7.40) 


are completely or partially broken in spin-triplet p-wave superfluids and super- 
conductors. 


7.4.2 Bogoliubov-Nambu spinor 

The modification of the spinless BCS Hamiltonian (7.6) to the spin-triplet case 
is straightforward. We mention only that there is another useful way to treat 
the BCS Hamiltonian. Since in this Hamiltonian the states with N + 1 particles 
(quasiparticle) and with N — 1 particles (quasihole) are hybridized by the order 
parameter, it is instructive to double the number of degrees of freedom adding 
the antiparticle for each particle as an independent field. This is accomplished 
by constructing the Bogoliubov-Nambu field operator x, which is a spinor in 
the new particle-hole space (Bogoliubov-Nambu space) as well as the spinor in 


conventional spin space: 
ap 
= ; 7.41 
Xp (, Agi z ) ( ) 


Under a U(1)y symmetry operation this spinor transforms as 


123 
x>e” Wy, (7.42) 


where 7? (with b = 1,2, 3) are Pauli matrices in the Bogoliubov-Nambu space. 7? 


is the particle number operator N with eigenvalues +1 for the particle component 
of the Bogoliubov quasiparticle and —1 for its hole component. 

Two components of the Bogoliubov-Nambu spinor Xp are not independent: 
they form a so-called Majorana spinor. However, in what follows we ignore the 
connection and consider the two components of the spinor as independent. When 
calculating different quantities of the liquids using the Bogoliubov-Nambu fermi- 
ons we must divide the final result by two in order to compensate the double 
counting. Then for each p the Bogoliubov-Nambu Hamiltonian Hp in eqn (7.6) 
has the form 


Hp = 73M(p)+ TF OnDi Re epi — F oupi Im epi, (7.43) 
where 
p? 
M(p) = 5— 7 K~ vr(p— pr). (7.44) 
m 


Since the order parameter is typically much smaller than p} /m, in all the effects 
related to superfluidity the bare energy of particles M (p) is concentrated close 
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to pr. (Note that here the chemical potential u is counted from the bottom of 
the band and thus is positive; in liquids it is negative when counted from the 
energy of the isolated atoms.) 

It is instructive to consider the following six vacuum states of p-wave super- 
fluidity: 3He-B, ?He-A, ?He-A,, axiplanar, planar and polar states. Some of the 
states realize the true vacuum if the parameters of the Theory of Everything 
in eqn (3.2) are favourable for that. The other states correspond either to local 
minima (i.e. to a false vacuum) or to saddle points of the energy functional. The 
first three of them are realized in nature as superfluid phases of *He. 


7.4.3 °He-B - fully gapped system 


3He-B is the only isotropic phase possible for spin-triplet p-wave superfluidity. 
In its simplest form the matrix order parameter is 


et) = Agin (7.45) 


This state has the quantum number J = 0, where J = L +S is the total 
angular momentum of the Cooper pair. J = 0 means that the quantum vacuum 
of the B-phase is isotropic under simultaneous rotations in spin and coordinate 
space, and thus ensures the isotropy of the liquid. The phase transition to 3He-B 
corresponds to the symmetry-breaking scheme (see Sec. 13.1 for definition of the 
group G of the symmetry of physical laws and the group H of the symmetry of 
the degenerate quantum vacuum) 


G= U(1)N x SO(3)z x SO(3)s — Hg = SO(3)s+L (7.46) 


All the degenerate quantum vacuum states are obtained from the simplest state 
(7.45) by symmetry transformations of the group G: 


epi = RE R eel) Ae hae (7.47) 


where Rp: is the real orthogonal matrix (rotation matrix) resulting from the 
combined action of spin and orbital rotations: Ry; = Rene vk; ® is the phase 
of the condensate. 

The simplest state in eqn (7.45) has the following Bogoliubov-Nambu Hamil- 
tonian: 


ay eile cea = T o- p)ř! Ay 
a GE) Mor + p)ř!, c=, (7.48) 


with M (p) given in eqn (7.44). The square of the energy of fermionic quasipar- 
ticles in this pair-correlated state is 


E3(p) = H? = M*(p) + ep. (7.49) 


This equation is invariant under the group G and thus is valid for any degenerate 
state in eqn (7.47). 
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Fermi systems with gap (mass) 


no singularity 
gap A in Green's function: 
Energy E(p) is nowhere zero 
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Vacuum of Dirac fermions 
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electrons bands 
quasiparticles 
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E = vap- +A E = pet M 


Fic. 7.2. Fermi systems with an energy gap, or mass. Top left: The gap ap- 
pearing on the Fermi surface in conventional superconductors and in *He-B. 
Bottom left: The quasiparticle spectrum in conventional superconductors and 
in °He-B. Bottom right: The spectrum of Dirac particles and of quasiparticles 
in semiconductors. 


7.4.4 From Bogoliubov quasiparticle to Dirac particle. From *He-B to Dirac 
vacuum 


If M were independent of p, eqns (7.48) and (7.49) would represent the Hamil- 
tonian and the energy spectrum of Dirac particles with mass M. However, in 
our case M(p) depends on p in an essential way. In the weak-coupling approx- 
imation (which corresponds to the BCS theory) the magnitude Ao of the order 
parameter is small, so that the minimum of the energy is located close to p = pr. 
Near the minimum of the energy, one has 


E(P) © vp(p— pr) +A , (7.50) 


showing that Ao plays the role of the gap in the quasiparticle energy spectrum. 

One can continuously deform the energy spectrum of the 7He-B Bogoliubov 
quasiparticle in eqn (7.49) to the spectrum of Dirac particles. This can be done, 
for example, by increasing c. In the limit of large c one obtains the Dirac Hamil- 
tonian with the mass determined by the chemical potential: 
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me? > |u] : M(p) SL, H —> Hpirac = cpio’ — ub ’ Hb irac = E? > wW+erp? ’ 

(7.51) 
where a’ and ( are Dirac matrices. This shows that ?He-B and the Dirac vacuum 
belong to the same universality class. This is the class with trivial topology in 
momentum space: there are no points, lines or surfaces in momentum space 
where the energy vanishes (Fig. 7.2). 

Actually, the absence of zeros in the energy spectrum does not necessarily 
imply trivial topology in momentum space. We shall see on examples of 2+1 
systems (films) in Chapter 11 that p-space topology can be non-trivial even 
for the fully gapped spectrum, so that the non-zero topological charge leads to 
quantization of physical parameters. Such a situation is fairly typical for even 
space dimensions (2+1 and 4+1), but can in principle occur in 3+1 dimensions 
too. 

3He-B is topologically equivalent to the Dirac vacuum and contains inter- 
acting fermionic and bosonic (propagating oscillations of the order parameter 
epi) quantum fields, whose dynamics is determined by the quantum field theory. 
However, *He-B does not provide the relativistic quantum field theory needed 
for the simulation of the quantum vacuum: there is no Lorentz invariance and 
some components of the order parameter only remotely resemble gravitons. Nev- 
ertheless, the analogy with the Dirac vacuum can be useful, and ?He-B can serve 
as a model system for simulations of different phenomena in particle physics and 
cosmology. In particular, the symmetry-breaking pattern in superfluid 3He-B 
was used for the analysis of color superconductivity in quark matter (Alford 
et al. 1998; Wilczek 1998). Nucleation of quantized vortices observed in non- 
equilibrium phase transitions by Ruutu et al. (1996a, 1998) and nucleation of 
other topological defects — spin—mass vortices — observed by Eltsov et al. (2000) 
served as experimental simulations in 7He-B of the Kibble (1976) mechanism, 
describing the formation of cosmic strings during a symmetry-breaking phase 
transition in the expanding Universe. Vortices in 7?He-B were also used by Bevan 
et al. (19976) for the experimental simulation of baryon production by cosmic 
strings mediated by spectral flow (see Chapter 23). 


7.4.5 Mass generation for Standard Model fermions 


Finally, let us discuss the connection with the electroweak phase transition, where 
the originally gapless fermions (see Sec. 8.2.1 below) also acquire mass. In eqn 
(7.48) for *He-B, particles with the energy spectrum M (p) are hybridized with 
holes whose energy spectrum is —M (p). The order parameter el) provides the 
off-diagonal matrix element which mixes particles and holes, and thus does not 
conserve particle number. The resulting object is neither a particle nor a hole, 
but their combination — the Bogoliubov quasiparticle. 

In the electroweak transition, the right-handed particles with the spectrum 
c(o-p) and the left-handed particles with the spectrum —c(o-p) are hybridized. 
For example, below the transition, the common Hamiltonian for left and right 
electrons becomes 
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= ue ae an | Bp) =72=ep?+|MP. (7.52) 
The off-diagonal matrix element M, mixing left and right electrons, is provided 
by the electroweak order parameter — the Higgs field in eqn (15.8): M œ ¢9. This 
gives the mass Me = |M| to the resulting electron, the quasiparticle, which is 
neither a left nor a right particle, but a combination of them — a Dirac particle. 
Thus, ignoring the difference in the relevant symmetry groups, the physics of 
mass generation for the Standard Model fermions is essentially the same as in 
superconductors and Fermi superfluids (Nambu and Jona-Lasinio 1961; Ander- 
son 1963). For the further consideration of universality classes of fermionic vacua 
it is important to note that in the Standard Model, the primary excitations are 
not Dirac particles, but massless (gapless) fermions. 


7.4.6 %He-A - superfluid with point nodes 


The phase transition to *He-A corresponds to the following symmetry-breaking 
scheme (at the moment we consider continuous symmetries only and do not take 
into account discrete symmetries): 


G= U(1)n x SO(3)z x SO(3)s — Ha = U(1)z,-N/2 x U(1)s. $ (7.53) 
The order parameter with the residual symmetry Ha is 
eQ) = Aoâ, (ĉi + iĝ) - (7.54) 


It is symmetric under spin rotations about the spin axis ĉ„, with S, being the 
generator of rotations. Orbital rotation by an angle 8 about the orbital axis 2; 
transforms (ĉ; + iĝi) to e~? (ĉ; + iĝi). This transformation can be compensated 
by a phase rotation (from the group U(1)y) with an angle a = 6/2. Thus the 
order parameter is symmetric under combined orbital and phase rotations with 
the generator L, — N/2. 

The general form of the order parameter is obtained from eqn (7.54) by the 
action of the group G. It is the product of the spin part described by the real 
unit vector d, obtained from 2, by spin rotations SO(3)s, and the orbital part 
described by the complex vector m+ if in eqn (7.25), obtained from ĉ; + ig; by 
orbital rotations SO(3)z: 

epi = RS Rice = Aod, (+ iis) , M m=- ñ=, Mûs 
(7.55) 

Let us also mention the very important discrete Zə symmetry P of the A- 
phase vacuum. It is the symmetry of the vacuum under the following combined 
m rotations in spin and orbital spaces. For the simplest order parameter in eqn 
(7.54) this symmetry is 


PS Ue Ue. (7.56) 
Here UŞ, is the spin rotation by 7 around the axis @, (or in general it is the 
rotation by 7 about any axis perpendicular to d). U%, is the rotation by 7 about 
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axis 2; (or in general about the L-vector); its action on the order parameter is 
equivalent to the phase rotation by a = 1/2. The combined action of these two 
groups is the symmetry operation, since each of the two symmetry operations 
changes the sign of the order parameter. The latter property is the reason why we 
call it the parity transformation. In many physical cases the combined symmetry 
does play the role of space inversion. It will be shown later that P is this discrete 
symmetry which gives rise to the Alice string (the half-quantum vortex, see Secs 
15.3.1 and 15.3.2). 

The Bogoliubov-Nambu Hamiltonian for the fermionic quasiparticles in He- 
A has the form 


M(p) A(p) ) -3 AN jean 22 Ao 
Ha = =M +cılo-d m-p—7*n-p), =—, 
j ae —M(p) (p)7 +e1( MF p-7'n-p), c DF 
(7.57) 
and the quasiparticle energy spectrum is 
E? (p) =H? = M’(p)+2 (px? , l=mxa. (7.58) 


The unit vector Î shows the anisotropy axis of the quasiparticle spectrum, and 
also determines the direction of the orbital momentum of Cooper pairs. This 
energy spectrum has two zeros — Fermi points — at p = qaprl with qa = £1 
(Fig. 7.3). As we discussed in Sec. 7.2.4, eqn (7.16), the relativistic spectrum 
emerges in the vicinity of each node. 

Equation (7.57) shows that the spin projection of quasiparticles on the axis 
d isa good quantum number. Thus the Hamiltonians for quasiparticles with 
spin projection S, = +(1/2)o-d and with spin projection S, = —(1/2)o-d are 
independent. This demonstrates that *He-A represents one of several possible 
ESP states, where the pairing occurs independently for each spin projection. 
The two Hamiltonians, H+ = M(p)7? + cı (7th: p—77n- p), differ only by 
the sign in front of m and ñ, i.e. they have the same direction of 1. Thus in this 
particular ESP state the Cooper pairs for both spin populations have the same 
axial orbital structure and the same direction of the orbital momentum 1. The 
vacuum of ?He-A is axial. 


7.4.7 Aziplanar state — flat directions 


The more general ESP state, in which the direction of the orbital momentum 
is different for two spin projections, is represented by the axiplanar state (Fig. 
7.3). The order parameter in the axiplanar state has the form 


MEE ES laces thee IA S AT, 
eui =3A1 (a+ id") (r + ify); + 5A1 (4 ~id") (in +iny), . (7.59) 


Here d’ - d' = d”-d” = 1, d'-d” = 0; A; is the gap amplitude of the pairing of 
the spin-up fermions with respect to the axis § = d’ x d”, while A | is the gap 
amplitude for the spin-down population; the directions of the orbital momenta 
of Cooper pairs are correspondingly 1, = = mh; x hy and i | =m, x fy. In zero 
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Fic. 7.3. Positions of the Fermi points in the A (*He-A), axiplanar and planar 
phases. In the model BCS Hamiltonian used, the pairing occurs independently 
for spin-up and spin-down fermions leading to hidden symmetry: the energy 
of the state (solid line) does not depend on the mutual directions of the 
orbital vectors 1; and 1,, which show the directions to the point nodes in 
the spectrum of spin-up and spin-down quasiparticles, respectively. This is 
the reason for the so-called flat direction in configurational space: the energy 
is the same all the way from the A-phase to the planar phase. The fully 
gapped B-phase (*He-B) has the lowest energy among the considered p-wave 
spin-triplet states. The energy monotonously decreases on the way from the 
planar to the B-phase. In real liquid *He the hidden symmetry is approximate, 
so that both the B-phase and the A-phase correspond to local minima of 
energy. The model BCS Hamiltonian with the hidden symmetry and flat 
directions is believed to work best at low pressure. 


external magnetic field, spin-up and spin-down pairs have the same amplitudes 
Ay = Al = Ao 

In ?He-A spin-up and spin-down pairs have the same directions of orbital 
vectors 1; =] l= Î. But they can have different phases: for example, my; + i} = 
(x+iy)'*? and my, +i, = (R +iy)’®!. In this case one obtains eqn (7.55) with 
d = d’cos 25* — d” sin 215"! and with rh + if = (& + i)i @1+20/2, This 
demonstrates that the phase difference between the two populations is equivalent 
to rotation of the spin part d of the order parameter. 


7.4.8 3He-Aı — Fermi surface and Fermi points 


In the 3He-A; phase only fermions of one spin population are paired. The order 
parameter is given by eqn (7.59) with, say, A; = 0. Such a state occurs in the 
presence of an external magnetic field immediately below the phase transition 
from the normal state. This is an example of the coexistence of topologically 
different zeros in the energy spectrum: the spin-down quasiparticles have a Fermi 
surface, while the spin-up quasiparticles have two Fermi points. The residual 
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symmetry of this state is 
Ha, = U(1)z,-ny2 X U(1)s,-N/2 - (7.60) 


7.4.9 Planar phase — marginal Fermi points 


In the so-called planar phase two spin populations haves opposite directions of the 
orbital angular momentum, 1, =-] |, as a result the time reversal symmetry is 
not broken and the vacuum of the planar phase is not axial. The order parameter 
has the form 


epi = Ao (dyfu + dis) e. (7.61) 

If 6 = 0 this can be obtained from eqn (7.59) with A; = A, = Ao, m; =m, = 
m, ñ} = —ûÂ, = h. The Bogoliubov-Nambu Hamiltonian for the planar state is 
Hplanar = M(p)7? + c17! (( - p)(o-d’) + (A- p)(o a”) . (7.62) 


The square of the energy spectrum 
Ebianar(P) = H? = M? (p) +Â (px? , Î=rmxñ, — (7.63) 


coincides with that of the A-phase in eqn (7.58). The energy spectrum also has 
two zeros at p®) = tppl. 

At first glance the planar state has the same fermionic spectrum with the 
same point gap nodes as *He-A. At least this is what follows from comparison 
of eqn (7.58) and eqn (7.63). However, the ‘square roots’ of E? for the planar 
phase (7.62) and for ?He-A (7.57) are different. We shall see in Sec. 12.1.1 that 
the topology of the point nodes is different in the two systems: the topological 
charges of the gap nodes of two spin populations are added up in *He-A, but 
compensate each other in the planar phase. This means that in contrast to 7He- 
A, the planar state is marginal, being topologically unstable toward the closing 
of the nodes. 

The planar phase is energetically unstable toward the fully gapped B-phase 
(Fig. 7.3), say, along the following path: e,,;(MZ) = Ao (ĉu ĉi + Gut) + M22, 
where the parameter M changes from M = 0 in the planar state to M = Ao in 
the B-phase. At any non-zero M the quasiparticle spectrum E?(p) = M?(p) + 
cå (p3 + p?) + M?°p?/pf acquires the finite gap M. It is an analog of the Dirac 
mass, since for small M the low-energy spectrum has the form 


E2(p) © vp(pz — qapr} + Ë (pa +0) +M? . (7.64) 


In complete analogy with the Standard Model fermions, the left-handed and 
right-handed quasiparticles of the planar state are hybridized to form the Dirac 
particle with the mass M. 
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The residual symmetry of the planar state includes the continuous and dis- 
crete symmetries 
planar = U(1)L.+s. x P ; (7.65) 


where the element of the discrete symmetry P is 
P = U$, el7/2N | (7.66) 


It contains the spin rotation by angle 7 about the 2, axis combined with U(1)~ 
phase rotation by angle a = 1/2; each of them changes the sign of the order 
parameter and thus plays the part of space inversion. The discrete symmetry P 
fixes M = 0 and thus protects the gapless (massless) Dirac quasiparticles. 

The vacuum of the planar phase has similar properties to that of the Standard 
Model of electroweak interactions. In both systems the Fermi points are marginal 
being described by similar momentum space topological invariants protected by 
symmetry. When the symmetry is broken, fermion zero modes disappear and 
elementary particles acquire mass. We discuss this later in Sec. 12.3.2. 


7.4.10 Polar phase — unstable nodal lines 


In the so-called polar phase the residual symmetry is 
polar = U(1)L, x U(1)s. x Py x Po ; (7.67) 


where the discrete symmetries are Pı = U$,U%, and Pg = U$,e*/2)N. The 
general form of the order parameter is 


Cui = Aod,éi et? ; (7.68) 
with real unit vectors ê and å. From the square of the energy spectrum, 


Exoiar(P) = M?(p) + ci (pê)? , (7.69) 


one finds that the energy of quasiparticles is zero on a line in p-space. Here it is 
the circumference in the equatorial plane: p = pr, p : ê = 0. We already know 
(see Sec. 7.2.5) that the polar state is marginal, since the lines of zeros are not 
protected by topology. These fermion zero modes are, however, protected by the 
symmetry Hpolar of the polar state in eqn (7.67). When the symmetry is violated, 
nodal lines disappear. 


8 


UNIVERSALITY CLASSES OF FERMIONIC VACUA 


Now we proceed to effective theories of quantum fermionic liquids. In the low- 
energy limit the type of the effective theory depends on the structure of the 
quasiparticle spectrum, which in turn is determined by the universality class of 
the Fermi system. 

In the previous chapter several different types of fermionic quasiparticle spec- 
tra have been discussed: (i) >He-A, has a Fermi surface for one of the two spin 
populations — the 2D surface in 3D p-space where the energy is zero. (ii) In ?He- 
A and in the axiplanar states the spectrum has stable point nodes. The planar 
state also has point nodes in the quasiparticle spectrum, but these point zeros 
disappear at arbitrarily small perturbations violating the symmetry of the pla- 
nar state. (iii) 7He-B as well as conventional s-wave superconductor has a fully 
gapped spectrum. (iv) Finally the polar phase has lines of zeros, which can be 
destroyed by small perturbations of the order parameter. 

Why do some types of zeros seem to be stable, while others are destroyed 
by perturbations? The question is very similar to the problem of stability of 
extended structures, such as vortices and domain walls: Why do some defects 
appear to be stable, while others can be continuously unwound by deforma- 
tions? The answer is given by topology which studies the properties robust to 
continuous deformations. For extended objects it is the topology operating in 
real r-space; in the case of the energy spectrum it is the p-space topology. 

The p-space topology distinguishes three main generic classes of the sta- 
ble fermionic spectrum in the quantum vacuum of a 3+1 fermionic system: (i) 
vacua with Fermi surfaces; (ii) vacua with Fermi points; and (iii) vacua with a 
fully gapped fermionic spectrum. Systems with the Fermi lines (nodal lines) in 
the spectrum are topologically unstable and by small perturbations can be trans- 
formed to one of the three classes; that is why they do not enter this classification 
scheme. 

The same topological classification is applicable to the fermionic vacua in 
high-energy physics. The vacuum of the Weyl fermions in the Standard Model, 
with the excitation spectrum E?(p) = c?|p|?, belongs to the class (ii); as we shall 
see below, this class is very special: within this class RQFT with chiral fermions 
emerges in the low-energy corner even in the originally non-relativistic fermionic 
system. The vacuum of Dirac fermions, with the excitation spectrum E?(p) > 
M?+c?|p/?, belongs to the class (iii) together with conventional superconductors 
and ?He-B; this similarity allowed the methods developed for superconductors 
to be applied to RQFT (Nambu and Jona-Lasinio 1961). And finally, in strong 
fields the vacuum can acquire a Fermi surface (an example of the Fermi surface 
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arising beyond the event horizon will be discussed in Sec. 32.4). 

3He liquids present examples of all three classes of homogeneous fermionic 
vacua (Fig. 7.1). The normal He liquid at T > T, and also the superfluid *He 
phases in the ‘high-energy’ limit, i.e. at energy E >> Ao, are representative of 
the class (i). Below the superfluid transition temperature Te one has either an 
anisotropic superfluid ?He-A, which belongs to the class (ii), where RQFT with 
chiral fermions gradually arises at low temperature, or an isotropic superfluid 
3He-B of the class (iii). 

A universality class unites systems of different origin and with different in- 
teractions. Within each of these universality classes one can find the system of 
non-interacting fermions: namely, Fermi gas of non-interacting non-relativistic 
fermions in class (i); non-interacting Weyl fermions in class (ii); and non-interact- 
ing Dirac fermions in class (iii). 

We shall not consider here the class (iii) with trivial momentum space topol- 
ogy. Since there are no fermion zero modes in the vacuum of this class, the 
generic excitations of such a vacuum must have a mass of order of the Planck 
energy scale. Considering the other two classes of quantum vacua, which contain 
fermion zero modes, we start in each case with the non-interacting systems, and 
show how the fermion zero modes are protected by topology when the interaction 
is turned on. 

The object whose topology is relevant must be related to the energy spectrum 
of the propagating particle or quasiparticle. It turns out to be the propagator 
— the Green function, and more precisely its Fourier components. For the non- 
interacting or simplified systems the Green function is expressed in terms of the 
Hamiltonian in p-space. That is why in these cases the universality classes can 
be expressed in terms of the topologically different classes of the Hamiltonians 
in p-space. But in general it is the topology of the propagator of the fermionic 
field which distinguishes classes of the fermionic vacua. 

Let us start with the universality class (i). 


8.1 Fermi surface as topological object 
8.1.1 Fermi surface is the vortex in momentum space 


A Fermi surface naturally arises in Fermi gases, where it marks the boundary in 
p-space between the occupied states (np = 1) and empty states (np = 0). It is 
clear that in the ideal Fermi gas the Fermi surface is a stable object: if the energy 
of particles is deformed the boundary between the occupied and empty states 
does not disappear. Small deformations lead only to the change of shape of the 
Fermi surface. Thus the Fermi surface is locally stable resembling the stability 
of the domain wall in Ising ferromagnets, which separates domains with spin up 
and spin down. The role of the Ising variable is played by I = np — 1/2 = 1/2. 

If the interaction between particles is introduced, the distribution function 
Np Of particles in the ground state of the system is no longer exactly 1 or 0. 
Nevertheless, it appears that the Fermi surface survives as the singularity in 
Np. Such stability of the Fermi surface comes from a topological property of 
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Fic. 8.1. Fermi surface as a topological object in momentum space. Top: In 
a Fermi gas the Fermi surface bounds the solid Fermi sphere of the occu- 
pied negative energy states. Bottom: The Fermi surface survives even if an 
interaction between the particles is introduced. The reason is that the Fermi 
surface is a topologically stable object: it is a vortex in the 4-momentum 
space (po, p). 


the Feynman quantum mechanical propagator for fermionic particles — the one- 
particle Green function 
G=(¢-—H)-*. (8.1) 


Let us write the propagator for a given momentum p and for an imaginary 
frequency, z = ipo. The imaginary frequency is introduced to avoid the conven- 
tional singularity of the propagator ‘on the mass shell’, i.e. at z = E(p). For 
non-interacting particles the propagator has the form 

1 


we ipo — UF(p— pr) ` (8.2) 


Obviously there is still a singularity: on the 2D hypersurface (po = 0, p = pr) in 
the 4-momentum space (po, p) the propagator is not well defined. This singularity 
is stable, i.e. it cannot be eliminated by small perturbations. The reason is that 
the phase ® of the Green function G = |Gle’® changes by 27 around the path C 
embracing the element of the 2D hypersurface in the 4-momentum space. 

This can be easily visualized if we skip one spatial dimension; then the Fermi 
surface is the closed line in the 2D space (pz, py). The singularities of the prop- 
agator are lying on a closed line in the 3-momentum space (po, Px, py) at the 
bottom of Fig. 8.1. The phase ® of the propagator changes by 27 around any 
path C embracing any element of this vortex loop in the 3-momentum space. 
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The phase winding number N; = 1 cannot change continuously; that is why it 
is robust toward any perturbation. The singularity of the Green function on the 
2D surface in the frequency-momentum space and thus the fermion zero modes 
near the Fermi surface are preserved, even when interactions between particles 
are introduced. 

The properties of the systems which are robust under deformations are usu- 
ally described by topology. All the configurations (in momentum, coordinate or 
mixed momentum-coordinate spaces and spacetimes) can be distributed into 
classes. The configurations within a given topological class can be continuously 
deformed into each other, while the configurations of different classes cannot. 
These classes typically form a group and can be described by the group ele- 
ments. In most of the cases the group (the homotopy group) is Abelian and 
the classes can be characterized by integer numbers, called topological charges. 
We shall discuss this in more detail in Part III which is devoted to topological 
defects. 

In the simplest case of the complex scalar Green function for particles with 
a single spin projection, the topological charge which determines the stability 
of fermion zero mode is the winding number N; of the phase field ®(po, p) in 
the 4-momentum space. The phase ®(po, p) of the Green function realizes the 
mapping of the closed contours C in the 4-momentum space (po, p) to the closed 
contours Ĉ in the space of the phase ® — the circumference $+. The topological 
charge Nj, distinguishes the classes of homotopically equivalent contours C on 
S1. The group, whose elements are classes of contours, is called the fundamental 
homotopy group and is denoted as 71. The homotopy group 71 of the space S! 
is thus 71(S') = Z — it is the group of integers Nj. 

Exactly the same fundamental group 7(S') = Z leads to the stability 
of quantized vortices in simple superfluids and superconductors, described by 
the complex order parameter Y = |Wle’®. The phase ® of the order parameter 
changes by 27n, around the path embracing the vortex line in 3D r-space (or 
embracing the vortex sheet in 3+1 spacetime (r,t)). The only difference is that, 
in the case of vortices, the phase is determined in r-space or in (r,t) spacetime, 
instead of the 4-momentum space. Thus in systems with a Fermi surface the 
manifold of singularities of the Green function in (po, p) space is topologically 
equivalent to a quantized vortex in 3+1 spacetime (r, t). 


8.1.2 p-space and r-space topology 


As a rule, in strongly correlated fermionic systems, there are no small parameters 
which allow us to treat these system perturbatively. Also there are not many 
models which can be solved exactly. Hence the qualitative description based on 
the universal features coming from the symmetry and topology of the ground 
state is instructive. In particular, it allows us to construct the effective low-energy 
theory of fermion zero modes in strongly correlated fermionic systems of a given 
universality class, which incorporates all the important features of this class. All 
the information on the symmetry and topology of the fermion zero modes is 
contained in the low-energy asymptote of the Green function of the fermionic 
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fields, which is characterized by topological quantum numbers (see the book by 
Thouless (1998) for a review on the role of the topological quantum numbers in 
physics). 

The Fermi surface and quantized vortex in Sec. 8.1.1 are two examples of the 
simplest topological classes of configurations. There are a lot of other configu- 
rations which are described by more complicated 71 groups and also by higher 
homotopy groups (the second homotopy group 72, the third homotopy group 73, 
etc.) and by relative homotopy groups. However, the main scheme of the distri- 
butions of the configurations into topologically different classes is preserved. We 
shall not discuss the technical calculations of the corresponding groups, which 
can be found in the books and review papers by Mermin (1979), Michel (1980), 
Kléman (1983) and Mineev (1998) on the application of topological methods to 
the classification of defects in condensed matter systems. 

These two examples also show that one can consider on the same grounds the 
topology of configurations in coordinate space and in momentum space. There 
can also be an interconnection between spacetime topology and the topology 
in the 4-momentum space (see e.g. Volovik and Mineev 1982). If the vacuum 
is inhomogeneous in spacetime, the propagator in the semiclassical approxima- 
tion depends both on 4-momentum (po,p) and on spacetime coordinates, i.e. 
G(po,p,t,r). The topology in the (4+4)-dimensional phase space describes: the 
momentum space topology of fermion zero modes in homogeneous vacua, which 
we discuss here; topological defects of the order parameter in spacetime (vor- 
tices, strings, monopoles, domain walls, solitons, etc. in Part III); the topology 
of the energy spectrum of fermion zero modes within the topological defects 
and edge states (Part V); the quantization of physical parameters (see Chapter 
21) and the fermionic charges of the topologically non-trivial extended objects. 
Using the topological properties of the spectrum of fermion zero modes of the 
quantum vacuum or inside the topological object we are able to construct the 
effective theory which describes the low-frequency dynamics of the system, and 
using it to investigate many phenomena including the axial anomaly discussed 
in Part IV, vortex dynamics discussed in Part V, etc. The combined (po, p,t,r) 
space can be extended even further to include the space of internal or exter- 
nal parameters which characterize, say, the ground state of the system (particle 
density, pressure, magnetic field, etc.). When such a parameter changes it can 
cross the point of the quantum phase transition at which the topology of the 
quantum vacuum and its fermion zero modes changes abruptly (Sec. 8.2.8 and 
Chapter 21). 


8.1.3 Topological invariant for Fermi surface 


Let us return to the topology of the Fermi surface. In a more general situation 
the Green function is a matrix with spin indices. In addition, it has the band 
indices in the case of electrons in the periodic potential of crystals, and indices 
related to internal symmetry and to different families of quarks and leptons in 
the Standard Model. In such a case the phase of the Green function becomes 
meaningless; however, the topological property of the Green function remains 
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robust. But now the integer momentum space topological invariant, which is 
responsible for the stability of the Fermi surface, is written in the general matrix 
form 


dl 
Ni =tr $ glop) po:D). (8:3) 


Here the integral is again taken over an arbitrary contour C in the 4-momentum 
space (p, po), which encloses the Fermi hypersurface (Fig. 8.1 bottom), and tr is 
the trace over the spin, band or other indices. 


8.1.4 Landau Fermi liquid 


The topological class of systems with a Fermi surface is rather broad. In par- 
ticular it contains conventional Landau Fermi liquids, in which the propagator 
preserves the pole. Close to the pole the propagator is 
—— (8.4) 
ipo — vr (p — pr) 

As distinct from the Fermi gas in eqn (8.2) the Fermi velocity vp no longer equals 
pr /m, but is a separate ‘fundamental constant’ of the Fermi liquid. It determines 
the effective mass of the quasiparticle, m* = pp /vp. Also the residue is different: 
one now has Z # 1, but this does not influence the low-energy properties of the 
liquid. One can see that that neither the change of vp, nor the change of Z, 
changes the topological invariant for the propagator, eqn (8.3), which remains 
N, = 1. This is essential for the Landau theory of an interacting Fermi liquid; 
it confirms the conjecture that there is one-to-one correspondence between the 
low-energy quasiparticles in Fermi liquids and particles in a Fermi gas. 

Thus (if there are no infrared peculiarities, which occur in low-dimensional 
systems, see below) in (isotropic) Fermi liquids the spectrum of fermionic quasi- 
particles approaches at low energy the universal behavior 


E(p) > vr (|p| — pF) , (8.5) 


with two ‘fundamental constants’, the Fermi velocity vp and Fermi momentum 
pr. The values of these parameters are governed by the microscopic physics, 
but in the effective theory of Fermi liquids they are the fundamental constants. 
The energy of the fermionic quasiparticle in eqn (8.5) is zero on a 2D manifold 
|p| = pr in 3D momentum space — the Fermi surface. 


8.1.5 Collective modes of Fermi surface 


The topological stability of the Fermi surface determines also the possible bosonic 
collective modes of a Landau Fermi liquid. Smooth perturbations of the vacuum 
cannot change the topology of the fermionic spectrum, but they produces ef- 
fective fields acting on a given particle due to the other moving particles. This 
effective field cannot destroy the Fermi surface, due to its topological stability, 
but it can locally shift the position of the Fermi surface. Therefore a collective 
motion of the vacuum is seen by an individual quasiparticle as dynamical modes 
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Zero sound — propagating oscillations of shape of Fermi surface 


0008 


Fic. 8.2. Bosonic collective modes in the fermionic vacuum of the Fermi surface 
universality class. Collective motion of particles comprising the vacuum is 
seen by an individual quasiparticle as dynamical modes of the Fermi surface. 
Here the propagating elliptical deformations of the Fermi surface are shown. 


of the Fermi surface (Fig. 8.2). These bosonic modes are known as the different 
harmonics of zero sound (see the book by Khalatnikov 1965). 

Dynamics of fermion zero modes interacting with the collective bosonic fields 
represents the quantum field theory. The effective quantum field theory in the 
vacuum of the Fermi surface universality class is the Landau theory of Fermi 
liquid. 


8.1.6 Volume of the Fermi surface as invariant of adiabatic deformations 


Topological stability means that any continuous change of the system will leave 
the system within the same universality class. Such a continuous perturbation 
can include the adiabatic, i.e. slow in time, change of the interaction strength 
between the particles, or adiabatic deformation of the Fermi surface, etc. Under 
adiabatic perturbations, no spectral flow of the quasiparticle energy levels occurs 
across the Fermi surface (if the deformation is slow enough, of course). The state 
without excitations transforms to another state, in which excitations are also 
absent, i.e. one vacuum transforms into another vacuum. The absence of the 
spectral flow leads in particular to Luttinger’s (1960) theorem stating that the 
volume of the Fermi surface is an adiabatic invariant, i.e. the volume is invariant 
under adiabatic deformations of the Fermi surface, if the total number of particles 
is kept constant. 

For the isotropic Fermi liquid, where the Fermi surface is spherical, the Lut- 
tinger theorem means that the volume of the Fermi surface is invariant under 
adiabatic switching on the interaction between the particles. In other words, in 
the Fermi liquid the relation between the particle density and the Fermi momen- 
tum remains the same as in an ideal non-interacting Fermi gas: 


3 
PF 
n= —. 8.6 
3n2h? oe 

Here we take into acoount two spin projections. 
Actually the theorem must be applied to the total system, say, to the whole 
isolated droplet of the *He liquid. The corresponding Fermi surface is the 5D 
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manifold in the 6D (p,r) space, where the quasiparticle energy becomes zero: 
E(p,r) = 0. One can state that there is a relation between the total number 
of particles and the volume Vphase space Of the 6D phase space inside the 5D 
hypersurface of zeros: 
Vphase space 
N= area ; (8.7) 
A topological approach to Luttinger’s theorem has also been discussed by Os- 
hikawa (2000). The processes related to the spectral flow of quasiparticle energy 
levels will be considered in Chapters 18 and 23 in connection with the phenom- 
enon of axial anomaly. Sometimes it happens that the spectral flow can occur on 
the boundary of the system even during the slow switching of the interaction, 
and this can violate the Luttinger theorem even in the limit of an infinite system. 


8.1.7 Non-Landau Fermi liquids 


The Fermi hypersurface described by the topological invariant N; exists for any 
spatial dimension. In 2+1 dimensions the Fermi hypersurface is a line in 2D 
momentum space, which corresponds to the vortex loop in the 3D frequency- 
momentum space in Fig. 8.1. In 1+1 dimensions the Fermi surface is a point 
vortex in momentum space. 

In low-dimensional systems the Green function can deviate from its canonical 
Landau form in eqn (8.4). For example, in 1+1 dimensions it loses its pole due to 
infrared divergences. Nevertheless, the Fermi surface and fermion zero modes are 
still there (Volovik 1991; Blagoev and Bedell 1997). Though the Landau Fermi 
liquid transforms to another state with different infrared properties, this occurs 
within the same topological class with given N1. An example is provided by the 
so-called Luttinger liquid. Close to the Fermi surface the Green function for the 
Luttinger liquid can be approximated by (see Wen 19900; Volovik 1991; Schulz 
et al. 2000) 


get g-1 


G(z,p) ~ (ipo — vip) 7 (ipo + vip)? (ipo — v2p) 7 (ipo + v2p)? , (8.8) 


where vı and v2 correspond to Fermi velocities of spinons and holons and p = 
p — pr. The above equation is not exact but illustrates the robustness of the 
momentum space topology. Even if g # 0 and vı Æ v2, the singularity of the 
Green function occurs at the point (pọ = 0, p = 0). One can easily check 
that the momentum space topological invariant in eqn (8.3) remains the same, 
N, = 1, as for the conventional Landau Fermi liquid. Thus the Fermi surface 
(as the geometrical object in the 4momentum space, where singularities of the 
Green function are lying) persists even if the Landau state is violated. 

The difference from the Landau Fermi liquid occurs only at real frequency z: 
the quasiparticle pole is absent and one has branch-cut singularities instead of 
a mass shell, so that the quasiparticles are not well-defined. The population of 
the particles has no jump on the Fermi surface, but has a power-law singularity 
in the derivative (Blagoev and Bedell 1997). 
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Another example of a non-Landau Fermi liquid is the Fermi liquid with ex- 
ponential behavior of the residue found by Yakovenko (1993). It also has a Fermi 
surface with the same topological invariant, but the singularity at the Fermi 
surface is exponentially weak. 

A factorization of quasiparticles in terms of spinons and holons will be dis- 
cussed in Sec. 12.2.3 for elementary particles in the Standard Model. Such a 
factorization of the Green function (8.8) in terms of the fractional factors has 
also a counterpart in r-space, thus providing the analogy between composite 
fermions and composite defects. We shall see that fractional topological defects 

in r-space such as Alice string — the half-quantum vortex — in Secs 15.3.1 and 
15.3.2. are the consequence of the factorization of the order parameter into two 
parts each with the fractional winding number, see e.g. eqn (15.18). 


8.2 Systems with Fermi points 

8.2.1 Chiral particles and Fermi point 

In *He-A the energy spectrum of fermionic quasiparticles has point nodes. Close 
to each of the nodes the spectrum has a relativistic form given in eqn (7.16). 
The Bogoliubov-Nambu Hamiltonian for ?He-A in eqn (7.57) written for one 
spin projection (along d) and close to the nodes at p™ = qapr% (with qa = £1) 
has the form 


Ha = dat? cy Bz te Fc] Pr B 7c iy , P=P— GaPFZ , (8.9) 


where |p| < pr. 

In particle physics eqn (8.9) represents the Weyl Hamiltonian which describes 
the Standard Model fermions, leptons and quarks, above the electroweak tran- 
sition where they are massless and chiral. The Weyl Hamiltonian for the free 
massless spin-1/2 particle is a 2 x 2 matrix 


= copi , (8.10) 


where c is the speed of light, and o* are the Pauli matrices. The plus and minus 
signs refer to right-handed and left-handed particles, with their spin oriented 
along or opposite to the particle momentum p, respectively (Fig. 8.3). 

The anisotropy of ‘speeds of light’ in eqn (8.9) can be removed by rescaling 
the coordinate along the Î direction: z = (c/c)z. We can also perform rotation 
in momentum space to equalize the signs in front of the Pauli matrices 7? and 
obtain Ha = —qac,.7"p;. Then the only difference remaining between eqn (8.10) 
and eqn (8.9) is that the Hamiltonian for Bogoliubov quasiparticles in ?He-A is 
expressed in terms of the Pauli matrices 7? in the Bogoliubov-Nambu particle- 
hole space, instead of matrices o* in the spin space in the Hamiltonian for quarks 
and leptons. This simply means that Bogoliubov-Nambu isospin plays the same 
role for quasiparticles as the conventional spin for matter. Later we shall see 
the inverse relation: the conventional spin of Bogoliubov quasiparticles which 
comes from the spin of the *He atom plays the same role as the weak isospin for 
Standard Model fermions. 
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Ground state of superfluid ?He-A Vacuum of Standard Model 


Topologically stable Fermi points 


Gap node _ — — — E 


E empty states 


chiral branch 
connects vacuum 
and matter 


Fic. 8.3. Top: Gap node in superfluid 3He-A is the conical point in the 4-mo- 
mentum space. Quasiparticles in the vicinity of the nodes in *He-A and ele- 
mentary particles in the Standard Model above the electroweak transition are 
chiral fermions. Particles occupying the negative energy states of the vacuum 
can leak through the conical point to the positive energy world of matter. 
Bottom: The spectrum of the right-handed chiral particle as a function of 
momentum along the spin. For particles with positive energy the spin ø is 
oriented along the momentum p. The negative energy states are occupied. 


The point p = 0 in eqn (8.10) is the exceptional point in p-space, since 
the direction of the spin of the particle is not determined at this point. At this 
point also the energy E = cp is zero. Thus distinct from the case of the Fermi 
surface, where the energy of the quasiparticle is zero at the surface in 3D p-space, 
the energy of a chiral particle is zero at isolated points — the Fermi points. The 
fermion zero modes in the vacua of this universality class are chiral quasiparticles. 


Let us show that such singular points in momentum space also have topolog- 
ical signature, which is, however, different from that of the Fermi surface. 


8.2.2 Fermi point as hedgehog in p-space 


Let us again start with the non-interacting particles, which can be described in 
terms of a one-particle Hamiltonian, and consider the simplest equation (8.10). 
Let us consider the behavior of the particle spin s(p) as a function of the particle 
momentum p in the 3D space p = (pz, py, pz) (Fig. 8.4). For the right-handed 
particle, whose spin is parallel to the momentum, one has s(p) = p/2p, while for 
left-handed ones s(p) = —p/2p. In both cases the spin distribution in momentum 
space looks like a hedgehog, whose spines are represented by spins. Spines point 
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s(p) || p-p 
Spins form a hedgehog 
or anti-hedgehog 
in momentum space 


Fic. 8.4. Illustration of the meaning of the topological invariant for the sim- 
plest case: the Fermi point as a hedgehog in 3D momentum space. For each 
momentum p we draw the direction of the quasiparticle spin, or its equivalent 
in ĉHe-A — the Bogoliubov spin. The topological invariant for the hedgehog 
is the mapping S? — S? with integer winding number N3 which is N3 = +1 
for the drawn case of a right-handed particle. The topological invariant N3 
is robust to any deformation of the spin field o(p): one cannot comb the 
hedgehog smooth. 


outward for the right-handed particle producing the mapping of the sphere S$? in 
3D p-space onto the sphere S$? of the spins with the winding number N3 = +1. 
For the left-handed particle the spines of the hedgehog look inward and one has 
the mapping with N3 = —1. In 3D space the hedgehogs are topologically stable, 
which means that the deformation of the Hamiltonian cannot change the winding 
number and thus cannot destroy the singularity (the fermion zero mode) of the 
Hamiltonian. 


8.2.3 Topological invariant for Fermi point 


Let us consider the general 2 x 2 Hamiltonian 
H=7°g(p), b= (1,2,3) , (8.11) 


where g,(p) are three arbitrary functions of p. An example of such a Hamiltonian 
is provided by the p-wave pairing of ‘spinless’ fermions in eqn (7.10) 


2 
Pp A 

f= Per. 92 =-P: e2, 93 = 5 Ms e1 X eg = l |e; x e2| #0. (8.12) 
The singular points in momentum space are the Fermi points p™® where g(p®) = 
0. In case of eqn (8.12) these are p®) = qapri = prl. The topological invari- 
ant which describes these points is the winding number of the mapping of the 
sphere o2 around the singular point in p-space to the 2-sphere of the unit vector 
ê = g/l|gl: 
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1 1 x 

N3 = =~eips f dS* g- (2 x 2) l (8.13) 

One can check that the topological charge of the hedgehog at p = 0 in the 

Hamiltonian (8.10) describing the right-handed particle (sign +) is N3 = +1, the 

same as of the Fermi point with q = —1 (i.e. at p = —ppl) in the Hamiltonian 
for quasiparticles in a ‘spinless’ p-wave superfluid. 

Correspondingly, N3 = —1 for the left-handed fermions (eqn (8.10) with sign 

—) and for quasiparticles in ‘spinless’ p-wave superfluids in the vicinity of the 


Fermi point at p = prl. 


8.2.4 Topological invariant in terms of Green function 


In the general case the system is not described by a simple 2 x 2 matrix, since 
there can be other degrees of freedom. For example, the Hamiltonian eqn (7.57) 
for quasiparticles in ?He-A is a 4 x 4 matrix. Also, if the interaction between 
the fermions is included, the system cannot be described by a single-particle 
Hamiltonian. However, even in this complicated case the topological invariant 
can be written analytically if we proceed from p-space to the 4-momentum space 
(po, p) by introducing the Green function. Since the invariant should not depend 
on the deformation, we can consider it on an example of the Green function 
for non-interacting fermions. Let us again introduce the Green function on the 
imaginary frequency axis, z = ipo (Fig. 8.5): 


G = (ipo —7°g(p))* . (8.14) 


One can see that this propagator has a singularity at the points in the 4- 
momentum space: (po = 0, p = p"”)). The generalization of the p-space invariant 
N3 in eqn (8.13) to the 4-momentum space gives 


o1 
2472 


N3 envy tr / dS” GAy,G~'GAp,G"GOp,.G-? . (8.15) 


Now the integral is over the 3D surface o3 embracing the singular point (po = 
0, p = p“)) — the Fermi point. It is easy to check that substitution of eqn (8.14) 
into eqn (8.15) gives the p-space invariant in eqn (8.13). However, in contrast to 
eqn (8.13) the equation (8.15) is applicable for the interacting systems where the 
single-quasiparticle Hamiltonian is not determined: the only requirement for the 
Green function matrix G(po, p) is that it is continuous and differentiable outside 
the singular point. 

One can check that under continuous variation of the matrix function the 
integrand changes by a total derivative. That is why the integral over the closed 
3-surface does not change, i.e. N3 is invariant under continuous deformations of 
the Green function, and also it is independent of the choice of closed 3-surface 
o3 around the singularity. 

The possible values of the invariant can be found from the following con- 
sideration. If one considers the matrix Green function for the massless chiral 
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Topological stability of Fermi point 
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Fic. 8.5. The Green function for fermions in 3He-A and in the Standard Model 
have point singularities in the 4-momentum space, which are described by 
the integer-valued topological invariant N3. The Fermi points in *He-A at 

p@ = = prl have N3 = #2. The Fermi point at p = 0 for the chiral rela- 
anaes particle in eqn (8.10) has N3 = Ca, where Ca = +1 is the chirality. 
The chirality, however, appears only in the low-energy corner together with 
the Lorentz invariance. Thus the topological index N3 is the generalization 
of the chirality to the Lorentz non-invariant case. 


fermions in eqn (8. 10), one finds that it is proportional to a unitary 2 x 2 ma- 
trix: G7! = ipo — copi = iẹy/på + Cp? U with UUt = 1. Let us discuss the 
more complicated case, when this unitary matrix is an arbitrary function of the 
4-momentum: U = vy +io'ui(p,), where uj +u? = 1. In this particular case 
the invariant N3 becomes 


1 i i 
Ns = znw tr f. dS Uð, UtUdy,U*UAy, U (8.16) 
1 
= gaen € ee f dS” UgOp,UBOp, Ucp Un - (8.17) 


It describes the mapping of the $? sphere o3 surrounding the singular point in 
4D p,,-space onto the S? sphere uj + u? = 1. The classes of such mappings form 
the non-trivial third homotopy group 73(S$°) = Z, where Z is the group of inte- 
ger numbers N3. The same integer values N3 are preserved for any continuous 
deformations of the Green function matrix, if it is well determined outside the sin- 
gularity where det G~! Æ 0. The integral-valued index N3 thus represents topo- 
logically different classes of Fermi points — the singular points in 4-momentum 
space. 
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8.2.5 A-phase and planar state: the same spectrum but different topology 

For quasiparticles in 3He-A, where the Hamiltonian in eqn (7.57) is a 4x4 matrix, 
one obtains that the topological charges of the Fermi points at p = —ppl and 
p= +prl are N3 = +2 and N3 = —2 correspondingly. On the other hand, in 
the planar phase in eqn (7.62) one obtains N3 = 0 for both Fermi points. Thus, 
though quasiparticles in the A-phase and planar state have the same energy 


spectrum E(p) = \/M?(p) +c? (p x Î)2, the topology of the Green function 
is essentially different. Because of the zero value of the topological invariant 
the Fermi points of the planar state is marginal and can be destroyed by small 
perturbations, while the perturbations of the *He-A can only split the Fermi 
point, say, with the topological charge N3 = +2 into two Fermi points with 
N3 = +1. This is what actually occurs when the A-phase transforms to the 
axiplanar phase in Fig. 7.3. 


8.2.6 Relativistic massless chiral fermions emerging near Fermi point 


Systems with elementary Fermi points, i.e. Fermi points with topological charge 
N3 = +1 or N3 = —1, have remarkable properties. In such a system, even if 
it is non-relativistic, the Lorentz invariance always emerges at low energy. Since 
the topological invariant is non-zero, there must be a singularity in the Green 
function or in the Hamiltonian, which means that the quasiparticle spectrum 
remain gapless: fermions are massless even in the presence of interaction. For 
the cases N3 = +1, the function g(p) in eqn (8.11) is linear in deviations from 
(a) 


i 


the Fermi point, p; — p,” . Expanding this function g(p) one obtains the general 


form in the vicinity of each Fermi point: go(p) ~% ei(p; — pS). After the shift of 
the momentum and the diagonalization of the 3 x 3 matrix ef, one again obtains 
= +co'p;, where the sign is determined by the sign of the determinant of the 
matrix ef. Thus the Hamiltonian for relativistic chiral particles is the emergent 
property of the Fermi point universality class. 
If the interactions are introduced, and the one-particle Hamiltonian is no 
longer valid, the same can be obtained using the Green function: in the vicinity 


of the Fermi point po in the 4-momentum space one can expand the propagator 


in terms of the deviations from this Fermi point, p, — po. If the Fermi point has 
the lowest non-zero value of the topological charge, i.e. N3 = +1, then close to 
the Fermi point the linear deviations are dominating. As a result the general form 


of the inverse propagator is expressed in terms of the tetrad field e} (vierbein): 


Gt = Feb (p, —p™) , b= (0,1,2,3). (8.18) 


Here we have returned from the imaginary frequency axis to the real energy, so 
that z = E = —po instead of z = ipo; and 7° = (1,71, 77,77). The quasiparticle 
spectrum Ep) is given by the poles of the propagator, and thus by the following 
equation: 

gH” (pu — PS) (py — pS) = 0, gt” = nepek , (8.19) 


where °° = diag(—1, 1,1, 1). 
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FIG. 8.6. Bosonic collective modes of the fermionic vacuum which belongs to the 
Fermi point universality class. The slow (low-energy) vacuum motion cannot 
destroy the topologically stable Fermi point, it can only shift the point (top 
left) and/or change its slopes (top right). The shift corresponds to the gauge 
field A, while the slopes (‘speeds of light’) form the metric tensor field g’*. 
Both fields are dynamical, representing the collective modes of the fermionic 
vacuum with Fermi points. Such a collective motion of the vacuum is seen 
by an individual quasiparticle as gauge and gravity fields. Thus the chiral 
fermions, gauge fields and gravity appear in the low-energy corner together 
with physical laws: Lorentz and gauge invariance. 


Thus in the vicinity of the Fermi point the massless quasiparticles are always 
described by the Lorentzian metric g””, even if the underlying Fermi system is 
not Lorentz invariant; superfluid *He-A is an example. 


8.2.7 Collective modes of fermionic vacuum — electromagnetic and 
gravitational fields 


The quantities g”” (or e!') and po , which enter the general fermionic spectrum 
at low energy in eqn (8.19), are dynamical variables, related to the bosonic 
collective modes of the fermionic vacuum. They play the role of an effective 
gravity and gauge fields, respectively (Fig. 8.6). In principle, there are many 
different collective modes of the vacuum, but these two modes are special. Let 
us consider the slow collective dynamics of the vacuum, and how it influences 
the quasiparticle spectrum. The dynamical perturbation with large wavelength 
and low frequency cannot destroy the topologically stable Fermi point. Thus 
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under such a perturbation the general form of eqn (8.18) is preserved. The only 
thing that the perturbation can do is to shift locally the position of the Fermi 
point po in momentum space and to deform locally the vierbein e% (which in 
particular includes slopes of the energy spectrum). 

This means that the low-frequency collective modes in such Fermi systems 
are the propagating collective oscillations of the positions of the Fermi point and 
the propagating collective oscillations of the slopes at the Fermi point (Fig. 8.6). 
The former is felt by the right- or the left-handed quasiparticles as a dynamical 
gauge (electromagnetic) field, because the main effect of the electromagnetic field 
A,, = (Ao, A) is just the dynamical change in the position of zero in the energy 
spectrum: in the simplest case, (E — qa Ao)? = c?(p — qa A)’. 

The collective modes related to a local change of the vierbein e}/ correspond 
to the dynamical gravitational field g’”. The quasiparticles feel the inverse tensor 
guv as the metric of the effective space in which they move along the geodesic 
curves 


ds? = gy dx'dx” . (8.20) 


Therefore, the collective modes related to the slopes play the part of a gravity 
field. 

Thus near a Fermi point the quasiparticle is a chiral massless fermion moving 
in the effective dynamical electromagnetic and gravitational fields generated by 
the low-frequency collective motion of the vacuum. 


8.2.8 Fermi points and their physics are natural 


From the topological point of view the Standard Model and the Lorentz non- 
invariant ground state of 7He-A belong to the same universality class of systems 
with topologically non-trivial Fermi points, though the underlying ‘microscopic’ 
physics can be essentially different. Pushing the analogy further, one may con- 
clude that classical (and quantum) gravity, as well as electromagnetism and weak 
interactions, are not fundamental interactions. If the vacuum belongs to the uni- 
versality class with Fermi points, then matter (chiral particles and gauge fields) 
and gravity (vierbein or metric field) inevitably appear together in the low- 
energy corner as collective fermionic and bosonic zero modes of the underlying 
system. 

The emerging physics is natural because vacua with Fermi points are natural: 
they are topologically protected. If a pair of Fermi points with opposite topo- 
logical charges exist, it is difficult to destroy them because of their topological 
stability: the only way is to annihilate the points with opposite charges. Vacua 
with Fermi points are not as abundant as vacua with Fermi surfaces, since the 
topological protection of the Fermi surface is more powerful. But they appear 
in most of the possible phases of spin-triplet superfluidity. They can naturally 
appear in semiconductors without any symmetry breaking (see Nielsen and Ni- 
nomiya (1983) where the Fermi point is referred to as a generic degeneracy 
point). Possible experimental realization of such Fermi points in semiconductors 
was discussed by Abrikosov (1998) and Abrikosov and Beneslavskii (1971). In 
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Fic. 8.7. Quantum phase transition between two axial vacua with the same 
symmetry but of different universality class. It occurs when the chemical 
potential 4 in the BCS model in eqn (7.26) crosses zero value. At u > 0 the 
axial vacuum has two Fermi points which annihilate each other when u = 0. 
At u < 0 the Green function has no singularities and the axial quantum 
vacuum is fully gapped. 


vacua with a fully gapped spectrum the Fermi points appear inside the cores of 
vortices (Fig. 23.4). 

In quantum liquids the Fermi points always appear in pairs, so that the 
sum of topological charges N3 of all the Fermi points is zero. This is similar to 
the observation made by Nielsen and Ninomiya (1981) for the Fermi points in 
RQFT on a lattice. In their case the vanishing of the total topological charge is 
required by the periodicity in momentum space. As a result, in addition to the 
chiral fermion living in the vicinity of the Fermi point at p = 0, there must be 
a fermion with opposite chirality living in some point of momentum space far 
from the origin. This means the doubling of fermions. Recently chiral fermions 
emerging at Fermi points in the 4-dimensional generalization of graphene were 
discussed by Creutz (2008). 

Appearance of the pair of Fermi points in the initial topologically trivial vac- 
uum (or their annihilation) represents the quantum phase transition at which 
the universality class of the fermionic spectrum changes. Such a transition oc- 
curs for instance in the axial vacuum when the interaction between the bare 
atoms increases and the BCS model transforms to the Bose-Einstein conden- 
sate of Cooper pairs: at some critical value of the interaction parameter À in 
eqn (7.2) the Fermi points annihilate each other. See Fig. 8.7 where the same 
quantum phase transition occurs when the chemical potential u in eqn (7.26) 
changes sign (Volovik 1992a; Gurarie and Radzihovsky 2007). The symmetry of 
the vacuum state is the same above and below this quantum phase transition. 
More on quantum phase transitions generated by topology see in review (Volovik 
2007). 

Another important property of chiral quasiparticles in the vicinity of the 
Fermi point is that such a quasiparticle is ‘a flat membrane moving in the or- 
thogonal direction with the speed of light’ (t Hooft 1999); the position of the 
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Fic. 8.8. Zeros of co-dimension de = 0. The vortex line in momentum space 
in Fig. 8.1 representing the Fermi surface — the manifold of zeros of co-di- 
mension de = 1 — splits in two fractional vortices, say half-quantum vortices, 
at p = pı and p = p2. The Green function has singularities on a whole 
band pı < p < p2 between the fractional vortices. Such a band can be rep- 
resented by the fermionic condensate suggested by Khodel and Shaginyan 
(1990) where the quasiparticle energy is zero, E(p) = 0, for all p within the 
band pı < p < p2. 


membrane and its velocity are well determined simultaneously. The fact that 
just these ‘deterministic’ quasiparticles emerge in the Standard Model may shed 
light on the fundamental concepts of quantum mechanics. 


8.2.9 Manifolds of zeros in higher dimensions 


The topological classification of universality classes of fermionic vacua in terms 
of their fermion zero modes can be extended to higher-dimensional space. The 
manifolds of zeros can be characterized by co-dimension de, which is the dimen- 
sion D of p-space minus the dimension of the manifold of zeros: 

(1) Co-dimension de = 1. The two-dimensional Fermi surface in D = 3 p- 
space, described by the topological invariant N1, has according to this definition 
co-dimension de = 1. The topologically stable manifolds of zeros with the same 
invariant N; can exist for any spatial dimension D > 1. Such Fermi hypersurfaces 
have dimension D — 1. 

(2) Co-dimension de = 3. The dimension of such manifolds of zeroes is D — 3, 
that is why they can exist only for spatial dimensions D > 3. For D = 3 these are 
the Fermi points described by the topological invariant N3. The same invariant 
Ns describes topologically stable hypersurfaces with de = 3 in higher dimensions. 


(3) Co-dimension de = 5. Topologically stable hypersurfaces of dimension 
D — 5 are described by the higher-order topological invariant N5. They can exist 
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if the spatial dimension D > 5. The Ns invariant for de = 5 will be discussed in 
Sec. 22.2.1. 

There is no invariant which can be constructed for the Green function sin- 
gularities of even co-dimension. That is why the lines of nodes in 3D p-space 
(co-dimension de = 2) and the point nodes in 2D p-space (also of co-dimension 
de = 2) are typically topologically unstable. They can be protected by the sym- 
metry of the vacuum, and thus disappear under small deformations violating the 
symmetry, or are described by Z topological charge (Horava 2005). 

Zeros of co-dimension de = 0 have also been discussed. The homogeneous 
vacuum state with such a Fermi band in which all fermions have zero energy 
(the so-called fermionic condensate) was suggested by Khodel and Shaginyan 
(1990). The quantum phase transition from the Fermi surface to fermionic con- 
densate can be visualized as splitting of the vortex in momentum space in Fig. 
8.1 representing the Fermi surface into fractional vortices in Fig. 8.8 connected 
by the vortex sheet — the fermionic condensate (Volovik 1991). 

The manifold of co-dimension de = 0 can also be formed by fermion zero 
modes in the vortex core (Sec. 23.1.2). 

Finally let us mention, that linear expansion of the Green’s function in the 
vicinity of the Fermi manifold (such as eqn (8.18) for expansion near the Fermi 
point which leads to the emergent relativistic matter and gravity, and an expan- 
sion (8.2) near the Fermi surface) is the consequence of the general mathematical 
theorem — the so-called Atiyah-Bott-Shapiro construction (Horava 2005). 
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EFFECTIVE QUANTUM ELECTRODYNAMICS IN ?He-A 


The new point compared to Bose superfluids where the effective gravity arises, 
is that in the fermionic vacuum there appear in addition chiral fermions and 
an effective electromagnetic field. One obtains all the ingredients of quantum 
electrodynamics (QED) with massless fermions. Let us start with the fermionic 
content of the theory. 


9.1 Fermions 
9.1.1 Electric charge and chirality 
The Hamiltonian (7.57) for fermionic quasiparticles in ?He-A is 


fi-p) . (9.1) 


First we consider a fixed unit vector d. Then the projection S, = (1/2)o"d,, 


Ha = M(p)7? + c1o”d (Fm -p-7?7 


of the quasiparticle spin on the d axis is a good quantum number, S, = +1/2. 
Let us recall that the conventional spin of the fermionic quasiparticle in ?He-A 
comes from the nuclear spin of the bare He atoms. It plays the role of isospin 
in emerging RQFT (see Sec. 9.1.5). 

There are four different species a of quasiparticles in *He-A. In addition to 
the ‘isospin’ Sza = +1/2, they are characterized by ‘electric charge’ qa = +1. As 
before, we assign the ‘electric charge’ qa = +1 to the quasiparticle which lives 
in the vicinity of the Fermi points at p = +ppl. Correspondingly the quasipar- 
ticle living in the vicinity of the opposite node at p = —prl has the ‘electric’ 
charge qa = —1. Then close to the Fermi points the Hamiltonian for these four 
quasiparticle species has the form 


Ha = ep0 (pk e qa Ak)?’ 
= 2Szac1 [M (p—qaA)7! — Â: (p— qaA)F?] + qacyl- (p — qa A)7%, (9.2) 


A=prl. (9.3) 


The chirality Ca of quasiparticles is determined by the sign of the determinant 


; k 
of matrices e0, 


Ca = sign |k | = -qa . (9.4) 
Thus in the vicinity of the Fermi point at p = +prl there live two left-handed 
fermions with ‘isotopic’ spins S, = +1/2 and with ‘electric’ charge qa = +1. Two 
right-handed fermions with ‘isotopic’ spins S, = +1/2 and charge qa = —1 live 
near the opposite node at p = —prl . Equation (9.2) is particular realization of 
Atiyah-Bott-Shapiro construction in *He-A. 
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9.1.2 Topological invariant as generalization of chirality 


For the chiral fermions in eqn (8.10) the momentum space invariant (8.15) coin- 
cides with the chirality of the fermion: N3 = Ca, where Ca = +1 is the chirality. 
In other words, for a single relativistic chiral particle the topological invariant 
N3 is equivalent to the chirality. In the case of several species of relativistic par- 
ticles, the invariant N3 is simply the number of right-handed minus the number 
of left-handed fermions. However, this connection is valid only in the relativistic 
edge. The topological invariant is robust to any deformation, including those 
which violate Lorentz invariance. In the latter case the notion of chirality loses 
its meaning, while the topological invariant persists. This means that the topo- 
logical description is far more general than the description in terms of chirality, 
which is valid only when Lorentz symmetry is obeyed. Actually the momentum 
space charge N3 is the topological generalization of chirality. 

According to eqn (8.18) we know that in the originally non-relativistic sys- 
tem, the effective Lorentz invariance gradually arises in the vicinity of the Fermi 
points with N3 = +1. Simultaneously the quasiparticles acquire chirality: they 
gradually become right-handed (left-handed) in the vicinity of the Fermi point 
with Na = +1 (Na = —1). Thus the topological index N3 is not only the gen- 
eralization of chirality to the Lorentz non-invariant case, but also the source of 
chirality and of Lorentz invariance in the low-energy limit. 

Later in Sec. 12.4 we shall see that in the vicinity of the degenerate Fermi 
point, i.e. the Fermi point with |N3| > 1, chirality of fermions is protected by 
the symmetry only. If the corresponding symmetry is violated the quasiparticles 
are no longer relativistic and chiral. 


9.1.3 Effective metric viewed by quasiparticles 


In eqn (9.2) the Hamiltonian is represented in terms of a dreibein, which gives 
the spatial part of the effective metric: 


3 
ob) = Viele = OP + (6% PP (95) 


Note that all four fermions have the same metric tensor and thus the same ‘speed 
of light’. This is the result of symmetries of the vacuum state connecting different 
fermionic species. The energy spectrum in the vicinity of each of the nodes 


E*(p) = g” (pi — qa Ai) (Pj — qa Aj). (9.6) 


demonstrates that the interaction of fermions with effective electromagnetic field 
depends on their electric charge, while their interaction with gravity is universal. 

What is still missing in eqn 89.6 is the non-diagonal metric g°° and the 
Ag component of the electromagnetic field. Both of them are simulated by the 
superfluid velocity field vs of the 3He-A vacuum. Equation (9.6) is valid in the 
superfluid-comoving frame. The Hamiltonian and the energy spectrum in the 
environment frame are obtained by the Doppler shift: 


Ha) = Hia) +P: Vs = Hia) F (p a daA) "Vs + qaprÎ Vs, (9.7) 
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Eu(p) = E.(p) + (p = qa A) Vs + qaprÎ Vs. (9.8) 
This gives finally the fully relativistic Weyl equations for the spinor wave function 
of fermions 


eta) (Pu — daAy)F? x=0, P= (gear) ; (9.9) 


g” (pu = qa Ap) (Pv = qa Av) =0, (9.10) 


where the components of the effective metric and electromagnetic fields acting 
on the fermionic quasiparticles are 


g” = ofl! ‘i + 2 (6 — TiS) — viv) , g® =-1, g* = -vi, (9.11) 
1 
Jas OD) 
CNEL 
1 Ñi + 1 ij fj inj j 
Jij = gir +a — 0) , goo = —1 + gijviv? , goi = —gijv? , (9-13) 
Il Ca 


ds? = —dt? + gi;(dx' — vidt)(dx? — vidt) , (9.14) 
Ao = prl:vs, A=prl. (9.15) 


9.1.4 Superfluid velocity in axial vacuum 

Superfluid motion of the quantum vacuum in ?He-A has very peculiar properties. 
They come from the fact that there is no phase factor in the order parameter 
m + if in eqn (7.25), which characterizes the axial vacuum. The phase factor 
is absorbed by the complex vector. That is why the old definition of superfluid 
velocity Vs = ma 3, V® is meaningless. The phase ® becomes meaningful if the 
vector Î = m x ñ is uniform in space, say 1 = 2. Then one can write the order 
parameter as m+ in = ($ + iy)e’®. In this case global phase rotations U(1)N 
have the same effect on the order parameter as orbital rotations about axis 1, so 
that the superfluid velocity can be expressed in terms of the orbital rotations: 
vs = 4 V® = m'Vn'. Dropping the intermediate expression in terms of the 
phase ®, which is valid only for homogeneous 1, one obtains the equation for the 
superfluid velocity valid for any non-uniform Lfield: 


Vs = — MV i . (9.16) 


Since in our derivation we used the connection to the U(1)y group, the ob- 
tained superfluid velocity transforms properly under the Galilean transforma- 
tion: Vs > vs + u. It follows from eqn (9.16) that in contrast to the curl-free 
superfluid velocity in superfluid He, the vorticity in 3He-A can be continuous. 
It is expressed through an Î-texture by the following relation: 


h Rah, X 
Vx Vs = Ip, rV V x Vlk 4 (9.17) 


which was first found by Mermin and Ho (1976) and is called the Mermin—Ho 
relation. It reflects the properties of the symmetry-breaking pattern SO(3), x 
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U(1)n > U(1)r3—N 2, Which connects orbital rotations and U(1)y transforma- 
tions. 

Since the triad m, ñ and i play the role of dreibein, the superfluid velocity 
is analogous to the torsion field in the tetrad formalism of gravity. It describes 
the space-dependent rotations of vectors m and n about the third vector of the 
triad, the l-vector. 


9.1.5 Spin from isospin, isospin from spin 

We have seen in eqn (9.1) that nuclear spin of *He atoms is not responsible for 
chirality of quasiparticles in superfluid *He-A. The chirality which appears in 
the low-energy limit is determined by the orientation of its Bogoliubov-Nambu 
spin 7° with respect to the direction of the motion of a quasiparticle. Even 
for the originally ‘spinless’ fermions one obtains (after rescaling the ‘speeds of 
light’, rotating in 7’-space, and shifting the momentum) the standard isotropic 
Hamiltonian for the Weyl’s chiral quasiparticles 


Hey =Car Be (9.18) 


where Ca = +1 is the emerging chirality. This Hamiltonian is invariant under 
rotations in the rescaled coordinate space (or rescaled momenta pp) if they are 
accompanied by rotations of matrices 7? in the Bogoliubov-Nambu space. The 
elements of this combined symmetry of the low-energy Hamiltonian form the 
SO(3) group of rotations with the generators 


Jo LP + si , b= (1,2,3). (9.19) 
This combined SO(3) group is effective; it arises only in the low-energy cor- 
ner where it is part of the emerging effective Lorentz group. It has nothing to 
do with the SO(3)3 group of rotations in the underlying liquid helium which 
is spontaneously broken in ?He-A. From eqn (9.19) it follows that it is the 
Bogoliubov-Nambu spin, which plays the role of the ‘relativistic’ spin for an 
inner observer living in the world of quasiparticles. While the inner observer be- 
lieves that the spin is a consequence of the fundamental group of space rotations, 
or of the fundamental Lorentz group, an external observer finds that the spin is 
not fundamental, but emerges in the low-energy corner where it gives rise to the 
full group of relativistic rotations (or Lorentz group) as the effective combined 
symmetry group of the low-energy quasiparticle world. 
Spin 1/2 naturally arising for the fermion zero modes of co-dimension de = 3 
— the fermionic quasiparticles near the Fermi points — produces the connection 
between spin and statistic in the low-energy world: even if the original bare 
fermions are spinless, the fermion zero modes of quantum vacuum acquire spin 
1/2 in the vicinity of the Fermi point. 
On the other hand the conventional spin S, = +1/2 (the spin in the under- 
lying physics of 3He atoms), which leads to the degeneracy of the Fermi point in 
3He-A, plays the role of isotopic spin in the world of quasiparticles. The global 
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SO(3)gs group of spin rotations (actually this is the SU(2) group) is seen by 
quasiparticles as an isotopic group. It is responsible for the SU(2) degeneracy of 
quasiparticles, but not for their chirality. We shall see later that it corresponds 
to the weak isospin in the Standard Model, so that in the low-energy corner the 
global SU(2) group gradually becomes a local one. 

Such interchange of spin and isospin degrees of freedom shows that the only 
origin of chirality of the (quasi)particle is the non-zero value of the topological 
invariant N3 of the fermion zero modes of the quantum vacuum. What kind of 
spin is related to the chirality depends on the details of the matrix structure 
of the Green function in the vicinity of the Fermi point, i.e. what energy levels 
cross each other at the Fermi point. For example, the ‘relativistic’ spin can be 
induced near the conical point where two electronic bands in a crystal touch 
each other. In a sense, there is no principal difference between spin and isospin: 
by changing continuously the matrix structure of the Green function one can 
gradually convert isospin to spin, while the topological charge N3 of the Fermi 
point remains invariant under such a rotation in spin—isospin space. In RQFT 
the conversion between spin and isospin degrees of freedom can occur due to 
fermion zero modes which appear in the inhomogeneous vacuum of a magnetic 
monopole (Jackiw and Rebbi 19760). 


9.1.6 Gauge invariance and general covariance in fermionic sector 


It is not only the Lorentz invariance which arises in the low-energy corner. The 
Weyl equation (9.9) for the wave function of fermionic quasiparticles near the 
elementary Fermi point is gauge invariant and even obeys general covariance. For 
example, the local gauge transformation of the wave function of the fermionic 
quasiparticle, y > ye!4**), can be compensated by the shift of the ‘electro- 
magnetic’ field A, —> A, +0,a. The same occurs with general coordinate trans- 
formations, which can be compensated by the deformations and rotations of the 
vierbein fields. These attributes of the electromagnetic (A,,) and gravitational 
(g#”) fields arise gradually and emergently when the Fermi point is approached. 
In this extreme limit, massless relativistic Weyl fermions have another symmetry 
~ the invariance under the global scale transformation gy, > guv- 


9.2 Effective electromagnetic field 
9.2.1 Why does QED arise in 3 He-A? 


Will the low-energy collective modes — the effective gravity and electromagnetic 
fields — experience the same symmetries as fermions? If yes, we would obtain 
completely invariant RQFT emerging naturally at low energy. However, this is 
not as simple. We have already seen in Bose liquids that the low-energy qua- 
siparticles are relativistic and that there is a dynamical metric field guy which 
simulates gravity, but the gravity itself does not obey the Einstein equations. 
The same occurs for the effective gravity in 3He-A. But the situation with the 
effective electromagnetic field is different: the leading term in the action for the 
electromagnetic field is fully relativistic. 
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The reason for such a difference is the following. The effective action for the 
collective modes is obtained by integration over the fermionic degrees of freedom. 
This principle was used by Sakharov (1967a) to obtain an effective gravity and 
by Zel’dovich (1967) to derive an effective electrodynamics, with both effective 
actions arising from quantum fluctuations of the fermionic vacuum. In quantum 
liquids all the fermionic degrees of freedom are known at least in principle for all 
energy scales. At any energy scale the bare fermions are certainly non-relativistic 
and do not obey any of the invariances which the low-energy quasiparticles enjoy. 
That is why one should not expect a priori that the dynamics of the collective 
vacuum modes will acquire some symmetries. 

The alternative is to integrate over the dressed particles — the quasiparticles. 
If the main contribution to the integral comes from the low-energy corner, i.e. 
from the fermion zero modes of the quantum vacuum, then the use of the low- 
energy quasiparticles is justified, and the action obtained in this procedure will 
automatically obey the same symmetry as fermion zero modes. This is where the 
difference between the effective gravity and electromagnetic fields shows up. We 
know that the Newton constant has the dimension [h][E]~?, that is why the con- 
tribution to G~! depends quadratically on the cut-off energy GT! ~ Eĝianck/®, 
and thus it practically does not depend on the low-energy fermions. In case of 
the electromagnetic field the divergence of the dimensionless coupling constant 
is logarithmic, 1/a ~ In(FEpianck/£) (eqn (9.21)). Thus the smaller the energy E 
of gapless fermions, the larger is their contribution to the effective action. That 
is why in the leading logarithmic approximation, the action for the effective 
electromagnetic field is determined by the low-energy quasiparticles and thus it 
automatically acquires all the symmetries experienced by these quasiparticles: 
gauge invariance, general covariance and even conformal invariance. 

Thus in terms of QED, the ?He-A behaves as almost ‘perfect’ condensed 
matter, producing in a leading logarithmic approximation the general covariant, 
gauge and conformal invariant action for the effective electromagnetic field: 


de 


Sem = dah 


VT” 9°? Fpa Fg - (9.20) 
Bearing in mind that the gauge field in the effective QED in ?He-A comes from 
the shift of the 4-momentum p,, we must choose the same dimension for A, as 
that of the 4-momentum p,,. Then a becomes a dimensionless coupling ‘constant’. 

Since the effective action in eqn (9.20) is obtained by integration over mo- 
menta where fermions are mostly relativistic, it is covariant in terms of the same 
metric g”” as that acting on fermions. This is the reason why photons have 
the same speed as the maximum attainable speed for fermions. Moreover, since 
fermions are massless the action obeys conformal invariance: g” —> 0?g"” does 
not change the action. 

Note that eqn (9.20) does not contain the speed of light c explicitly: it is 
hidden within the metric field, That is why it can be equally applied both to the 
Standard Model and to *He-A, where the speed of light is anisotropic as viewed 
by an external observer. 
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9.2.2 Running coupling constant 

Both in QED with massless fermions (or fermions with a mass small compared 
to the cut-off energy scale) and in the effective QED in ?He-A, the coupling 
constant is not really constant but ‘runs’, i.e. changes with the energy scales. The 
vacuum of QED can be considered as some kind of polarizable medium, where 
virtual pairs of fermions and anti-fermions screen the electric charge. If the 
fermions are massless this screening is perfect: the charge is completely screened 
by the polarized vacuum, whence the name zero-charge effect. Mathematically 
this means that the running coupling constant a is logarithmically divergent. The 
ultraviolet cut-off is given by either the Planck or GUT energy scale. If qa are 
dimensionless electric charges of chiral fermions in terms of, say, electric charge 
of the positron, then after integration over the virtual fermions one obtains eqn 
(9.20) with the following a (see e.g. Terazawa et al. 1977; Akama et al. 1978): 


1 2 E$ k 
In ( ——~Planck _ | 21 
247? Dit oot T?, M2) eet) 


The infrared cut-off is provided by the temperature T, external frequency w, the 
inverse size r of inhomogeneity, the magnetic field B itself, or, if the fermions are 
paired forming Dirac particles, by the Dirac mass M. Thus the infrared cut-off in 
QED is max(T?, w?, (hc/r)?, B, M°). If T =w = B = M = 0, then the infrared 
cut-off is given by the distance r from the charge. This demonstrates that the 
effective electric charge of the body logarithmically decreases with the distance 
r from the body: e? ~ e2/In(rppianck/f). At infinity the observed electric charge 
is zero. 

Equation (9.21) is not complete (see the book by Weinberg 1995): (i) It 
gives only the logarithmic contribution, while the constant term is ignored. The 
constant term is important since, because of the mass of fermions, the logarithm 
is not very big. (ii) It misses the antiscreening contribution of charge bosons. 
That is why it cannot be applied to real QED, but it works well in 7He-A, where 
the fermions are always massless and the contribution of bosons can be neglected. 


1 = 


a 


9.2.3 Zero-charge effect in 3 He-A 

Since ?He-A belongs to the same universality class of the vacua with chiral 
fermions, the above equations can be applied to 3He-A. There are Np = 4 chiral 
fermionic species in ?He-A with charges qa = +1 and ‘isotopic’ spin Sza = +1/2. 
However, since we doubled the number of degrees of freedom by introducing 
particles and holes, we must divide the final result by two to compensate the 
double counting. That is why the effective number of chiral fermionic species 
in ĉHe-A is Np = 2. The ultraviolet cut-off of the logarithmically divergent 
coupling is provided by the gap amplitude Ap = c.pr, which is the second 
Planck energy scale in *He-A, eqn (7.31). It is the same energy scale which 
enters the vacuum energy density Nr./—gA§/127? in eqn (7.32), and the Newton 
gravitational constant of the effective gravity which arises in 3He-A: Gut = 
(Np/9m) AZ (see Sec. 10.5). As a result the logarithmically divergent running 
coupling constant in ?He-A is 
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S 1 AG 
a =n n (3) (9.22) 


In *He-A, the effective metric g“”, its determinant \/—g and the gauge field 
A, must be expressed in terms of the ?He-A observables in eqns (9.11) and 
eqn (9.15). Substituting all these into eqn (9.20) one obtains the logarithmically 
divergent contribution to the Lagrangian for the Î field in 2He-A: 


2 2 = BA z s2 * N2 
n (3) A (4 (ix (Vv xi) +Ë (i-(v xi) - (aå + (v.- V)Î) ). 
(9.23) 
This is what was obtained in a microscopic BCS theory of ?He-A (see Chap- 
ter 10; Leggett and Takagi 1978; Dziarmaga 2002). The second term contains 
the parameter cı, which is small in ?He-A. That is why it is usually neglected 
compared to the regular (non-divergent) term with the same structure in eqn 
(10.41). At T = 0 the infrared cut-off instead of T? is given by the field B, which 
in our case is c? pp|l x (V x Î)|. 


9.2.4 Light — orbital waves 


There are many drawbacks of the effective QED in ?He-A, which are conse- 
quences of the fact that the low-energy physics is formed mostly by fermions 
at the trans-Planckian scale where these fermions are not relativistic. Though 
eqn (9.23) was obtained from the completely symmetric eqn (9.20) for QED, 
the difference between QED and ?He-A is rather large. For example, the vector 
field 1 is an observable variable in ?He-A. Only at low energy does it play the 
role of the vector potential of gauge field A, which is not the physical observ- 
able for the inner observer because of the emerging gauge invariance. Moreover, 
the L-vector and the superfluid velocity vs form both the gauge field (A = = prl 
and Ap = pFVs: 1) and the metric field in eqn (9.11). The only case when the 
gauge and gravitational fields are not mixed is when cj = c1, and vs L Î. Also 
there are the non-logarithmic terms in action, which can be ascribed to both the 
gravitational and electromagnetic fields. 

There are, however, situations where these fields are decoupled. One physi- 
cally important case, where only the ‘electromagnetic part’ is relevant, will be 
discussed in Sec. 19.3. In this particular case we need the linearized equations in 
the background of the equilibrium state which is characterized by the homoge- 
neous direction of the l-vector. The latter is fixed by the counterflow: Îo || Vn — vs. 
The vector potential of the electromagnetic field is simulated by the small devi- 
ations of the Lvector from its equilibrium direction, A = p rôl, while the metric 
is determined by the equilibrium background Îo-vector. Since Î is a unit vector, 
its variation is 61 L 1p. This corresponds to the gauge choice A, = 0, if the z axis 
is chosen along the background orientation, z = Ip. In the considered case only 
the dependence on z and t is relevant; as a result 1- (V x 1) = V-1=0 and the 
dynamics of the field A = ppél is determined by the Lagrangian (9.23), which 
acquires the following form in the superfluid-comoving frame: 
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1 a N 1 AA 

5579 (B? - F?) = iE In (33) (0i? a (2.01) ) - (9.24) 
There are two modes of transverse oscillations of A = p rôl propagating along z, 
with the effective electric and magnetic fields (Ey, B,) in one mode and (Ez, By) 
in the other. These effective electromagnetic waves are called orbital waves. 
‘Light’ propagates along z with the velocity vr = cj, i.e. with the same velocity 
as fermionic quasiparticles propagating in the same direction. Fermions impose 
their speed on light. Though in *He-A this happens only for the z-direction (?He- 
A is not a perfect system for a complete simulation of RQFT), nevertheless this 
example demonstrates the mechanism leading to the same maximum attainable 
speed for fermions and bosons in an effective theory. 


9.2.5 Does one need the symmetry breaking to obtain massless bosons? 


Ironically the enhanced symmetry of orbital dynamics in *He-A characterized by 
the fully ‘relativistic’ equation (9.20) arises due to the spontaneous symmetry 
breaking into the 3He-A state which leads to formation of the Fermi points 
at p® = — apri, and at low energy to all phenomena following from the 
existence of the Fermi points. In other words, the low-energy symmetry emerges 
from the symmetry breaking, which occurs at the second Planck energy scale, at 
T = Te ~ Ao = Fpianck 2 (eqn (7.31)). Below Te the liquid becomes anisotropic 
with the anisotropy axis along the Î-vector. The propagating oscillations of the 
anisotropy axis A = p pl in eqn (9.24) are the Goldstone bosons arising in 7He-A 
due to spontaneously broken symmetry. They are viewed by an inner observer 
as the propagating electromagnetic waves. 

However, the spontaneous symmetry breaking is not a necessary condition 
for the Fermi points to exist. For instance, the Fermi points can naturally appear 
in semicondictors without any symmetry breaking (Nielsen and Ninomiya 1983; 
Abrikosov 1998). It is the collective dynamics of the fermionic vacuum with Fermi 
points which gives rise to the massless photon. 

Moreover, one must avoid symmetry breaking in order to have a closer anal- 
ogy with the Einstein theory of gravity. This is because the symmetry breaking 
is the main reason why the effective action for the metric g”” and gauge field 
A, is contaminated by non-covariant terms. The latter come from the gradients 
of Goldstone fields, and in most cases they dominate or are comparable to the 
natural Einstein and Maxwell terms in the effective action. An example is the 
(1/2)mnv? term in eqn (4.6). It is always larger than the Einstein action for g'”, 
which, when expressed through vs, contains the gradients of vs: 


1 1 1 
Vv -gR = a (2av “Vs + (V : vs)? + 3 V tsi Vilsj + sVirgVjus) A (9.25) 


This is why a condensed matter system, where the analogy with RQFT is realized 
in full, would be a quantum liquid in which Fermi points exist without symmetry 
breaking, and thus without superfluidity. In other words, our physical vacuum is 
not a superfluid liquid. 
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9.2.6 Are gauge equivalent states physically indistinguishable? 


The discussed example of the effective QED arising in 7He-A shows the main 
difference between effective and fundamental theories of QED. In a fundamental 
theory the gauge equivalent fields — the fields obtained from each other by the 
gauge transformation A, — A, + V,@ — are considered as physically indistin- 
guishable. In an effective theory gauge invariance is not fundamental: it exists 
in the low-energy world of quasiparticles and is gradually violated at higher en- 
ergy. That is why gauge equivalent states are physically different as viewed by 
an external (i.e. high-energy) observer. The homogeneous states with different 
directions of 1 and thus with different homogeneous vector potentials A = p pl 
are equivalent for an inner observer, but can be easily resolved by an external 
observer, who does not belong to the *He-A vacuum. The same can occur in 
gravity: if general relativity is an effective theory, general covariance must be 
violated at high energy. This means that metrics which are equivalent for us, i.e. 
the metrics which can be transformed to each other by general coordinate trans- 
formations, become physically distinguishable at high energy. We shall discuss 
this in Chapter 32. 

Finally we note that, as we already discussed in Sec. 5.3, the speed of light c 
does not enter eqn (9.20) explicitly. It is absorbed by the metric tensor g,,, and 
by the fine structure constant a. According to eqn (9.22) œ is a dimensionless 
quantity determined by the number of chiral fermionic species Np and by the 
Planck energy cut-off Ap. The factorization of a = e?/4rħc in terms of the 
dimensionful parameters — electric charge e and speed of light c — would be 
artificial, especially if one must choose between two considerably different speeds 
of ‘light’, cy and c1. Such a factorization can be appropriate for an inner observer, 
for whom the ‘speeds of light’ in different directions are indistinguishable, but 
not for an external observer, for whom they are different. 


9.3 Effective SU(N) gauge fields 
9.3.1 Local SU(2) from double degeneracy 


In ?He-A each Fermi point is doubly degenerate owing to the ordinary spin o of 
the ?He atom (Sec. 9.1.5). These two species of fermions living in the vicinity of 
the Fermi point transform to each other by the discrete Z2-symmetry operation 
P in eqn (7.56), which in turn originates from the global SU(2)s group of spin 
rotations in the normal liquid (Sec. 7.4.6). The total topological charge of the 
point, say at the north pole p = prl, is N3 = —2. This degeneracy, however, 
exists only in equilibrium. If the vacuum is perturbed the P-symmetry is violated, 
and the doubly degenerate Fermi point splits into two elementary Fermi points 
with N3 = —1 each. The perturbed A-phase effectively becomes the axiplanar 
phase discussed in Sec. 7.4.7 (see Fig. 7.3), though it remains the A-phase in 
a full equilibrium. The positions of the split Fermi points, pri and prilo, can 
oscillate separately. This does not violate momentum space topology as the total 
topological charge of the two Fermi points is conserved in such oscillations: N3 = 
-1-1=-2. 
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The additional degrees of freedom of the low-energy collective dynamics of 
the vacuum, which are responsible for the separate motion of the Fermi points, 
have a direct analog in RQFT. These degrees of freedom are viewed by an inner 
observer as the local SU(2) gauge field. The reason for this is the following. 

The propagator describing the two fermionic species, each being a spinor 
in the Bogoliubov-Nambu space, is a 4 x 4 matrix. Let us consider a general 
form of the perturbations of the propagator. In principle one can perturb the 
vierbein separately for each of the two fermionic species. We ignore such degrees 
of freedom, since they appear to be massive. Then the general perturbation of 
the propagator for quasiparticles living near the north Fermi point, where its 
‘electric’ charge q = +1, has the following form: 

Go =F eh (pu — qAy — q0aW $) , a = (1,2,3) . (9.26) 
The last term contains the Pauli matrix for conventional spin and the collective 
variable W% which interacts with the spin. This new effective field is viewed by 
quasiparticles (and thus by an inner observer) as an SU(2) gauge field — it is the 
analog of the weak field in the Standard Model. The ordinary spin of the *He 
atoms is viewed by an inner observer as the weak isospin. 

This weak field Wẹ% is dynamical, since it represents some collective motion 
of the fermionic vacuum. The leading logarithmic contribution to the action for 
this Yang-Mills field can be obtained by integration over fermions: 


4 
Sym = / = V=99'" gP Fe Fi . (9.27) 
Calculations show that the coupling constant aw for the Yang-Mills field in 3He- 
A in eqn (9.27) coincides with the coupling constant a for the Abelian field in 
eqn (9.22), i.e. the ‘weak’ charge is also logarithmically screened by the fermionic 
vacuum. It experiences a zero-charge effect in *He-A instead of the asymptotic 
freedom in the Standard Model, where the antiscreening is produced by the 
dominating contribution from bosonic degrees of freedom of the vacuum. The 
reason for such a difference is that in ?He-A the SU(2) gauge bosons are not 
fundamental: they appear in the low-energy limit only. That is why their contri- 
bution to the vacuum polarization is relatively small compared to the fermionic 
contribution, and thus their antiscreening effect can be neglected in spite of the 
prevailing number of bosons. The same can in principle occur in the Standard 
Model above, say, the GUT scale (see Klinkhamer and Volovik 2005b). 


9.3.2 Role of discrete symmetries 


The spin degrees of freedom come from the global SU(2)s group of spin rotations 
of the normal liquid. This group is spontaneously broken in superfluid 7He-A, but 
not completely. The m rotation combined with either orbital or phase rotation 
form the important Z2-symmetry group P of the ?He-A vacuum in eqn (7.56). 
This discrete symmetry is the source of the degeneracy of the Fermi point in 
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3He-A, which finally leads to the local SU(2) symmetry group in the effective 
low-energy theory. Thus in ?He-A we have the following chain: 


SU (2) stobal —> Zə = SU (2)tocal . (9.28) 


In principle, the first stage is not necessary: the simplest discrete Z2 symmetry 
of the vacuum state can be at the origin of the local SU(2) gauge field in the 
effective theory. 

This implies that the higher local symmetry group of the quantum vacuum, 
such as SU(4), can also arise from the discrete symmetry group, such as Z4 or 
Z2 X Zo. The higher discrete symmetry group leads to multiple degeneracy of the 
Fermi point, and thus to the multiplet of chiral fermionic species. The collective 
modes of such a vacuum contain effective gauge fields of the higher symmetry 
group. The discrete symmetry between fermions ensures that all the fermions of 
the multiplet have the same maximum attainable speed. The same speed will 
enter the effective action for the gauge bosons, which is obtained by integration 
over fermions. Thus, in principle, it is possible that the discrete symmetry can 
be at the origin of the degeneracy of the Fermi point in the Standard Model 
too, giving rise to its fermionic and bosonic content, and to the same Lorentz 
invariance for all fermions and bosons. Thus the Lorentz invariance gradually 
becomes the general principle of the low-energy physics, which in turn is the 
basis for the general covariance of the effective action. 

The importance and possible decisive role of the discrete symmetries in RQFT 
was emphasized by Harari and Seiberg (1981), Adler (1999) and Peccei (1999). 
The relation between the discrete symmetry in the Standard Model and the 
topological invariant for the Fermi point will be discussed in Sec. 12.3.2. 


9.3.3 Mass of W-bosons, flat directions and supersymmetry 


In the effective theory the gauge invariance is approximate. It is violated due 
to the so-called non-renormalizable terms in the action, i.e. terms which do not 
diverge logarithmically. They come from ‘Planckian’ physics beyond the loga- 
rithmic approximation, i.e. from the fermions which are not close to the Fermi 
point. Due to such a term the SU(2) gauge boson — the W-boson — acquires a 
mass in ?He-A. This mass comes from the physics beyond the BCS model; as a 
result it is small compared to the typical gap of order Ag in the spectrum of the 
other massive collective modes (see the book by Volovik 1992a). 

As we know the BCS model for 3He-A enjoys a hidden symmetry: the spin-up 
and spin-down components are independent. The energy of the axiplanar phase 
does not depend on the mutual orientation of the vectors îi and 1, (Fig. 7.3 
top). Since the mutual orientation is the variable corresponding to the W-boson, 
one obtains that the W-boson is the Goldstone boson and therefore massless. 
Thus the masslessness of the W-boson is a consequence of the flat direction in 
the vacuum energy functional obtained within the BCS model (Fig. 7.3 bottom), 
and the W-boson becomes massive when flatness is disturbed. Flat directions 
are popular in RQFT, especially in supersymmetric models (see e.g. Achticarro 
et al. (2002) and references therein). 
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Probably the same hidden symmetry in the BCS model is at the basis of the 
supersymmetry between fermions and bosons revealed by Nambu (1985), who 
observed that in superconductors, in nuclear matter and in superfluid *He-B, if 
they are described within the BCS theory, there is a remarkable relation between 
the masses of the fermions and the masses of the bosons: the sum of the squares 
of the masses is equal. The same elements of the supersymmetry can be shown 
to exist in superfluid *He-A as well. 

Consequences of the hidden symmetry in ?He-A are discussed by Volovik and 
Khazan (1982), Novikov (1982), and in Sec. 5.15 of the book by Volovik (1992a). 


9.3.4 Different metrics for different fermions. Dynamic restoration of Lorentz 
symmetry 


In eqn (9.26) we did not take into account that in the axiplanar phase each 
of the two elementary Fermi points can have its own dynamical vierbein field. 
Though in equilibrium their vierbeins coincide due to internal symmetry, they 
can oscillate separately. As a result the number of collective modes could increase 
even more. In the BCS model for 3He-A, which enjoys hidden symmetry, the spin- 
up and spin-down components are decoupled. As a result the two vierbeins are 
completely independent, and each of them acts on its own ‘matter’: fermions with 
given spin projection. Thus we have two non-interacting worlds: two ‘matter’ 
fields each interacting with their own gravitational field. 

However, in the real liquid, beyond the BCS model, the coupling between 
different spin populations is restored. As a result the collective mode, which 
corresponds to the out-of-phase oscillations of the two vierbeins, acquires a mass. 
This means that in the low-energy limit the vierbeins are in the in-phase regime: 
i.e. all fermions have the same metric g”” in this limit. 

A similar example has been discussed by Chadha and Nielsen (1983). They 
considered massless electrodynamics with a different metric (vierbein) for the 
left-handed and right-handed fermions. In this model Lorentz invariance is vio- 
lated. They found that the two metrics converge to a single one as the energy 
is lowered. Thus in the low-energy corner the Lorentz invariance becomes better 
and better, and at the same time the number of independent massless bosonic 
modes decreases. 
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THREE LEVELS OF PHENOMENOLOGY OF 
SUPERFLUID #He 


There are three levels of phenomenology of superfluid *He, determined by the 
energy scale of the variables and by the temperature range. 

The first one is the Ginzburg-Landau level. It describes the behavior of the 
general order parameter field which is not necessarily close to the vacuum mani- 
fold. The order parameter is the analog of the Higgs field in the Standard Model. 
As distinct from the Higgs field in the Standard Model, which belongs to the 
spinor representation of the SU(2) group, the Higgs field e,,; in *He belongs to 
the product of vector representations (S = 1 and L = 1) of groups SO(3)s and 
SO(3)z, respectively. At fixed i the elements ep; with u = 1,2,3 form a vector 
which rotates under the group SO(3)g of spin rotations. Correspondingly, at 
fixed u the same elements ep; with i = 1,2,3 form a vector which rotates under 
the group SO(3)z of the orbital (coordinate) rotations. 

The static order parameter field is described by the Ginzburg-Landau free 
energy functional, which is valid only in the vicinity of the temperature Te of the 
phase transition into the broken-symmetry state, Te — T < Te. Extrema of the 
Ginzburg-Landau free energy determine the vacuum states: the true vacuum if 
it is a global minimum, or the false vacuum if it is a local minimum. In some 
rather rare cases the Ginzburg-Landau theory can be extended to incorporate the 
dynamics of the Higgs field. However, in most typical situations this dynamics, 
which originates from the microscopic fermionic degrees of freedom, is non-local 
and the time-dependent Ginzburg-Landau theory does not exist. 

Another level of phenomenology is the statics and dynamics of the soft vari- 
ables describing the ‘vacuum’ in the vicinity of a given vacuum manifold. This is 
an analog of elasticity theory in crystals; in superfluid +He this is the two-fluid 
hydrodynamics; and in superconductors and also in Fermi superfluids it is called 
the London limit: equations which are valid in this limit were first introduced 
for superconductivity by H. and F. London in 1935. This phenomenology is ap- 
plicable in the whole range of the broken symmetry state, 0 < T < Te, if the 
considered length scale exceeds the characteristic microscopic length scale € — 
the coherence length. 

Finally, in the low-temperature limit T « T, the analog of RQFT arises in 
3He-A as the third level of phenomenology. 
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10.1 Ginzburg-Landau level 
10.1.1 Ginzburg-Landau free energy 
The Ginzburg-Landau theory of superconductivity and also of superfluidity in 
Fermi systems is based on Landau’s theory of second-order phase transition. 
Close to the transition temperature, Te— T « Te, the static behavior of the 
order parameter (the Higgs field) is determined by the Ginzburg-Landau free 
energy functional, which contains second- and fourth-order terms only. In our 
case the order parameter is the matrix e,,;(r) in eqn (7.38). The general form of 
the Ginzburg-Landau functional must be consistent with the symmetry group 
G = U(1)n x SO(3), x SO(3)g of the symmetric normal state of liquid *He. 
The condensation energy term, i.e. the free energy of the spatially uniform state 
measured from the energy of the normal Fermi liquid with unbroken symmetry, 
is given by 
Feu = —a(T ens eyi F bi Chie pier vj + Bre jie ily vj 
+B3€fierieug erg + Bsensviey eng + Psenievi€v sen; - (10.1) 

Here a(T) = a’(1—T/T,) changes sign at the phase transition. The input para- 
meters — coefficient a’ of the second-order term, and the coefficients G1,..., G5 of 
the fourth-order invariants — can be considered as phenomenological. In princi- 
ple, they can be calculated from the exact microscopic Theory of Everything in 
eqn (3.2), but this requires serious numerical simulations and still has not been 
completed. In the BCS model of superfluid 3He these parameters are expressed 
in terms of the ‘fundamental constants’ entering the BCS model, pr, vp (or the 
effective mass m* = pp /vf), and Te ~ Ao(T = 0): 

1 7N (0)¢(3) 


a= zN O) - T/T) , — 281 = Bo = bz = Bs = -ps5 120(rT.)? ’ 


(10.2) 


where N(0) = m*pr/2n7h* is the density of fermionic states in normal 3He for 
one spin projection at the Fermi level; ¢(3) ~ 1.202. 
The gradient terms in the Ginzburg-Landau free energy functional contain 
three more phenomenological parameters: 
FERS = 71 Dieus ier; + V2ðiepiðj ej + 30: nj jen, - (10.3) 
In the BCS model they are expressed in terms of the same ‘fundamental con- 
stants’: 


hv 1 
“Yi Y2 V3 o C ) ( Son 3 (0)& ’ ( 0 ) 
where ĉo ~ hur/T. enters the temperature-dependent coherence or healing 
length 
ANA Eo 
T) = (2) EELNES 10.5 
eT) = (2 = (10.5) 


The coherence length €(T) characterizes the spatial extent of an inhomogeneity, 
at which the gradient energy becomes comparable to the bulk energy in the 
liquid: perturbations of the order parameter decay over this distance. 
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10.1.2 Vacuum states 


If the system is smooth enough, ie. if the size of the inhomogeneity regions is 
larger than (T), the gradient terms may be neglected compared to the conden- 
sation energy in eqn (10.1). Then the minimization of this bulk energy (10.1) 
determines the vacuum states — possible equilibrium phases of spin-triplet p-wave 
superfluidity. It is known from experiment that depending on pressure (which 
certainly influences the relations between the parameters 6; in eqn (10.1)) only 
two of the possible superfluid phases are realized in the absence of an external 
magnetic field. These are: *He-A with e,; = Ao(T)d, (fi + iñi) in eqn (7.55); 
and ĉHe-B with e,i; = Ao(T)R,:e’® in eqn (7.47). The gap parameters Ao(T) 
in these two vacua are respectively 


2 7 a(T) £ z 
A(T) = 10t AL) A-phase , (10.6) 

2 = a(T) a z 
Ae 2((63 + Ba + B5) + 6(81 + Be) ’ i re 


10.2 London level in *He-A 
10.2.1 London energy 


In the London limit only such deformations are considered which leave the system 
in the vicinity of a given vacuum state. Here we are mostly interested in the 
3He-A vacuum. Because of the SO(3), x SO(3)s symmetry of the bulk energy, 
the vacuum energy in the A-phase does not depend on the orientation of unit 
vectors m, Ô, 1 forming the triad, and on the unit vector d describing spin 
degrees of freedom of the vacuum. These vectors thus characterize the degenerate 
states of the A-phase vacuum. The space swept by these vectors forms the so- 
called vacuum manifold: each point of this manifold corresponds to the minimum 
of the bulk energy. These unit vectors thus represent the Goldstone modes — 
massless bosonic fields which appear due to symmetry breaking. For the slow 
(hydrodynamic) motion of the vacuum, only these soft Goldstone modes are 
excited. The energetics of these static Goldstone fields is given by the so-called 
London energy, which is the quadratic form of the gradients of the Goldstone 
fields. The London energy is only applicable if the length scale is larger than the 
coherence length £, such that the system is locally in the vacuum manifold. 

Let us for simplicity ignore the spin degrees of freedom. The gradients of the 
remaining degrees of freedom — orbital variables m, ñ, Î — can be conveniently 
expressed in terms of physical observables. The Î-vector is observable (for an 
external observer), since it determines the direction of the anisotropy axis in 
this anisotropic liquid. However, it is not so easy to detect the rotation angle 
of the other two vectors of the triad around the L-vector, since according to 
the symmetry U(1)p,—n/2 of the *He-A vacuum, the orbital rotation about the 
L-vector is equivalent to the global gauge transformation from U(1)y group. 
The observable variable is the gradient of the angle of rotation of m and ñ 
about 1. It is the superfluid velocity vs = (h/2m)m;ViA; in eqn (9.16). Since 
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the three components of vs are constrained by the Mermin—Ho relation eqn 
(9.17), the variables land vs represent the same three degrees of freedom as the 
original triad. We assume that the normal component is in a global equilibrium, 
i.e. Vn = O in the environment frame. Then the London energy density, which 
is quadratic in the gradients of the soft Goldstone variables, is written in the 
following general form, satisfying the global symmetry U(1)y x SO(3)z of the 
energy functional: 


d 1 x we z 
Pts T neirviot + 5¥5° (cv xÎ- Cid. (V x i))) (10.8) 
+ K,(V-1)?+ KÁ- (V x 1)? + KÂ x (V x 1)?. (10.9) 


10.2.2 Particle current 


Compared to the simplest superfluids discussed in Part I, there are several com- 
plications related to the particle current or mass current: 

(1) Superfluid 2He-A is anisotropic with the uniaxial anisotropy along the 
L-vector; as a result the superfluid density is a tensor with uniaxial anisotropy: 


Teik = ng lila + Ns (dik = lily) x (10.10) 


(2) The direction Î of the anisotropy axis is the Goldstone part of the order 
parameter, and thus the London energy also contains gradients of Î in eqn (10.9). 
This gradient energy is the same as in liquid crystals with uniaxial anisotropy, 
the so-called nematic liquid crystals. The coefficients Ks, Ky; and Kẹ describe 
the response of the system to splay-, twist- and bend- like deformations of the 
Lvector, respectively. 

(3) The flow properties of 7He-A are remarkably different. We have already 
seen that the vorticity of the flow velocity vs of the superfluid vacuum is non- 
zero in the presence of an I-texture according to the Mermin-Ho relation (9.17). 
Also the particle current, in addition to the superfluid current carried by the 
superfluid component of the liquid, and the normal current carried by the normal 
component of the liquid, contains (as follows from eqn (10.8)) the orbital current 
carried by textures of the L-vector: 


z A C 
P; = MNsik vË + MNpik UË +P;{D , P{} = 5 


Vxi- Soig. (V x1)). (10.11) 
We recall that Nnsik+Nnik = Nik due to Galilean invariance, where n % pe / 3073 
is the particle density of the liquid. The last (textural) term in the current density 


is allowed by symmetry and thus must be present. This current is related to the 
phenomenon of chiral anomaly in RQFT, which we shall discuss later on. 


10.2.3 Parameters of London energy 


In general all seven temperature-dependent coefficients in London energy, ns, 
ns, C, Co, Ks, Ki and Ky, must be considered as phenomenological. However, 
in the limit T. —-T « Te, all these parameters are obtained from the higher-level 
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theory — the Ginzburg-Landau free energy functional. The latter, in turn, can be 
derived using the more fundamental BCS theory. Using the BCS values (10.4) of 
parameters y which enter the gradient energy (10.3) one obtains (see the book 
by Vollhardt and Wölfe (1990): 


1 m m 
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10.3 Low-temperature relativistic regime 
10.3.1 Energy and momentum of vacuum and ‘matter’ 


In the low-temperature limit, the system enters the regime where the ‘matter’ 
consists of a dilute gas of ‘relativistic’ quasiparticles interacting with the vacuum 
collective degrees of freedom, vs and 1. These vacuum variables produce the fields 
which are seen by quasiparticles as effective electromagnetic and gravity fields. 

The particle current density J (or momentum density P = mJ) and energy 
density of the system are given by the same eqn (6.3) as for a Bose liquid, 
modified to include the orbital degrees of freedom — the Î-field: 


E = mi 2 + P{Î}. v+ | ar E p) fa(P) (10.13) 


+ KV -D2 + KÂ. (V x 1)? + Kel x (V x Î))?, (10.14) 
P a i (10.15) 


E a amis (P~P) F(p), (10.16) 
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Here we excluded from consideration the variation of the particle density n and 
the Goldstone field d. The quasiparticle energy E, is given by eqn (9.8). 

The momentum of the liquid contains four contributions which have different 
physical meaning. The momentum P{I} carried by the texture in eqn (10.11) 
is anomalous: in Sec. 19.2 we shall show that this current is determined by the 
chiral anomaly. The corresponding energy term P{I} - vs in eqn (10.13) is the 
analog of the Chern—Simons term in the Standard Model (Sec. 19.2). 

The momentum carried by quasiparticles, x )>,, f pfa(p), is written as a sum 
of two terms. Such separation stems from the fact that the Fermi points ae are 
not in the origin in the momentum space, i.e. in the equilibrium vacuum p™ Æ 0. 
As a result the momentum P™ counted from the Fermi points corresponds to 
the momentum of ‘matter’ introduced for quasiparticles in Bose systems in eqn 
(5.14). The remaining part of the quasiparticle momentum P* represents the 
fermionic charge which serves as an analog of the baryonic charge in the effect of 
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chiral anomaly (Sec. 18.3). PF is directed along the l-vector, while PM becomes 
perpendicular to 1 in the limit of low T. 

Let us first consider the uniform state of the L-field, when the texture does 
not carry the momentum, and consider these two quasiparticle currents. 


10.3.2 Chemical potential for quasiparticles 


In the local thermodynamic equilibrium the distribution of quasiparticles is char- 
acterized by the local temperature T and by the local velocity Vn of the normal 
component: 

(a) 1 1 


oppa] exp PE +1 


Here, as before, w = Vn — Vs is the counterflow velocity — the velocity of the 
‘matter’ in the superfluid-comoving frame. Let us now introduce the following 
quantities: 


Ha = qapr Î- w) . (10.19) 
Then eqn (10.18) can be rewritten in the gauge invariant form 
(a) (4) — 1 
fr (P)= ap pA | | (10.20) 


From this equation it follows that parameters 4a play the role of effective chem- 
ical potentials for relativistic quasiparticles living in the vicinity of two Fermi 
points. The counterflow thus produces the effective chemical potentials with op- 
posite sign for quasiparticles of different chiralities Ca = —qa. 

The effective chemical potential is different from the true chemical potential 
u of the original bare particles, “He atoms of the underlying liquid, which arises 
from the microscopic physics as a result of the conservation of the number of 
atoms related to the U(1)n symmetry. The effective chemical potential Ha for 
quasiparticles appears only in the low-energy corner of the effective theory, i.e. 
in the vicinity of the ath Fermi point. For the external observer, i.e. at the 
fundamental level, there is no conservation law for the quasiparticle number. 
But in the low-energy corner such a conservation law gradually emerges, and the 
quasiparticle number 


Na =X falp) (10.21) 


is conserved better and better, as the energy is lowered. For an inner observer 
this is a true conservation law, which is, however, violated at the quantum level 
due to the chiral anomaly. 


10.3.3 Double role of counterflow 

Note that the counterflow velocity w = vn — Vs enters the distribution function 
(10.20) through the chemical potential (10.19), and also explicitly. This reflects 
the separation of quasiparticle momentum, which is obtained by variation of 
energy over counterflow, into PF and P™. 
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Let us first consider the case when the counterflow is orthogonal to the Î- 
vector: w L Î. Then the effective chemical potentials 4a = 0 and only the 
current PM is induced. The explicit dependence of fy on w does the same job 
as in the case of Bose superfluids. It leads to the modification of the effective 
temperature in eqn (5.23) for the thermodynamic potential. For the dilute gas 
of massless fermionic quasiparticles, the thermodynamic potential (the pressure) 
has the standard relativistic form 

T? T 8 
= sg Nel V, Tot = F——= » w? = giywwă. (10.22) 
Here Np is the number of chiral fermions (Np = 2 for 3He-A) and gig is the 
effective metric for quasiparticles in 7He-A. Equation (10.22) is valid when T, > 
T > |Ha| and w L Î. From this equation one obtains the momentum density of 
‘matter’ PM in eqn (10.16) expressed in terms of the transverse component of 
the normal density tensor: 


dQ 
pe - = Mnai w" , (10.23) 
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For the counterflow along the L-vector, new phenomena become important. 


10.3.4 Fermionic charge 


There are effective fermionic charges which become conserved in the low-energy 
corner together with the quasiparticle number. We discuss here the most impor- 
tant fermionic charge, which for the inner observer is an analog of the baryon 
number in the Standard Model. The non-conservation of this charge is governed 
by the same Adler—Bell—Jackiw equation derived for the phenomenon of axial 
anomaly which is responsible for the non-conservation of the baryon number 
(see Chapter 18). Moreover, in the case of ?He-A, the Adler—Bell—Jackiw equa- 
tion for axial anomaly has been experimentally verified. 

The relevant fermionic charge of a quasiparticle is the momentum carried by 
a quasiparticle just at the Fermi point. This momentum is non-zero since the 
Fermi points are situated away from the origin in the momentum space. For a 
quasiparticle at the Fermi point with chirality Ca this fermionic charge is 


p® = —Cyprl . (10.25) 


In the low-temperature limit, the momentum p of quasiparticles is close to p/™ 
and thus the total fermionic charge carried by the gas of quasiparticles becomes 
indistinquishable from the current along the l-vector 


PF=) pn, #1 (i >D Eps) . (10.26) 
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In equilibrium this fermionic charge is non-zero if the effective chemical po- 
tentials ji in eqn (10.19) are non-zero. This is clear: the momentum (or current) 
along 1 carried by quasiparticles can be non-zero only if there is a counterflow 
along 1. Let us first consider the case of small chemical potentials | 1a] < T < Ao. 
The total fermionic charge stored in the heat bath of ‘relativistic’ massless qua- 
siparticles in this temperature range is given by the relativistic equation for the 
particle number 


ce So pO Na DF 2PM Had bh = = GT DP Oa : (10.27) 


As expected, the fermionic charge is eee to the effective chemical po- 
tential. If the fermionic charges p( and chemical potentials pa are substituted 
by the baryonic charges and chemical potentials of the Standard Model fermi- 
ons, this equation would describe the baryonic charge stored in the heat bath of 
quarks. 

In the case of °He-A, introducing the ?He-A variables from eqns (10.25) and 
(10.19) one obtains 


Sop pa = 2pzl(1- w) . (10.28) 


Then eqn (10.27) gives the relation between the longitudinal momentum of qua- 
siparticles and the longitudinal component 1- w of the counterflow velocity. By 
definition (5.20) their ratio represents the longitudinal part of the anisotropic 
normal density of the liquid 


2 


T 
MNy|| = Pr JT? = 1?m* no, . (10.29) 
3h AG 
In analogy with RQFT, this plays the part of the density of states of massless 
relativistic fermions 
MN = Dr 3 


The transverse part of the normal component tensor in eqn (10.24) is propor- 
tional to T4, which is natural for massless relativistic fermions. But the longitu- 
dinal part in eqn (10.29) is proportional to T? and is much larger at low T. This 
is a consequence of fermionic charge PF carried by quasiparticles at non-zero 
effective chemical potential Ha of quasiparticles. 


l 10. 
(10.30) 


10.3.5 Normal component at zero temperature 

Let us now consider the fermionic charge PF in the opposite limit, where T is 
small compared to the effective chemical potentials, T << |ua] K Ao. In this 
T — 0 limit let us introduce the relevant thermodynamic potential which takes 
into account that the number of quasiparticles is conserved: 


W =>" E(p)f(p) -$O taNa = -s Xom. (10.31) 
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Fic. 10.1. Fermi surface is formed from the Fermi point at finite chemical po- 
tential of chiral fermions right or in the presence of counterflow in *He-A 
left. 


In terms of the *He-A variables in eqns (10.19) and (10.13) this reads as 


* AS 4 
m* Dip A 
W=S°E -Pw aE (i-w) l 10.32 
2 (p) f(p) Dee (10.32) 
This means that the energy of the counterflow along the Lvector simulates the 
energy stored in the system of chiral fermions with the non-zero chemical poten- 
tials 4a. Variation of eqn (10.32) with respect to w gives the fermionic charge 


ene ae 10.33 
dw Br het ( ) 


Thus one arrives at an apparent paradox: quasiparticles carry a finite momentum 
even in the limit T — 0 (Volovik and Mineev 1981; Muzikar and Rainer 1983; 
Nagai 1984; Volovik 1990a). The normal component density at T — 0 is also 
non-Zero: 


aP- pe 
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* 3 
MP os 
mny\(T > 0) = V-9 = z E (Î.w)?. (10.34) 
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This corresponds to the non-zero density of states of chiral fermions Na / ha 
in the presence of non-zero chemical potentials. 


10.3.6 Fermi surface from Fermi point 


The situation at first glance is really paradoxical. At T = 0 there are no excita- 
tions, and thus one cannot determine the counterflow, since the velocity of the 
normal component vn has no meaning. Then what is the meaning of eqns (10.33) 
and (10.34)? 

The situation becomes clear when we introduce the walls of a container, 
and thus the preferred environment frame which determines the velocity vn in 
equilibrium: v, = 0 in the laboratory frame in a global equilibrium even if T = 0. 
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Fic. 10.2. Fermi surface with global topological charge N3 = +1. When such a 
Fermi surface shrinks, it transforms to the Fermi point. 


(If there are no boundaries, we must assume that there are impurities which form 
the preferred reference frame of the environment, or the temperature of the heat 
bath is not exactly zero, i.e. we consider the limit when T — 0 but T is still 
large compared to, say, inverse relaxation time or other relevant energy scale.) 

If there is a flow of vacuum with respect to the walls of the container, then, 
since the fermions are massless, the Doppler shifted energy spectrum of quasi- 
particles measured in the environment frame E = E(p)—p-w acquires negative 
values. The non-zero contribution to eqn (10.33) for the fermionic charge comes 
just from the fermionic quasiparticles which in a global equilibrium at T = 0 
occupy the negative energy levels: 


P(T +0) =) > pe(-£) , (10.35) 


a,p 


where O() is the step function: O(a > 0) = 1 and O(a < 0) = 0. As distinct from 
the quasiparticles in Bose superfluids discussed in Sec. 5.3 where the appearance 
of a state with negative energy E = E(p) — p-w < 0 is catastrophic, for the 
fermionic quasiparticles the catastrophe is avoided by the Pauli principle which 
restricts the number of fermions in one state by unity. When quasiparticles fill 
all the negative levels, the production of quasiparticles stops and the equilibrium 
state is reached. 

This new equilibrium state of the vacuum contains the Fermi surface shown 
in Fig. 10.1 for the relativistic particles right and for the 3He-A quasiparticles 
left. In the relativistic description the energy states of massless fermions with 
Cp — [la < 0 are occupied at T = 0 if the chemical potential is non-zero and 
positive. The quasiparticles filling the negative energy levels form the solid Fermi 
sphere, with the Fermi surface determined by the equation pr = [a /c. For pa < 0 
the Fermi surface with pr = —Ha/c is formed by holes. In both cases the Fermi 
point is transformed to the Fermi surface. This Fermi surface, in addition to 
the momentum space invariant Nı which characterizes it locally, also has the 
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topological invariant N3 = +1 in eqn (8.15) which characterizes it globally: the 
surface g3 in eqn (8.15) now surrounds the whole Fermi sphere (Fig. 10.2). When 
such a Fermi surface shrinks it cannot disappear completely due to its non-zero 
global charge N3, and a Fermi point will remain. 

The non-zero density of the normal component at T — 0 can also be calcu- 
lated from the finite density of fermionic states N(w) = 27, Xp d(w — E,(p)) 
at w = 0, which appears as a consequence of the formation of the Fermi surface 

at Îl. w F 0: 


Vg _ prm* 
NO) = pp Doma = aag Ù (vs — vn)? > maT > 0) = PEN) - 
a ll 


(10.36) 

As we shall see in Sec. 26.1.3, Fermi surface always appears in the supercritical 
regime where the flow velocity exceeds the Landau critical velocity. A similar 
formation of the Fermi surface in the presence of the counterflow occurs in high- 
temperature superconductors where the Landau critical velocity is zero and thus 
the counterflow is always supercritical. This leads to the non-zero density of 
states in the presence of the counterflow. The low-energy fermionic quasiparticles 
there are 2+1-dimensional massless Dirac fermions. Since the space dimension 
is reduced, the energy stored in the counterflow in eqn (10.32) has the power 3 
instead of 4: W œ |vs—vn|?. The second derivative gives the non-analytic normal 
density at T — 0 and the non-analytic density of states: N(0) x |vs — vnl. 

In a mixed state of superconductor in applied magnetic field B, the counter- 
flow occurs around vortices, with the average counterflow velocity being deter- 
mined by the applied field: |vs—vn| ~ VB. The Doppler shift causes the opening 
of the Fermi surface which gives the finite density of states, N(0) œ |vs — vn| « 
VB (Volovik 1993c). The non-analytic DOS as a function of magnetic field leads 
to the non-analytic dependence on B of the thermodynamic quantities in d-wave 
superconductors which has been observed experimentally (see Revaz et al. (1998) 
and references therein). 

In superconductors all this occurs not only in the limit T — 0, but even at 
exactly zero temperature, T = 0. This is because, even if there is no heat bath of 
thermal quasiparticles, the crystal itself provides the preferred reference frame: 
Vn is the velocity of the crystal. 


10.4 Parameters of effective theory in London limit 
10.4.1 Parameters of effective theory from BCS theory 


In the low-T limit some of the temperature-dependent coefficients in the Lon- 
don energy, such as ny, Mn and Ky, can be determined within the effective 
relativistic theory of chiral fermions interacting with gauge and gravity fields. 
To obtain the temperature dependence of all the coefficients in the entire 
temperature range 0 < T < Te one needs the microscopic theory, which is pro- 
vided by the BCS model in conjunction with the Landau Fermi liquid theory. 
The gradient expansion within this scheme has been elaborated by Cross (1975). 
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We are interested in the low-temperature region T < Te ~ Ao, which corre- 
sponds to low energies compared to the Planck energy EPlanck 2 where most of 
the analogies with RQFT are found. In this limit, according to Cross (1975), 
one obtains the following coefficients in the gradient energy in eqns (10.11) and 
(10.14): 


1 1 ns 
Co- C = Jl > Q= rL (10.37) 
2m NL 
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Ks = 32m* 5L ; (10.38) 
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Here, as before, m* = pp /vr is the effective mass of quasiparticles in the normal 
Fermi liquid, while m is the bare mass of the ?He atoms: these masses coincide 
only in the limit of weak interactions between the particles. The index 0 marks 
the bare (non-renormalized) values of the superfluid and normal densities, com- 
puted in the weak-interaction limit, where m* = m: 


T? m 
Trt m m 


The different power law for the momentum carried by quasiparticles along and 
transverse to 1 shows that there is a different physics of longitudinal PF and 
transverse PM momenta of quasiparticles behind the scenes. 

In eqn (10.41) Log is the term which diverges at T — 0 as In(Aj/T). 


10.4.2 Fundamental constants 


In the simplest BCS theory, the London gradient energy is determined by five 
‘fundamental’ parameters: 

The ‘speeds of light’ cj = vr and c, characterize the ‘relativistic’ physics 
of the low-energy corner. These are the parameters of the quasiparticle en- 
ergy spectrum in the relativistic low-energy corner below the first Planck scale, 
E < Epiank 1 = A?/vrpr = m*c?.. Let us, however, repeat that the inner 
observer cannot resolve between the two velocities, cj and c,. For him (or her) 
the measured speed of light is fundamental. In particular, it does not depend on 
the direction of propagation. 
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The parameter pr is the property of the higher level in the hierarchy of the 
energy scales — the Fermi liquid level (the related quantity is the quasiparticle 
mass in the Fermi liquid theory, m* = pr/c,). Thus the spectrum of quasiparti- 
cles in *He-A in the entire range E < urp F is determined by three parameters, 
cy, = ur, c1 and pp: E? = M?(p) + ci (p x 1)”, where M(p) = ur(p — pr). 

The bare mass m of 3He is the parameter of the underlying microscopic 
physics of interacting ‘indivisible’ particles - 3He atoms. This parameter does 
not enter the spectrum of quasiparticles in 7He-A. However, the Galilean invari- 
ance of the underlying system of *He atoms requires that the kinetic energy of 
superflow at T = 0 must be (1/2)mnv?, i.e. the bare mass m must be incor- 
porated into the BCS scheme to maintain Galilean invariance. This is achieved 
in the Landau theory of the Fermi liquid, where the dressing occurs due to 
quasiparticle interaction. In the simplified approach one can consider only that 
part of the interaction which is responsible for the renormalization of the mass 
and which restores Galilean invariance of the Fermi system. This is the current— 
current interaction with the Landau parameter Fı = 3(m*/m — 1), containing 
the bare mass m. This is how the bare mass m enters the Fermi liquid and thus 
the BCS theory. 

Together with A this gives five ‘fundamental’ constants: A, m, pr, m*, c1. But 
only one of them is really fundamental, the h, since it is the same for all energy 
scales. The important combinations of these parameters are cj = vp = pr/m* 
and Ag = prc. There are two dimensionless parameters, m*/m and cy/c,, and 
now we can play with them: we would like to know how to ‘improve’ the liquid 
by changing its dimensionless parameters so that it would resemble closer the 
quantum vacuum of RQFT. In this way one could possibly understand the main 
features of the quantum vacuum. 


10.5 How to improve quantum liquid 
10.5.1 Limit of inert vacuum 


Though *He-A and RQFT - the Standard Model — belong to the same univer- 
sality class and thus have similar properties of the fermionic spectrum, we know 
that ?He-A cannot serve as a perfect model for the quantum vacuum in RQFT. 
While the properties of the chiral fermions are well reproduced in *He-A, the 
effective action for bosonic gauge and gravity fields obtained by integration over 
fermionic degrees of freedom is contaminated by the terms which are absent in a 
fully relativistic system. This is because the integration over the vacuum fermi- 
ons is not always concentrated in the region where their spectrum obeys the 
Lorentz invariance. 

The missing detail, which is to have a generally covariant theory as an emer- 
gent phenomenon, is the mechanism which would confine the integration over 
fermions to the ‘relativistic’ region. The effective ultraviolet cut-off must be lower 
than the momenta at which the ‘Lorentz’ invariance is violated. It is reasonable 
to expect that strong interactions between the bare particles can provide such 
a natural cut-off, which is well within the ‘relativistic’ region. Unfortunately, at 
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the moment there is no good model which can treat the system of strongly inter- 
acting particles. Instead, let us use the existing BCS model and try to ‘correct’ 
the ?He-A by moving the parameters of the theory in the direction of strong in- 
teractions but still within the BCS scheme, in such a way that the system more 
easily forgets its microscopic origin. The first step is to erase the memory of the 
microscopic parameter m — the bare mass. Thus the ratio between the bare mass 
and the mass m* of the dressed particle, which enters the effective theory, must 
be either m/m* — 0 or m/m* > cw. 

In real liquid *He the ratio m*/m varies between about 3 and 6 at low 
and high pressure, respectively. However, we shall consider this ratio as a free 
parameter which one can adjust to make the system closer to the relativistic 
theories in the low-energy corner. As we discussed in Sec. 9.2.5, in the system 
with broken symmetry the Goldstone fields spoil the Einstein action. The effect 
of the symmetry breaking, i.e. the superfluidity, must therefore be suppressed. 
This happens in the limit m — ov, since the superfluid velocity is inversely 
proportional to m according to eqn (9.16): vs x 1/m. Because of the heavy mass 
m of atoms comprising the vacuum, the vacuum becomes inert, and the kinetic 
energy of superflow (1/2)mnv? vanishes as 1/m. The superfluidity effectively 
disappears, and at the same time the bare mass drops out of the physical results. 
Since the influence of the microscopic level on the effective theory of gauge field 
and gravity is weakened one may expect that the effective action for the collective 
modes would more closely resemble the covariant and gauge invariant limit of 
the Einstein—Maxwell action. So, let us consider the limit of the ‘inert’ vacuum, 
m > mž*. 


10.5.2 Effective action in inert vacuum 


In the limit m — oo all the terms in the London energy related to superfluidity 
vanish since vs x 1/m. In the remaining Î-terms we take into account that in this 
limit according to eqn (10.42) one has ng =n. As a result the London energy 
is substantially reduced: 
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All three terms have a correspondence in QED and Einstein gravity. We have 
already seen that the bend term, i.e. (I x (V x 1))?, is exactly the energy of the 
magnetic field in curved space in eqn (9.20) with the logarithmically diverging 
coupling constant a~! — the coefficient (Log) in eqn (10.41). This running cou- 
pling constant does not depend on the microscopic parameter m, which shows 
that it is within the responsibility of the effective field theory. 

Let us now consider the twist term, i.e. (1-(V x 1))?, and show that it corre- 
sponds to the Einstein action. 
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10.5.3 Einstein action in 3 He-A 


The part of effective gravity which is simulated by the superfluid velocity field, 
vanishes in the limit of inert vacuum. The remaining part of the gravitational 
field is simulated by the inhomogeneity of the L-field, which plays the part of the 
‘Kasner axis’ in the metric 
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The curvature of space with this metric is caused by spatial rotations of the 
‘Kasner axis’ l. For the stationary metric, 0,1 = 0, one obtains that in terms of 
the l-field the Einstein action is 


= 4 1 G 3 DA A/T W\2 
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It has the structure of the twist term in the gradient energy (10.45) obtained in 
a gradient expansion, which in the inert vacuum limit is 
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We thus can identify the twist term with the Einstein action. Neglecting the small 
anisotropy factor c? / ci one obtains that the Newton constant in the effective 


gravity of the ‘improved’ 3He-A is: 
Gt = — A- >T’. (10.51) 
T 


10.5.4 Is G fundamental? 


In the limit of the inert vacuum the action for the metric in eqn (10.49) expressed 
in terms of the Î-vector has the general relativistic form with a temperature- 
dependent Newton constant G (10.51). This ‘improved’ 3He-A is still not the 
right model to provide the analogy on a full scale, because the Î-vector enters 
both the gravity and electromagnetism. However, there has already been some 
progress on the way toward the right model of effective gravity, and one can draw 
some conclusions probably concerning real gravity. 

The temperature-independent part of G certainly depends on the details 
of trans-Planckian physics: it contains the second Planck energy scale Ao. To 
compare this to G following from the Sakharov theory of induced gravity let us 
introduce the number of fermionic species Np. Since the bosonic action for 1 is 
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obtained by integration over fermions it is proportional to Np. The general form 
for the parameter G in the system with Np species (for real 7He-A, Np = 2) is 


= 


GW =) =a O- 


(10.52) 
This eqn (10.52) is similar to that obtained by Sakharov, where G~! is the prod- 
uct of the square of the cut-off parameter and the number of fermion zero modes 
of quantum vacuum. The numerical factor depends on the cut-off procedure. 

The temperature dependence of G does not contain any microscopic parame- 
ters or ‘fundamental constants’. This suggests the universal temperature depen- 
dence of the Newton constant in the vacuum with Np Weyl fermions: 


CH= 17S 0) = -—NpT? . (10.53) 
18h 
In RQFT, this coincides with the universal contribution to the Newton constant 
which comes from thermal relativistic fermions moving in the background of 
curved space-time (Gusev and Zelnikov 1998; Volovik and Zelnikov 2003). 
Since in the effective theory of gravity the Newton constant G depends on 
temperature, and thus on the energy scale at which gravity is measured, G is not a 
fundamental constant. Its asymptotic value, G(T = 0), also cannot be considered 
as a fundamental constant according to Weinberg’s (1983) criterion: it is derived 
from a more fundamental quantity — Planck energy. Applying eqn (10.53) to 
cosmology, one finds that G depends on the cosmological time t. In the radiation- 
dominated regime, when T? ~ hEPpianck/t, the correction to G decays as 6G/G œ 
h/(tEpianck) (at T = 0 this transforms to 6G/G xh sin(tEplanck)/(tE Planck) 
(Klinkhamer and Volovik 2008)), and G approaches its asymptotic value dictated 
by Epianck- This is very different from the Dirac (1937, 1938) suggestion that G 
decays as 1/t and is small at present time simply because the universe is old. 
Thus the effective theory of gravity rules out the Dirac conjecture. 


10.5.5 Violation of gauge invariance 


Let us finally consider the splay term (V - Î)? in eqn (10.44). It has only fourth 
order temperature corrections, T4/Aĝ. This term has a similar coefficient to the 
curvature term, but it is not contained in the Einstein action, since it cannot be 
written in covariant form. The structure of this term can, however, be obtained 
using the gauge field presentation of the Î-vector, where A = p rl. It is known that 
a similar term can be obtained in the renormalization of QED to leading order of 
a 1/N expansion regularized by introducing a momentum cut-off (Sonoda 2000): 


1 
Lap = gaza (An) : (10.54) 


This term violates gauge invariance and cannot appear in the dimensional reg- 
ularization scheme (see the book by Weinberg 1995), but it can appear in the 
momentum cut-off procedure, since such a procedure violates gauge invariance. 
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When written in covariant form, eqn (10.54) can be applied to *He-A, where 
A = ppl and y—g = constant: 
2.3 2 
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(10.55) 
The last term is just the splay term in eqn (10.44) except for an extra big factor 
of the vacuum anisotropy ci Iei Pionden eplay =e cj) Lorn: However, in the 
isotropic case, where c) = c1, they exactly coincide. This suggests that the 
regularization provided by the ‘trans-Planckian physics’ of 7He-A represents an 
anisotropic version of the momentum cut-off regularization of QED. 


10.5.6 Origin of precision of symmetries in effective theory 


There is, however, an open question in the above scheme as well as in the gen- 
eral approach to the problem of emergence of effective theories: it is necessary 
to explain the high precision of symmetries which we observe today. At the 
moment according to Kostelecky and Mewes (2001) the existing constraint on 
different Lorentz-violating coefficients is about a few parts in 1031. Such accuracy 
of symmetries observed in nature certainly cannot be explained by logarithmic 
selections of terms in the effective action as suggested by Chadha and Nielsen 
(1983): the logarithm is too slow a function for that (Iliopoulus et al. 1980). 

According to Bjorken (2001b) the effective RQFT with such high precision 
can only emerge if there is a small expansion parameter in the game, say about 
10715. Bjorken relates this parameter to the ratio of electroweak and Planck 
scales. In the above scheme this can be the ratio m*/m, but the more instructive 
development of Bjorken’s idea would be the suggestion that the small parameter 
is the ratio of two different Planck scales: the lowest one provides the natural 
ultraviolet cut-off for integrals in momentum space. The second one (with higher 
energy) marks the energy above which the Lorentz symmetry is violated. 

The °He-A analogy indicates that the non-covariant terms in the effective 
action appear due to integration over fermions far from the Fermi point, where 
the ‘Lorentz’ invariance is not obeyed. If the natural ultraviolet cut-off is very 
much below the scale where the Lorentz symmetry is violated, all the symmetries 
of the effective theory, including the gauge invariance and general covariance, will 
be protected to a high precision. The ratio of the two Planck scales can provide 
the origin of the other small numbers, such as electroweak energy with respect 
to the Planck scale, say, in the mechanism of reentrant violation of symmetry 
discussed in Sec. 12.4 (see also Klinkhamer and Volovik 20056). 

3He-A does provide several different ‘Planck’ energy scales, but unfortunately 
the hierarchy of Planck scales is the opposite of what we need: the Lorentz 
symmetry is violated before the natural ultraviolet cut-off is reached. That is why 
3He-A is not a good example of emergent RQFT: the integration over fermions 
occurs mainly in the region of momenta where there is no symmetry, and as 
a result the effective action for bosonic fields is contaminated by non-covariant 
terms. In future efforts must be made to reverse the hierarchy of Planck scales. 


11 


MOMENTUM SPACE TOPOLOGY OF 2+1 SYSTEMS 


11.1 Topological invariant for 2+1 systems 
11.1.1 Universality classes for 2+1 systems 


In the D = 2 space the possible manifolds of gap nodes in the quasiparticle 
energy spectrum may have co-dimensions de = 1 or de = 2. Nodes with de = 1 
are described by the topological invariant N; in eqn (8.3). In 3D p-space these 
zeroes form the surface, the Fermi surface, while in 2D p-space (pz, py) these are 
lines of zeros. Nodes of co-dimension de = 2 (points in 2D space) are typically 
marginally stable: they may be topologically protected being described by the Z2 
topological charge. These are either Majorana fermions (Horava 2005) or nodes 
protected by discrete symmetries (Volovik 2007a). Nodes with de = 3 described 
by the topological invariant N3 cannot exist in 2D p-space. 

However, it appears that even the fully gapped systems, i.e. without sin- 
gularities in the Green function, are not so dull in the 2D case: the p-space 
topology of their vacua can be non-trivial. The states with non-trivial topology 
can be obtained by a dimensional reduction of states with de = 3 Fermi points 
in 3D systems. Such non-trivial vacua without singularities in p-space have a 
counterpart in r-space: these are the topologically non-trivial but non-singular 
configurations — textures or skyrmions — characterized by the third homotopy 
groups 73 in 3D space, by the second homotopy group 72 in 2D space, or by 
the relative homotopy groups (see Chapter 16; Skyrme (1961) considered non- 
singular solitons in high-energy physics as a model for baryons, hence the name). 
We discuss here p-space skyrmions — topologically non-trivial vacua with a fully 
non-singular Green function (Fig. 11.1). 

For the 2D systems the non-trivial momentum space topology of the gapped 
vacua is of particular importance, because it gives rise to quantization of physi- 
cal parameters (see Chapter 21). These are: 2D electron systems exhibiting the 
quantum Hall effect (Kohmoto 1985; Ishikawa and Matsuyama 1986, 1987; Mat- 
suyama 1987); thin films of 3He-A (Volovik and Yakovenko 1989, 1997; and Sec. 
9 of the book by Volovik 1992a); 2D (or layered) superconductors with broken 
time reversal symmetry (Volovik 1997a); fermions living in the 2+1 world within 
a domain wall etc. Topological quantization of physical parameters, such as the 
Hall conductance, is possible only for dissipationless systems (Kohmoto 1985). 
The fully gapped systems at T = 0 satisfy this condition. 
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Fic. 11.1. Skyrmion in p-space with momentum space topological charge 
N3 = —1. It describes topologically non-trivial vacua in 2+1 systems with a 
fully non-singular Green function. 


11.1.2 Invariant for fully gapped systems 


The gapped ground states (vacua) in 2D systems or in quasi-2D thin films are 
characterized by the invariant obtained by dimensional reduction from the topo- 
logical invariant for the de = 3 Fermi point in eqn (8.15): 
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The integral is now over the entire 3-momentum space p, = (Po, Pz, Py). (If 
a crystalline system is considered the integration over (pz,py) is bounded by 
the Brillouin zone; we shall use it in Sec. 21.2.1) The integrand is determined 
everywhere in the 3-momentum space since the system is fully gapped and thus 
the Green function is nowhere singular. 

In Sec. 12.3.1 we shall discuss the 4-momentum topological invariants pro- 
tected by symmetry. The dimensional reduction of these invariants to the 3- 
momentum space leads to other topological invariants in addition to eqn (11.1), 
and thus to other fermionic charges characterizing the ground state of 2+1 sys- 
tems (see e.g. Yakovenko 1989 and Sec. 21.2.3). 

Further dimensional reduction determines the topology of edge states: the 
fermion zero modes, which appear on the surface of a 2D system or within a 
domain wall separating domains with different values of N3 (see Chapter 22). 


11.2 2+1 systems with non-trivial p-space topology 
11.2.1 p-space skyrmion in p-wave state 


An example of the 2D system with non-trivial Ñ; is the crystal layer of the chiral 
p-wave superconductor — the 2D analog of 7He-A, where both time reversal sym- 
metry and reflection symmetry are spontaneously broken. Current belief holds 
that such a superconducting state occurs in the tetragonal Sr2RuOQ, material 
(Rice 1998; Ishida et al. 1998). Because of the interaction with crystal fields, the 
L-vector is normal to the layers, 1 = +2. Let us consider fermionic quasiparti- 
cles with a given projection of the ordinary spin. Then the Bogoliubov-Nambu 
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Hamiltonian for the 2+1 fermions living in the layer is actually the same as for 
a 3+1 system with a Fermi point in eqn (8.12) with the exception that there is 
no dependence on the momentum p, along the third dimension. 


p +o? Ao 


Im” — H, gı = CPr , 92 = FCPy , C= on $ (11.2) 


H= F’ g (p) > 985 


The sign of g2 depends on the orientation of the Î-vector. Due to suppression of 
a third dimension the quasiparticle energy spectrum E(p), 


2: 2 

E*(p) = H’ = g°(p) = ( ) tep, (11.3) 
2m* 

is fully gapped for both negative and positive chemical potential u, which is 

counted from the bottom of the band. If u is positive and large, Ao < p, the 

gap in the energy spectrum coincides with Ao, i.e. min(E(p)) % Ao: 


m*? Ku: E? xve(p—pr)? +A}. (11.4) 


If u is negative and large, Ao < ||, the gap is determined by p, i.e. min(E(p)) ~ 
|a]. 

The special case is when the chemical potential crosses the bottom of the 
band, i.e. when y crosses zero. At the moment of crossing the quasiparticle energy 
spectrum becomes gapless: it is zero at the point pz = py = 0. The point u = 
Px = Py = 0 represents the singularity in the Green function: it is the hedgehog 
in 3D space (u, Px, Py). This case will be discussed later in Sec. 11.4. Close to the 
crossing point, where |u| < Ao, the Bogoliubov-Nambu Hamiltonian transforms 
to the 2+1 Dirac Hamiltonian, with the minimum of the energy spectrum being 
at p = 0: 

mc > |p: E? x p +e +). (11.5) 


In the case of a simple 2 x 2 Hamiltonian, the topological invariant N3 in eqn 
(11.1) can be expressed in terms of the unit vector field g(p) = g/|g|, just in 
the same way as in eqn (8.13) for the topology of Fermi points in 3D momentum 


space: 
A dg ð 
Ns == | dreary g (2 x æ) l (11.6) 
yY 


Since at infinity the unit vector field g has the same value, Sp... —> (0,0, 1), the 
2-momentum space (Px, py) becomes isomoprhic to the compact S* sphere. The 
function &(p) realizes the mapping of the S? sphere to the S? sphere, §-& = 1, 
described by the second homotopy group 72. If u > 0, the winding number of 
such a mapping is N3 = = 1 or N3 = —1 depending on the orientation of the 
L-vector. In the case Ñ = —1 the §(p)-field forms a skyrmion in Fig. 11.1. 
For u < 0 one has N3 = 0. The zero value of the chemical potential u marks 
the border between quantum vacua with different momentum space topological 
charge N3, the quantum phase transition (Sec. 11.4). 
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Fic. 11.2. Zeros of co-dimension de = 2 are typically topologically unstable. 
Nodal lines in 3D superconductor or point nodes in 2D superconductor dis- 
appear when perturbation violating time reversal symmetry is introduced. 


11.2.2 Topological invariant and broken time reversal symmetry 


It is important that the necessary condition for a non-zero value of Nz in a 
condensed matter system is a broken time reversal symmetry. The non-zero in- 
tegrand in eqn (11.6) is possible only if all three components of vector g are 
none: This includes the component g2 # 0, which is in front of the imaginary 
matrix 77, and as a result one has H* 4 H. The time reversal operation changes 
the sign ol g2 and thus the sign of the topological charge: TÑ; = —N3. This is 
the reason why systems with N3 4 0 typically exhibit ferromagnetic behavior. 
An example is provided by 3He-A with orbital ferromagnetism of the Cooper 
pairs along the vector l (Leggett 1977b; Vollhardt and Wolfle 1990). 


11.2.3 d-wave states 


It is believed that in the cuprate high-temperature superconductors the Cooper 
pairs are in the d-wave state with g1 = d,2_y2(p%, — p3) and g2 = 0. Such a state 
has four point nodes at pr = pr, py = pr. These nodes have co-dimension 
de = 2 and thus are topologically unstable (Fig. 11.2). Perturbations which 
destroy the nodes are those which make g2 non-zero. Simultaneously these per- 
turbations break time reversal symmetry: a d-wave superconductor with broken 
time reversal symmetry is fully gapped. For the popular model with g2 = dryPrPy 
the Bogoliubov-Nambu Hamiltonian for the 2+1 fermions living in the atomic 
layer is 


ey as eet 
z 
2m* 


H= + F'dr2—y2 (p? — Py) + F °dryPsPy 2 (11.7) 


For > 0 the topological invariant in eqn (11.6) is Ñ; = £2 for any small value of 
the amplitude dzy; the sign of N3 is determined by the sign of dzy/d,2—y2 (Volovik 
1997a). If both spin components are taken into account one has Ñ = +4. And 
again N3 = 0 for  < 0 with the quantum phase transition at u = 0 (Sec. 11.4). 
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Fic. 11.3. The Fermi point in (pz, Py, M) space describes a quantum transition 
between the two vacuum states with different topological charge N3, when 
the parameter M crosses the critical value. In this particular example M is 
the mass of the Dirac particle in 2+1 spacetime, which changes sign after 
the transition, while N3 changes from —1/2 to +1/2. This Fermi point is a 
diabolical point at which two branches of the spectrum can touch each other. 


11.3 Fermi point as diabolical point and Berry phase 
11.3.1 Families (generations) of fermions in 2+1 systems 


In thin films, in addition to spin indices, the Green function matrix G can contain 
the indices of the transverse levels, which come from the quantization of motion 
along the normal to the film (see the book by Volovik 1992a). In periodic systems 
(2D crystals) in addition the band indices appear. In these cases the simple 
equation (11.6) for topological invariant is not applicable, and one must use the 
more general eqn (11.1) in terms of the Green function. 

Quasiparticles on different transverse levels represent different families of 
fermions with the same properties. This would correspond to generations of 
fermions in the Standard Model, if our 3+1 world is embedded within a soliton 
wall (brane) in higher-dimensional spacetime. The transverse quantization of 
fermions living inside the brane demonstrates one of the possible routes to the 
solution of the family problem: why each fermion is replicated three (or maybe 
more) times, i.e. why in addition to, say, the electron we also have the muon and 
the tau lepton, which exhibit the same electric and other charges. 


11.3.2 Diabolical points 


For the periodic systems the fermionic spectrum is described by the same in- 
variant in eqn (11.1), but in this case the dp,dp,-integral is over the Brillouin 
zone. The Brillouin zone is a compact space which is topologically equivalent to 
a 2-torus T?. The invariant N3 can be extended to characterize the topological 
property of a given band En (pz, Py), if it is not overlapping with the other bands 
(Avron et al. 1983). 
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Let us now introduce some external parameter M, which we can change to 
regulate the band structure. This can be, for instance, the chemical potential 
u whose position can cross different bands. Now we have the 3D space of pa- 
rameters, (Px, Py, M), which mark the energy levels E,(pz,py,M). The general 
properties of the crossing of different branches of an energy spectrum in the space 
of external parameters were investigated by Von Neumann and Wigner (1929). 
From their analysis it follows that two bands can touch each other at isolated 
points, say (pzo, Pyo, Mo). Typically different branches of the energy spectrum, if 
they have the same symmetry, repel each other. But in 3D space of parameters a 
contact point is possible, which has the following properties. After M crosses Mo 
the bands again become isolated, but the topological charge N3 of the vacuum 
changes. 

In the case of a chiral particle with the Hamiltonian H = c(7!pz + 7? py + 
73M), the two relevant branches are branches with positive and negative square 


root, En = c4/p? + p? + M?. The parameter M here plays the role of the mass 


M of the 2+1 Dirac particle, or the momentum p, of the 3+1 Weyl fermion. The 
two branches contact each other when M crosses zero (Fig. 11.3). For the 2+1 
system, the topological charge of the 2+1 Dirac vacuum N3 changes from Ñ; = 
—1/2 to Nz = +1/2 after crossing. The point (ps = 0, py = 0, M = 0) at which 
the reconnection takes place is a diabolical (or conical) point — an exceptional 
point in the energy spectrum at which two different energy levels with the same 
symmetry can touch each other. In our case the point (py = 0, py = 0, M = 0) 
forms a Fermi point in 3D space — the hedgehog with topological charge N3 = +1. 
Thus Fermi points with the topological charge N3 are diabolical points in the 
spectrum. This again shows the abundance of Fermi points in physics. 

The fractional charge N3 = +1 /2 appears because the Hamiltonian of the 
2+1 Dirac particle is pathological: it is linear in momentum p everywhere in 
2-momentum space. A non-linear correction restores the integer values of Ñ on 
both sides of this quantum phase transition between two quantum vacua (see 
Sec. 11.4.2). 


11.3.3 Berry phase and magnetic monopole in p-space 


The diabolical or conical point also represents the Dirac magnetic monopole 
related to the Berry (1984) phase. Let us consider this in an example of the 
Fermi point arising in Hamiltonian H = 7°gp(p) in 3-momentum space. Let us 
adiabatically change the momentum p of the quasiparticle; then the unit vector 
€ = g/|g| moves along some path on its unit sphere. If the path C is closed, the 
wave function of the chiral quasiparticle acquires the geometrical phase factor 
4(C), called the Berry phase. It is half an area of the surface S(C) enclosed by 
the closed contour C: y(C) = S(C)/2. The Berry phase can be expressed in 
terms of ‘magnetic flux’ through the surface $(C): 


1 Og ôg ) 
a= | dS-H(p) , Hi(p) = —— ei; (FE x Se (11.8 
y( ) s(C) (p) (p) Jg 3" 8 ap; Ope ( ) 
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Fic. 11.4. The Fermi point as a Dirac magnetic monopole in 3-momentum 
space. The geometric Berry phase acquired by a chiral fermion after it cir- 
cumvents an infinitesimal contour C around the Dirac string in 3-momentum 
p-space is 7(C) = 27. The Dirac string carries the ‘magnetic’ flux Po = 27 
to the monopole, from which the flux radially propagates outwards. 


Berry phase 
WC) = Bo =27 


The ‘magnetic’ field providing this flux is determined in 3-momentum space. The 
analog of such a topological magnetic field in r-space will be discussed in Sec. 
21.1.1 (see eqn (21.2)). 

This p-space magnetic field has a singularity — a magnetic monopole — at the 
Fermi point: 

Hip) = 2n8(p) . (11.9) 

Because of the ‘magnetic’ monopole in momentum space, the eigenfunctions of 
the Weyl Hamiltonian cannot be defined globally for all p. In any determination 
of the eigenfunctions, one cannot continue them to all p: one always finds a ‘Dirac 
string’ in momentum space (see Fig. 11.4), a vortex line in p-space emerging from 
the monopole, on which the solution is ill defined; along an infinitely small path 
around such a line the solution acquires the Berry phase y(C) = 27. 


11.4 Quantum phase transitions 
11.4.1 Quantum phase transition as change of momentum space topology 


Figure 11.3 demonstrates the phase transition between two vacuum states of a 
2+1 system. Such a transition, occurring at T = 0, is an example of a quantum 
phase transition which is accompanied by a change of the topological quantum 
number of the quantum vacuum. On both sides of the transition the quasiparticle 
spectrum is fully gapped, but vacua have different topological charges N. 3. At the 
transition point the spectrum becomes gapless and the invariant Nz is ill defined. 
In the extended 3D space (M, Px, py) the node in the spectrum represents the 
Fermi point characterized by the topological charge N3. The relation between 
the charges of the two vacua and the charge of the Fermi point is evident: 


N; = N3(M > 0) — N3(M <0). (11.10) 
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Let us consider quantum phase transitions which occur if we change some 
parameters of the system. For the chiral p-wave 2+1 superconductor in eqn 
(11.2), let us choose as the parameter M the chemical potential u. At u = 0 
the quantum phase transition occurs between vacua with N3 = 0 at u < 0 and 
Ñz =+1 at u > 0. The intermediate state between the two fully gapped vacua is 
gapless: E,,-o(p = 0) = 0. In the extended 3D space (u, pz, Py), the intermediate 
state represents the Fermi point with N3 = +1 in agreement with eqn (11.10). 

In the d-wave superconductor in eqn (11.7) we can choose as the parameter 
M the amplitude dz, of the order parameter. At u > 0 the quantum phase 
transition occurs when dgy changes sign. When dz, crosses zero the invariant 
in eqn (11.6) changes from N3 = —2 to Ns = +2. The intermediate state with 
dzy = 0 is also gapless, and in the extended 3D space (dzy, Px, py) it represents 
Fermi point(s). It can be for example one degenerate Fermi point with N3 = +4, 
or four elementary Fermi points each with N3 = +1. 

The quantum phase transition between the states with different NÑ can 
also be achieved by choosing as the parameter M the inverse effective mass m* 
in eqn (11.2). The transition between states with Ñ 4 0 and Nz = 0 occurs 
when at fixed u 4 0 the inverse mass 1/m* crosses zero. Such a transition has a 
special property since the intermediate state with 1/m* = 0 is not gapless. Let 
us consider this example in more detail. 


11.4.2 Dirac vacuum is marginal 


In the chiral p-wave superconductor in eqn (11.2), the quasiparticles in interme- 
diate state at 1/m* = 0 are Dirac 2+1 particles with mass M = —p (see eqn 
(11.5)). This intermediate state is fully gapped everywhere, and the topological 
invariant in eqn (11.6) for the Dirac vacuum is well defined. But it has the frac- 
tional value N3 = +1/2, intermediate between two integer values on two sides of 
the quantum transition, Ñ = +1 and Ñ; = 0. This happens because momen- 
tum space is not compact in this intermediate state: the unit vector g does not 
approach the same value at infinity, but instead forms the 2D hedgehog. 

The fractional topology, N3=1 /2, of the intermediate Dirac state demon- 
strates the marginal behavior of the vacuum of 2+1 Dirac fermions. The physical 
properties of the vacuum, which are related to the topological quantum num- 
bers in momentum space (see Chapter 21), are not well defined for the Dirac 
vacuum. They crucially depend on how the Dirac spectrum is modified at high 
energy: toward N3 = 0 or toward Nz = 1. This modification is provided by the 
quadratic term p?/2m* which is non-zero on both sides of the transition; as a 
result N3(1/m* < 0) = 0 and N3(1/m* > 0) = +1 

Thus the intermediate state at the point of the quantum phase transition 
between two regular, fully gapped vacua with integer topological charges Ñ; in 
2+1 systems is either gapless or marginal. The Dirac vacuum in 2+1 systems 
serves as the marginal intermediate state. 

Quantum phase transitions induced by the momentum-space topology in 
other systems (Standard Model, graphene, quantum Ising model, etc.) can be 
found in the recent review (Volovik 2007a). 
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MOMENTUM SPACE TOPOLOGY PROTECTED BY 
SYMMETRY 


12.1 Momentum space topology of planar phase 
12.1.1 Topology protected by discrete symmetry 


Let us consider first the p-space topology of the planar state of p-wave superfluid 
in eqn (7.61). We know that in the model of the independent spin components, 
the planar phase and ?He-A differ only by their spin structure. That is why 
in this model the planar phase has point nodes at the same points p = +prl 
of the p-space as the A-phase. The only difference is that the Fermi points for 
quasiparticles with spin projection S, = 1/2 and S, = —1/2 have the same 
topological charges in the A-phase, N3(S, = 1/2) = N3(S, = —1/2) = £1, and 
opposite topological charges in the planar phase, N3(S, = 1/2) = —N3(S, = 
—1/2) = +1. That is why, while in the A-phase the total charge of the Fermi 
point is finite, N3(S, = 1/2) + N3(S, = —1/2) = £2, in the planar one the total 
charge N3(S, = 1/2) + N3(S, = —1/2) = 0 for each of the two Fermi points. 

The zero value of the invariant does not support the singularity of the Green 
function. Thus the question arises: Do the nodes at p = +p rl survive if instead 
of the above model we consider the ‘real’ planar phase, where the interaction 
between the particles with different spin projection is non-zero? 

The answer depends on the symmetry of the vacuum state. Let us consider 
the homogeneous vacuum of the planar phase whose order parameter is, say, 


Cui = Ao (pi + Gui) : (12.1) 
The Bogoliubov-Nambu Hamiltonian (7.62) for quasiparticles in this state, 


Hplanar = M(p)7? +c17" (ozp +OyPy) x qac? (p2—Gapr)+e17" (OxPrt+oyDPy) ’ 

(12.2) 
is equivalent to the Hamiltonian Hpirac = at (p; — qA;) for Dirac fermions with 
zero mass, where a’ are Dirac matrices. In other words, in the vicinity of the 
Fermi point, say at p = prZ, there are the right-handed and the left-handed 
fermions which are not mixed. The absence of mixing (zero Dirac mass) is pro- 
vided by the discrete symmetry P of the vacuum in eqn (7.66). For the fermionic 
Hamiltonian this symmetry is 


P = 730; ,PP=1 , PH=HP. (12.3) 


Since H and P commute, the same occurs with the Green function: [G,P] = 0. 
This allows us to construct in addition to N3 the following topological invariant: 
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N3(P) envy tr ef dS” Gp, G~'GOp,G~'Gp.G i) . (12.4) 


It can be shown that N3(P) is robust to any perturbations of the Green function, 
unless they violate the commutation relation [G,P] = 0. In other words, eqn 
(12.4) is invariant under perturbations conserving the symmetry P. This is the 
topological invariant protected by symmetry. 

For the Fermi points in the planar state one obtains N3(P) = Ns3(S, = 
1/2) — N3(S, = —1/2) = +2. The non-zero value of this invariant shows that, 
though the total conventional topological charge of the Fermi point in the planar 
state is zero, N3 = N3(S, = 1/2)+.N3(S, = —1/2) = 0, the Fermi point is robust 
to any interactions which do not violate P. 

In addition, because of the discrete symmetry P, the topological charge 
N3(P) = 2 of the degenerate Fermi point is equally distributed between the 
fermionic species. This ensures that each quasiparticle has an elementary (unit) 
topological charge: N3(S, = 1/2) = —N3(S, = —1/2) = £1. This is important 
since only such quasiparticles that are characterized by the elementary charge 
N3 = +1 acquire the relativistic energy spectrum in the low-energy corner. In 
3He-A the analogous discrete symmetry P ensures that the topological charge 
N3 = +2 of the doubly degenerate Fermi point is equally distributed between 
two fermions, and thus is responsible for the Lorentz invariance in the vicinity 
of the Fermi point. Thus the discrete symmetry is the necessary element for the 
development of the effective RQFT at low energy. 


12.1.2 Dirac mass from violation of discrete symmetry 


If the symmetry P is violated, either by the external field or by some extra 
interaction, or by inhomogeneity of the order parameter, N3(P) in eqn (12.4) 
ceases to be the invariant. As a result the Fermi points with the charge N3 = 0 
are not protected by symmetry and will be destroyed: the quasiparticles will 
acquire gap (mass). Let us consider how this occurs in the planar state. 

First, we recall that in the planar state, the symmetry P in eqn (7.66) is the 
combination of a discrete gauge transformation from the U(1) group and of spin 
rotation by m around the z axis. Applying eqn (7.66) to the Bogoliubov-Nambu 
Hamiltonian (7.62), for which the generator of the U(1)y gauge rotation is 73, 
one obtains P = e~7'73/2e72/2 = 3g, in eqn (12.3). Thus the symmetry P of 
the planar state includes the element of the original SO(3)s symmetry group of 
liquid 3He above the superfluid transition, which was spontaneously broken in 
the planar phase. 

However, even in normal liquid *He, the symmetry SO(3)g under spin rota- 
tions is an approximate symmetry violated by the spin-orbit interaction. This 
means that at a deep trans-Planckian level, the symmetry P is also approximate, 
and thus it cannot fully protect the topologically trivial Fermi point. The Fermi 
point must disappear leading to a small Dirac mass for relativistic quasiparticles 
proportional to the symmetry-violating interaction. In our case the Dirac mass 
is expressed in terms of the spin-orbit interaction: 
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(12.5) 


Here Ep is the energy scale characterizing the spin-orbit coupling (see eqn 
(16.1)), which comes from the dipole-dipole interaction of ?He atoms; the cor- 
responding length scale called the dipole length is typically ép ~ 1073 cm. 

This symmetry-violating spin-orbit coupling also generates masses for the 
‘gauge bosons’ in the planar state and in *He-A: see eqn (19.23) for the mass of 
a ‘hyperphoton’ in *He-A. 

This example demonstrates three important roles of discrete symmetry: (i) it 
establishes stability of the Fermi point; (ii) it ensures the emergence of relativistic 
chiral fermions and thus RQFT at low energy; (iii) the violation of the discrete 
symmetry at a deep fundamental level is the source of a small Dirac mass of 
relativistic fermions. 

The analogous discrete symmetry P is also important for the quasiparticle 
spectrum in the vicinity of the degenerate Fermi point with N3 = 2 in 3He-A. 
We know that the quasiparticle spectrum becomes relativistic in the vicinity of 
the Fermi point with elementary topological charge, N3 = +1. In the case of 
N3 = 2 there is no such rule. The role of the discrete symmetry P in eqn (7.56) 
is again to ensure that in the vicinity of the N3 = 2 Fermi point, the spectrum 
behaves as if there are two quasiparticle species each with the elementary charge 
Ns = 1. Though P is violated by the spin-orbit interaction, the Fermi point 
cannot disappear since its topological charge is non-zero, N3 = 2. However, 
because of the violation of P the quasiparticle spectrum is modified and again 
becomes non-relativistic, but now at a very low energy. This reentrant violation 
of Lorentz symmetry will be discussed in Sec. 12.4. 

Now we proceed to the Standard Model and show that the massless chiral 
fermions there are also described by the Fermi points protected by discrete sym- 
metry. When this symmetry is violated at low energy, all the fermions acquire 
mass. 


12.2 Quarks and leptons 


The Standard Model of particle physics is the greatest achievement in the physics 
of second half of the 20th century. It is in excellent agreement with experimental 
observation even today. It is a common view now that the Standard Model is 
an effective theory, which describes the physics well below the Planck and GUT 
scales, 1019 GeV and 10° GeV respectively. At temperatures above the elec- 
troweak scale, i.e. at T > 10?-10° GeV, the elementary particles — quasiparticles 
if the theory is effective — are massless chiral fermions. This means that the vac- 
uum of the Standard Model belongs to the universality class of Fermi points. At 
lower temperature fermions acquire masses in almost the same way as electrons 
in metals gain the gap below the phase transition into the superconducting state 
(see Sec. 7.4.5). Since the fermionic and bosonic contest of the Standard Model 
is much bigger than that in conventional superconductors, an effective theory 
of such a transition (or crossover) to the ‘superconducting’ state contains many 
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Fic. 12.1. First family of quarks and leptons. Number in bottom right corner 
is the hypercharge — the charge of U(1)y group. Electric charge Q = Y + Trs 
is shown in the top left corner. 


parameters which must be considered as phenomenological. Here we discuss the 
Standard Model above the electroweak energy scale, when fermions are massless 
and chiral. 


12.2.1 Fermions in Standard Model 


In the Standard Model of electroweak and strong interactions each family of 
quarks and leptons contains eight left-handed and eight right-handed fermions 
(Fig. 12.1). We assume here that the right-handed neutrino is present, as fol- 
lows from the Kamiokande experiments. Experimentally, there are three families 
(generations) of fermions, N, = 3. However, the larger number of families does 
not contradict observations if Dirac masses of fermions in extra families are large 
enough. 

In the Standard Model fermions transform under the gauge group G(213) = 
SU(2)r x U(1)y x SU(3)c of weak, hypercharge and strong interactions respec- 
tively. In addition there are two global charges: baryonic B and leptonic L. 
Quarks, u and d, appear in three colors, i.e. they are triplets under the color 
group SU(3)c of quantum chromodynamics (QCD). They have B = 1/3 and 
L = 0. Leptons e and v are colorless, i.e. they are SU(3)c-singlets. They have 
B = 0 and L = 1. There is a pronounced asymmetry between left fermions, 
which are SU(2),-doublets (their weak isospin is Tz = 1/2), and right fermions, 
which are all weak singlets (Tg = 0). The group SU(2); thus transforms only 
left fermions, hence the index L. 

At low energy below about 200 GeV (the electroweak scale) the SU(2)z x 
U(1)y group of electroweak interactions is violated so that only its subgroup 
U(1)q is left, where Q = Y + Trs is the electric charge. This is the group 
of quantum electrodynamics (QED). Thus the group G(213) is broken into its 
subgroup G(13) = U(1)g x SU(3)c. Figure 12.1 shows the hypercharge Ya of 
fermions (bottom right corner) and also the electric charge Q = Y + Trs (top 
left corner). 
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Fic. 12.2. Left: Standard Model fermions organized in the G(224) group. Right: 
Slave-boson description of Standard Model fermions. Spinons are fermions 
with spin and isospin, while the SU (4) color charge is carried by slave bosons 
—holons. The number in the top left corner is electric charge Q. 


12.2.2 Unification of quarks and leptons 


According to Fig. 12.1, charges of Standard Model fermions are rather clumsily 
distributed between the fermions. It looks very improbable that the fundamental 
theory can have such diverse charges. There certainly must be a more fundamen- 
tal theory, the Grand Unification Theory (GUT), where such charges elegantly 
arise from a simpler construction. The idea of Grand Unification is supported by 
the observation that three running coupling constants of the G(213) group, when 
extrapolated to high energy, meet each other at an energy about 10!°-10!° GeV. 
This suggests that above this scale the groups of weak, hypercharge and strong 
interactions are unified into one big symmetry group, such as SO(10), with a 
single coupling constant. Let us remind ourselves, however, that from the con- 
densed matter point of view even the GUT remains the effective sub-Planckian 
theory. 

There is another group, the subgroup of SO(10), which also unites in a 
very simple way all 16N, fermions with their diverse hypercharges and electric 
charges. This is a type of Pati-Salam model (Pati and Salam 1973, 1974; Foot et 
al. 1991) with the symmetry group G(224) = SU (2)z x SU(2)r x SU(A)c. This 
semi-simple group G(224) is the minimal subgroup of the more popular S'O(10) 
group which preserves all its important properties (Pati 2000; 2002). It naturally 
arises in the compactification scheme (Shafi and Tavartkiladze 2002). 

Though the G(224) group does not represent GUT, since it has two coupling 
constants instead of a single one, it has many advantages when compared to 
the SO(10) group. In particular, the SO(10) group organizes fermions in a mul- 
tiplet which contains both matter and antimatter. This does not happen with 
the G(224) group which does not mix matter and antimatter. What is most im- 
portant is that this group allows the correct definition of the momentum space 
topological charge. 
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The G(224) group organizes all 16 fermions of one generation of matter into 
left and right baryon-lepton octets (Fig. 12.2 left). Here the SU(3)c color group 
of QCD is extended to the SU(4)c color group by introducing as a charge the 
difference between baryon and lepton charges B — L. Now the quarks and lep- 
tons are united into quartets of the SU(4)c group, with leptons treated as a 
fourth color. Quarks and leptons can thus transform to each other, so that the 
baryon and lepton charges are not conserved separately, but only in combina- 
tion B — L. The non-conservation of baryon charge is an important element in 
modern theories of the origin of the baryonic asymmetry of our Universe (see 
Sec. 18.2). At present B and L are conserved with a high precision, since the 
mutual transformation of quarks and leptons is highly suppressed at low energy. 
That is why, though the decay of the proton is allowed in the GUT scheme, the 
proton lifetime estimated using the GUT scheme is about 1033—1034 years. The 
discovery of proton decay would be direct proof of the unification of quarks and 
leptons. 

The SU(2)r group for the right particles is added to make the nature left- 
right symmetric: at this more fundamental level the parity is conserved. All the 
charges of 16 fermions are collected in the following table: 


Fermion Tr3 Tr B-L— Y > Q 
ur(3) +4 0 4 é 2 
ue) 0 +f £ 2 3 
uu) E E =k 
de) 0 -3 $ -3 -3 aeg 
VL +4 0 —1 -4 0 
ve 0 +4 -1 0 0 
er —% 0 1 4 1 
er T 1 1 


When the energy is reduced the G(224) group transforms to the intermedi- 
ate subgroup G(213) of the weak, hypercharge and strong interactions with the 
hypercharge given by 

1 
Y = 3(B - L) + Trs : (12.7) 
This equation naturally reproduces all the diversity of the hypercharges Y;a) 
of fermions in Fig. 12.1. When the energy is reduced further the electroweak- 
strong subgroup G(213) is reduced to the G(13) = U(1)q x SU(3)c group of 
electromagnetic and strong interactions. The electric charge Q of the U(1)g 
group is left-right symmetric: 


1 
Q= zB- L) + Trs + Tr: . (12.8) 


12.2.3 Spinons and holons 


Another advantage of the G(224) group is that all 16 chiral fermions of one 
generation can be considered as composite objects being the product Cw of four 
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C-bosons and four w-fermions in Fig. 12.2 right (Terazawa 1999). Extension of 
the Terazava scheme, which includes four families of fermions, can be found in 
(Volovik 2003). 

The number in the top left corner shows the electric charge Q of C-bosons 
and w-fermions. This scheme is similar to the slave-boson approach in condensed 
matter, where the particle (electron) is considered as a product of the spinon and 
holon. Spinons in condensed matter are fermions which carry electronic spin, 
while holons are ‘slave’ bosons which carry its electric charge (see e.g. Marchetti 
et al. (1996) and references therein and Sec. 8.1.7). 

In the scheme demonstrated in Fig. 12.2 right four ‘holons’ C have zero spin 
and zero isospins, but they carry the color charge of the SU(4)c group; their 
B — L charges of the SU(4)c group are (4, 3, 3, —1). Correspondingly their 
electric charges in eqn (12.8) are Q = (B — L)/2 = (4,4,4, —4). 

The ‘spinons’ w are the SU(4)c singlets, but they carry spin and weak 
isospins. Left and right spinons form doublets of SU(2), and SU(2)r groups 
respectively. Since their B — L charge is zero, the electric charges of spinons 
according to eqn (12.8) are Q = Tr3 + Trs = 1/2. 


12.3 Momentum space topology of Standard Model 


In the case of a single chiral fermion, the massless (gapless) character of its energy 
spectrum, E = cp, is protected by the momentum space topological invariant N3 
of the Fermi point at p = 0. However, the Standard Model has an equal number of 
left and right fermions, so the Fermi point there is marginal: the total topological 
charge N3 of the Fermi point in eqn (8.15) is zero, if the trace is over all the 
fermionic species. Thus the topological mechanism of mass protection does not 
work and, in principle, an arbitrarily small interaction between the fermions can 
provide the Dirac masses for all eight pairs of fermions. This indicates that the 
vacuum of the Standard Model is marginal in the same way as the planar state 
of superfluid 3He as was discussed in Sec. 12.1. 

In an example of the planar phase, we have seen that in the fermionic systems 
with marginal Fermi points, the mass (gap) does not appear if the vacuum has 
the proper symmetry element. The same situation occurs for the Fermi points 
of the Standard Model. Here also the momentum space topological invariants 
protected by symmetry can be introduced. These invariants are robust under 
symmetric perturbations, and provide the protection against the mass if the 
relevant symmetry is exact. 

In the Standard Model the protection against the mass is provided by both 
discrete and continuous symmetries. Let us first consider the relevant continuous 
symmetries. They form the electroweak group G(12) = U(1)y x SU(2)z gener- 
ated by the hypercharge and by the weak isospin respectively. The topological 
invariants protected by symmetry are the functions of parameters of these sym- 
metry groups. If these symmetries are violated all the fermions acquire masses. 
However, we shall see that instead of the G(12) group it is enough to have one 
discrete symmetry group which also protects the gapless fermions. 
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12.3.1 Generating function for topological invariants constrained by symmetry 
Following Volovik (2000a) let us introduce the matrix M whose trace gives the 
invariant N3 in eqn (8.15): 


1 
N= gyr? P~ i ds? Gap, G 1Gp, G 1GƏp, G 1 , (12.9) 


where, as before, the integral is about the Fermi point in the 4-momentum space. 
Let us consider the expression 
tr (NY) , (12.10) 


where Y is the generator of the U(1)y group, the hypercharge matrix. It is clear 
that eqn (12.10) is robust to any perturbation of the Green function which does 
not violate the U(1)y symmetry, since in this case the hypercharge matrix Y 
commutes with the Green function: [Y,G] = 0. The same occurs with any power 
of Y, ie. tr (MY”)) is also invariant under symmetric deformations. That is 
why one can introduce the generating function for all the topological invariants 
containing powers of the hypercharge 


tr (e®YYN) . (12.11) 


All the powers tr( VY”), which are topological invariants, can be obtained by dif- 
ferentiating eqn (12.11) over the group parameter Oy. Since the above parameter- 
dependent invariant is robust to interactions between the fermions, it can be 
calculated for the non-interacting particles. In the latter case the matrix M is 
diagonal and its eigenvalues coincide with chirality Ca = +1 and Ca = —1 for 
right and left fermions correspondingly. The trace of the matrix M over the given 
irreducible fermionic representation of the gauge group is (with minus sign) the 
symbol N(y/2,a,1w) introduced by Froggatt and Nielsen (1999). In their notation 
y/2(= Y), a, and Iw denote hypercharge, color representation and the weak 
isospin correspondingly. 

For the Standard Model with hypercharges for 16 fermions given in Fig. 12.1 
one has the following generating function: 


0 l ; 
tr (e®YYN) = Y` Oee = 2 (cos — 1) (sei /5 + e=0x/2) . (12.12) 


The factorized form of the generating function reflects the composite spinon— 
holon representation of fermions and directly follows from Fig. 12.2 right. Since 
Y = $(B — L) + Tr one has 

tr (e®¥YN) = tr (eY T Np) tr (ee) 


6 l l 
=2 (cos a = 1) (serie + oP) . (12.13) 


Here Msp is the matrix M for spinons. Note that eqn (12.13) is periodic in ĝy 
with period Ady = 127. 
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In addition to the hypercharge the weak charge is also conserved in the Stan- 
dard Model above the electroweak transition. The generating function for the 
topological invariants which contain the powers of both the hypercharge Y and 
the weak isospin Tz also has the factorized form 


tr (ef wTrs e®YYN) =tr (eres e ELR Nop) tr (aae (12.14) 


0 6 
=2 (cos = — cos i (sever + ee) . (12.15) 

The non-zero result of eqn (12.15) shows that the Green function is singular 
at the Fermi point p = 0 and po = 0, which means that at least some fermions 
must be massless if either of the symmetries, U(1)y or SU(2)rz, is exact. 


12.3.2 Discrete symmetry and massless fermions 
Choosing the parameters 0y = 0 and Ow = 2r (or 0y = 6r and Ow = 0) one 
obtains the maximally possible value of the generating function: 


tr(PM) S164 Paes. (12.16) 


This implies 16-fold degeneracy of the Fermi point which provides the existence 
of 16 massless fermions. Thus all 16 fermions of one generation are massless 
above the electroweak scale 200 GeV. This also shows that as in the case of the 
planar phase, it is the discrete symmetry group, the Z2 group P = e?7*"“3, which 
is responsible for the protection against the mass (mass protection). 

Since P = 1 for all right-handed fermions, which are SU (2)z singlets, and 
P = —1 for all left-handed fermions, whose isospins Tr3 = +1/2, one ob- 
tains that in the relativistic limit P coincides with chirality Ca. That is why 
tr (PN) = >>, PaCa = Yo, CaCa = 16. So, in this limit the discrete symmetry P 
is equivalent to the chiral symmetry, the y? symmetry which protects the Dirac 
fermions from the masses. If the y° symmetry is obeyed, i.e. it commutes with 
the Dirac Hamiltonian, y°H7° = H, then the Dirac fermion has no mass. This 
is consistent with the non-zero value of the topological invariant: it is easy to 
check that for the massless Dirac fermion one has tr (ON ) =D: 

This connection between topology and mass protection looks trivial in the 
relativistic case, where the absence of mass due to y° symmetry can be directly 
obtained from the Dirac Hamiltonian. However, it is not so trivial if the interac- 
tion is introduced, or if the Lorentz and other symmetries are violated at high 
energy, so that the Dirac equation is no longer applicable, and even the chiral- 
ity ceases to be a good quantum number. In particular, transitions between the 
fermions with different chirality are possible at high energy, see Sec. 29.3.1 for 
an example. In such a general case it is only the symmetry-protected topolog- 
ical charge, such as eqn (12.16), that gives the information on the gap (mass) 
protection of fermionic quasiparticles. 


12.3.3 Relation to chiral anomaly 


The momentum space topological invariants are related to the axial anomaly in 
fermionic systems. In particular, the charges related to the local gauge group 
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cannot be created from vacuum, and the condition for that is the vanishing of 
some of these invariants (see Chapter 18): 


tr (YN) = tr (Y°N) = tr ((Tr3 YN) = tr (Y?Tp3NV) =...=0. (12.17) 


From the form of the generating function in eqn (12.15) it really follows that 
all these invariants are zero, though in this equation it is not assumed that the 
groups U(1)y and SU (2)z are local. 


12.3.4 Trivial topology below electroweak transition and massive fermions 


When the electroweak symmetry U(1)y x SU(2)z is violated to U(1)g, the only 
remaining charge — the electric charge Q = Y + Tzs — produces a zero value for 
the whole generating function according to eqn (12.15): 


tr (eeN) = tr [8 es Tea) =0. (12.18) 


The zero value of the topological invariants implies that even if the singularity in 
the Green function exists in the Fermi point it can be washed out by interaction. 
Thus, if the electroweak symmetry-breaking scheme is applicable to the Stan- 
dard Model, each elementary fermion in our world must have a mass below the 
electroweak transition temperature. The mass would also occur if the Standard 
Model is such an effective theory that its electroweak symmetry is not exact at 
the fundamental level. 

What is the reason for such a symmetry-breaking pattern, and, in particular, 
for such choice of electric charge Q? Why had nature not chosen the more natural 
symmetry breaking, such as U(1)y x SU(2)z > U(1)y, U(1)y x SU(2)£ > 
SU(2)z or U(1)y x SU (2) — U(1)y x U(1)7,? The possible reason is provided 
by eqn (12.15), according to which the nullification of all the momentum space 
topological invariants occurs only if the symmetry-breaking scheme U(1)y x 
SU(2)z — U(1)Q takes place with the charge Q = +Y + Tzs. Only in such 
cases does the topological mechanism for the mass protection disappear. This 
can shed light on the origin of the electroweak transition. It is possible that 
the elimination of the mass protection is the only goal of the transition. This 
is similar to the Peierls transition in condensed matter: the formation of mass 
(gap) is not the consequence but the cause of the transition. It is energetically 
favorable to have masses of quasiparticles, since this leads to a decrease of the 
energy of the fermionic vacuum. Formation of the condensate of top quarks, 
which generates the heavy mass of the top quark, could be a relevant scenario 
for that (see the review by Tait 1999). 

Another hint of why it is the charge Q which is the only remnant charge 
in the low-energy limit, is that in the G(224) model the electric charge Q = 
4(B — L) + Trs + Trs is left-right symmetric. For any left-right symmetric 
charge Q the topological invariant tr (e8 RQN ) = 0. Such remnant charge does 
not prevent the formation of mass, and thus there is no reason to violate the 
U(1)g symmetry. 
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12.4 Reentrant violation of special relativity 
12.4.1 Discrete symmetry in 3 He-A 


Now let us consider the peculiarities of the quasiparticle energy spectrum in the 
case when the Fermi point has multiple topological charge |N3| > 1 (Volovik 
2001a). This happens in the 3He-A vacuum described by eqn (7.54), where the 
topological charges of Fermi points are N3 = 2. Let us discuss the Fermi point, 
say, at p = +ppl, which has N3 = —2. In the model with two independent 
spin projections, S, = +1/2 and S, = —1/2, we have actually two independent 
flavors of fermions, each with the topological charge N3 = —1. Both flavors have 
a p-space singularity situated at the same point in p-space. Near this doubly 
degenerate Fermi point, two flavors of left-handed ‘relativistic’ quasiparticles 
are described by the following Bogoliubov-Nambu Hamiltonian: 


H = cp.F° + eLo” (7 pe — py)» Be = pa- PF - (12.19) 


The question is whether this relativistic physics survives if the interaction 
between two populations, S, = +1/2 and S, = —1/2, is introduced. Of course, 
since the charge of the Fermi point is non-zero, N3 = —2, the singularity in 
the Green function will persist, but there is no guarantee that quasiparticles 
would necessarily have the relativistic spectrum at low energy. Again, the answer 
depends on the existence of the discrete symmetry of the vacuum. The ?He-A 
vacuum has the proper discrete symmetry P in eqn (7.56) which couples the 
two flavors and forces them to have identical elementary topological charges 
N; = —1, and thus their spectrum is ‘relativistic’. This P = UÑ et" in eqn (7.56) 
is the combined symmetry: it is the element U2, of the SO(3)s group, the 7 
rotation of spins about, say, axis x, which is supplemented by the gauge rotation 
eî" from the U(1) group. Applying this to the Bogoliubov-Nambu Hamiltonian 
(12.19), for which the generator of the U(1)n gauge rotation is 7°, one obtains 
P = e77? /2erio"/2 — 730%, and |P, H] = 0. 


12.4.2 Violation of discrete symmetry 


The P symmetry came from the ‘fundamental’ microscopic physics at an energy 
well above the first Planck scale Epjanck 1 = me, at which the spectrum be- 
comes non-linear and thus the Lorentz invariance is violated. However, from the 
trans-Planckian physics of the 3He atoms we know that symmetry P is not exact 
in He. Due to the spin-orbit coupling the symmetry group of spin rotations 
SO(3)g is no longer the exact symmetry of the normal liquid, and this in par- 
ticular concerns the spin rotation US, which enters P in eqn (7.56). Since the P 
symmetry was instrumental for establishing special relativity in the low-energy 
corner, its violation must lead to violation of the Lorentz invariance and also to 
mixing of the two fermionic flavors at the very low energy determined by this 
tiny spin-orbit coupling. 

Let us consider how this reentrant violation of the Lorentz symmetry at low 
energy happens in ?He-A. Due to the symmetry violating spin-orbit coupling the 
symmetry group of *He-A, Ha = U(1)z,-n/2 X U(1)s, is also not exact. The 
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exact symmetry now is the combined symmetry constructed from the sum of two 
generators: U(1) 7,_/2, where J, = Sz + L+ is the generator of the simultaneous 
rotations of spins and orbital degrees of freedom. The spin-orbit coupling does 
not destroy the symmetry of the normal liquid under combined rotations. The 
order parameter in eqn (7.54) acquires a small correction consistent with the 
U(1)3,-n/2 Symmetry: 


Cui = AN (ĉi + iĝi) + ag (ĉu + iĝu) 2i : (12.20) 


The first term corresponds to a Cooper pair state with L, = 1/2 per atom and 
S- = 0, while the second one is a small admixture of the state with S, = 1/2 
per atom and L, = 0. Both components have J, = 1/2 per atom and thus must 
be present in the order parameter. Due to the second term the order parameter 
is not symmetric under the P operation. The small parameter a ~ €7/€7, = 
E4,/EPranck 2 ~ 107% is the relative strength of spin-orbit coupling in eqn (12.5). 

The Bogoliubov-Nambu Hamiltonian for fermionic quasiparticles in such a 
vacuum is now modified as compared to that in the pure vacuum state with 
L, = 1/2 and S, = 0 in eqn (7.57): 


Ha = c|p:F° + cio” (Fp, — 7 py) + acip.(o°F! — 047?) . (12.21) 


12.4.3 Violation of ‘Lorentz invariance’ at low energy 


Diagonalization of the Hamiltonian (12.21) gives the following splitting of the 
energy spectrum due to spin-orbit coupling in the low-energy corner: 


2 
EL = cp te (avr + \/a2p?, +01) (12.22) 


Here we used that p, is close to pr. The + and — branches correspond to gapped 
and gapless spectra respectively. For pı < apr one has 


EL x cpt epi +m či, (12.23) 
E w p24 Ph 12.24 
L x cipe + 725, (02-24) 
mM 
ss 7 E? = 
či = V2c1 , me] = apre, ~ FR , PL the (12.25) 
Planck 2 


In this ultra-low-energy corner the gapped branch of the spectrum in eqn (12.23) 
is relativistic, but with different speed of light c,. The gapless branch in eqn 
(12.24) is relativistic in one direction E = cyp,, and is non-relativistic, E = 
+p% /2m, for the motion in the transverse direction. 


12.4.4 Momentum space topology of exotic fermions 


What is important here is that the reentrant violation of Lorentz invariance 
caused by the violation of discrete symmetry is generic and thus can occur in the 
effective RQFT such as the Standard Model. This is because of the topological 
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Fic. 12.3. Low-energy memory of the high-energy non-symmetric physics 


properties of the spectrum: the mixing of the two fermionic flavors occurs with 
the redistribution of the topological charge N3 = —2 between the two fermions. In 
the relativistic domain each of two fermions has the topological charge N3 = —1. 
It is easy to check that in the ultra-low-energy corner this is not the case. While 
the total topological charge, Na = —2, must be conserved, it is now redistributed 
between the fermions in the following manner: the massive fermion (with energy 
E,) acquires the trivial topological charge N3 = 0 (that is why it becomes 
massive), while another one (with energy E_) has double topological charge 
N3 = —2 (see Fig. 12.3). It is important that only one species of the massless 
fermions now has N3 = —2. Thus it cannot split into two fermions each with 
N3 = —1. This exotic fermion with N3 = —2 is gapless because of the non-zero 
value of the topological charge, but the energy spectrum of such a fermion is not 
linear. That is why it cannot be described in relativistic terms. 

In the same way as the N3 = +1 fermions are necessarily relativistic and 
chiral in the low-energy corner, the fermions with higher |N3| are in general non- 
relativistic, unless they are protected by the discrete symmetry. The momentum 
space topology which induces the special relativity if |N3| = 1 becomes incom- 
patible with the relativistic invariance if |N3| > 1 and the corresponding discrete 
symmetry is not exact. Thus the Lorentz symmetry, if it is effective, may be 
violated at very low energy. Properties of the fermionic systems with multiple 
zeros, |N3| > 1, including the axial anomaly in its non-relativistic version, were 
discussed by Volovik and Konyshev (1988). 

The energy scale at which the non-relativistic splitting of the energy spectrum 
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occurs is EReentrant = E? /Epianck 2 which is much less than the second and even 
the first Planck scale in 3He-A, Eplanck 1 = m*c?. Thus the relativistic region 
for the *He-A fermions, EReentrant K E < Epianck 1, is sandwiched by the non- 
relativistic regions at the high and low energies. 

The 2D version of eqn (12.24) — exotic gapless fermions with quadratic spec- 
trum E? = p*/4m? — was discussed for bilayer graphene (Volovik 2007a). 


12.4.5 Application to RQFT 


The above example of *He-A shows that the special relativity in the low-energy 
corner is produced by the combined effect of the degenerate Fermi point and the 
discrete symmetry between the fermionic species. If the discrete symmetry is ap- 
proximate, then in the ultra-low-energy corner the redistribution of the momen- 
tum space topological charges occurs between the fermions with the appearance 
of exotic fermions with higher topological charge |N3| > 1. This topological tran- 
sition leads to strong modification of the energy spectrum which again becomes 
essentially non-relativistic, but now at the ultra-low energies. 

In principle, such a topological transition with the appearance of the exotic 
fermions with N3 = +2 can occur in the relativistic theories too, if these theories 
are effective. In the effective theory the Lorentz invariance (and thus the special 
relativity) appears in the low-energy corner as an emergent phenomenon, while 
it can be violated at high energy approaching the Planck scale. At low energy, 
the fermions are chiral and relativistic, if there is a symmetry between the fla- 
vors of the fermions. If such symmetry is violated, spontaneously or due to the 
fundamental physics well above the Planck scale, then in the extreme low-energy 
limit the asymmetry between the fermionic flavors becomes important, and the 
system starts to remember its high-energy non-relativistic origin. The rearrange- 
ment of the topological charges N3 between the fermionic species occurs and the 
special relativity disappears again. This can serve as a low-energy window for 
the trans-Planckian physics. 

This scenario can be applied to the massless neutrinos. The violation of the 
horizontal symmetry between the left-handed neutrino flavors can lead to the 
reentrant violation of Lorentz invariance at the very low energy. If neutrinos 
remain massless at such an ultra-low-energy scale, then below this scale, two 
flavors — electronic and muonic left-handed neutrinos each with N3 = —1 — 
hybridize and produce the N3 = 0 fermion with the gap and the exotic gapless 
N3 = —2 fermion with the essentially non-linear non-relativistic spectrum. This 
is another example of violation of the special relativity, which can also give rise 
to neutrino oscillations (the scenario in which the ultrahigh-energy Lorentz vio- 
lation reenters at ultralow energy and this energy scale determines the Lorentz 
noninvariance in the neutrino sector has been recently discussed by Klinkhamer 
(2006)). The previously considered effect of the violation of the special rela- 
tivity on neutrino oscillations was related by Coleman and Glashow (1997) and 
Glashow et al. (1997) to the different speeds of light for different neutrino flavors. 
The related effect is the violation of the weak equivalence principle: different fla- 
vors are differently coupled to gravity (Majumdar et al. 2001; Gago et al. 2001). 
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TOPOLOGICAL CLASSIFICATION OF DEFECTS 


We have seen that the effective metric and effective gauge fields are simulated in 
superfluids by the inhomogeneity of the superfluid vacuum. In superfluids many 
inhomogeneous configurations of the vacuum are stable and thus can be experi- 
mentally investigated in detail, since they are protected by r-space topology. In 
particular, the effect of the chiral anomaly, which will be discussed in Chapter 
18, has been verified using such topologically stable objects as vortex-skyrmions 
in ?He-A and quantized vortices in ?He-B. Other topological objects can produce 
non-trivial effective metrics. In addition many topological defects have almost 
direct analogs in some RQFT. That is why we discuss here topologically stable 
objects in both phases of *He. 


13.1 Defects and homotopy groups 


The space-dependent configurations of the order parameter can be distributed 
into large classes, defined by their distinct topological invariants, or topologi- 
cal ‘charges’. Due to conservation of topological charge, configurations from a 
given topological class cannot be continuously transformed into a configuration 
belonging to a different class, while continuous deformation between configura- 
tions within the given class is allowed by topology. The homogeneous state has 
zero topological charge (in r-space) and therefore configurations with non-zero 
charge are topologically stable: they cannot dissolve into the uniform vacuum 
state in a continuous manner. 

In the broken-symmetry phase below T, the system acquires a set R of de- 
generate equilibrium states. This set is the same in the entire temperature range 
0<T < Te, unless there is an additional symmetry breaking. That is why this set 
is called the vacuum manifold, referring to the T = 0 case. The space-dependent 
configurations of the order parameter define a mapping of the relevant part X 
of the coordinate space r (or space time x” = (r,t)) into the vacuum manifold 
R of the degenerate states. The relevant part of space (or of spacetime) depends 
on which type of configurations we are interested in. 

In the case of vortices — and other linear defects — the relevant subspace X is a 
circle St that encloses the defect line. Then the topological classes are defined by 
the elements of the first (fundamental) homotopy group, 71(R). They describe 
the classes of continuous mappings St — R of the closed circle S! around the 
defect line to the closed contour in the vacuum manifold. 

In the same manner the point defects in 3D space (or the defects of co- 
dimension de = 3 in multi-dimensional space) are determined by classes of map- 
ping S? — R of a closed surface S? embracing the defect point into the vacuum 
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manifold. These topological classes form the second homotopy group 72(R). 

The non-singular point-like topological objects in 3D space — skyrmions — 
are determined by classes of mapping S — R, where $° is the compactified 3D 
space. The latter is obtained if the order parameter at infinity is homogeneous 
and thus the whole infinity is equivalent to one point. The topological classes form 
the third homotopy group 73(R). Such skyrmions are observed in liquid crystals 
(see the book by Kleman and Lavrentovich 2003). In RQFT with non-Abelian 
gauge fields this topological charge marks topologically different homogeneous 
vacua. 

The same group 73(R) determines the point defects in spacetime — instantons 
(Belavin et al. 1975), and defects of co-dimension de = 4 in multi-dimensional 
space. Here the closed surface $* is around the point in 3+1 spacetime. The 
instanton represents the process of transition between two vacuum states with 
different topological charge (in RQFT), or the process of nucleation of the non- 
singular point-like topological object (in condensed matter). Usually in the lit- 
erature it is assumed that the instanton is the quantum tunneling through the 
energy barrier. But in condensed matter this can be the classical process without 
any energy barrier. 

The relevant subspaces X can be more complicated in the case of configura- 
tions described by the relative homotopy groups, such as solitons (Sec. 16.1.1); 
defects on surface (boojums) (Sec. 17.3); etc. The subspace is not closed, but 
has boundary OX. Due to, say, boundary conditions, the mapping X — R is 
accompanied by the mapping OX — R, where R is the subspace of the vacuum 
manifold R constrained by the boundary conditions. 


13.1.1 Vacuum manifold 


In the simplest cases the vacuum manifold R is fully determined by two groups, 
G and H. The first one is the symmetry group of the disordered state above Te. 
This symmetry G is broken in the ordered state below T.. Typically this group 
is broken only partially, which means that the vacuum remains invariant under 
some subgroup H of G, called the residual symmetry. Then the vacuum manifold 
R is the so-called coset space G/H. 

This can be viewed in the following way. Let Ap be the order parameter in 
some chosen vacuum state. Then all the degenerate vacuum states in the vacuum 
manifold can be obtained by symmetry transformations, i.e. through the action 
on Ag of all the elements g of the group G: A = gAo. However, Ao is invariant 
under the action of the elements h of the residual symmetry group H: Ap = hApo. 
Thus all the elements h must be identified with unity, so that the actual space 
of the degenerate vacuum states — the vacuum manifold — is the factor space 


R=G/H. (13.1) 


13.1.2 Symmetry G of physical laws in * He 


For the superfluid He the relevant group G is the symmetry of the Theory of 
Everything of this quantum liquids, i.e. the symmetry of the Hamiltonian in eqn 
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(3.2) which contains all the symmetries allowed in non-relativistic condensed 
matter. These include all the symmetries of the physical laws in non-relativistic 
physics, except for the Galilean invariance which is broken by the liquid: liquid 
has a preferred reference frame, where it is stationary. The normal liquid *He 
above the critical phase transition temperature Te has the same symmetry G 
which thus contains the following subgroups. 

The group of solid rotations of coordinate space, which we denoted as SO(3), 
to separate it from the spin rotations. 

The spin rotations forming the group SO(3)s can be considered as a sepa- 
rate symmetry operation if one neglects the spin-orbit interaction: the magnetic 
dipole interaction between the nuclear spins is about five orders of magnitude 
smaller in comparison to the energies characterizing the superfluid transition. 

The group U(1)y~ of the global gauge transformations, which stems from 
the conservation of the particle number N for the He atoms. U(1) is an exact 
symmetry if one neglects extremely rare processes of the excitations or ionization 
of the atom, as well as the transformation of 3He nuclei under external radiation. 

In addition there is the translational symmetry, in which we are not interested 
at the moment: it is not broken in the superfluid state but becomes broken under 
rotation. We also ignore discrete symmetries for the moment, the space and time 
inversion, P and T. 

Thus the continuous symmetries, whose breaking is relevant for the topologi- 
cal classification of the defects in the superfluid phases of 3He, form the symmetry 
group 

G = SO(3), x SO(3)s x U(1)n . (13.2) 


The broken-symmetry states of spin-triplet p-wave superfluidity below T, are 
characterized by the order parameter, the 3x3 matrix A = eai, which transforms 
as a vector under a spin rotation for given orbital index (i), and as a vector under 
an orbital rotation for given spin index (a). The transformation of eg; under the 
action of the elements of the group G (see e.g. eqn (7.47)) can be written in the 
following symbolic form: 


GA = e”° RsA RI , (13.3) 


where a is the parameter of the global gauge transformation; Rs and Rz are 
matrices of spin and orbital rotations. 
13.1.3. Symmetry breaking in 3 He-B 


In ?He-B the symmetry G in eqn (13.2) is broken in the following way: the U (1) 
group is broken completely, while the product of two other groups breaks down 
to the diagonal subgroup: 


G= SO(3)L x SO(3)s x U(1)n =y Hg = SO(3)s+L j (13.4) 


The residual symmetry group Hg of ?He-B is the symmetry under simultaneous 
rotations of spin and orbital spaces. 
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For the triplet p-wave pairing, this is the only possible superfluid phase which 
has an isotropic gap in the quasiparticle spectrum and thus no gap nodes. The 
order parameter is isotropic: in the simplest realization it has the form 


e = Nobai - (13.5) 


All other degenerate states of the B-phase vacuum in eqn (7.47) are obtained by 
the action of the symmetry group G: 


(GA) as = Ao? Rai s (13.6) 


Here ® is the phase of the order parameter, which manifests the breaking of 
the U(1)n group. Rai is the real 3 x 3 matrix obtained from the original unit 
matrix in eqn (13.5) by spin and orbital rotations: Ra; = (Rs RÈ ee Matrices 
Rai characterizing the vacuum states span the group SO(3) of rotations. They 
can be expressed in terms of the direction ñ of the rotation axis, and angle 0 of 
rotation about this axis: 


Rai(f, 0) = (1 — cos 0) bai + Nan; cos 0 — Eqirny sin? . (13.7) 


The vacuum manifold of ?He-B is thus the product of the $O(3)-space of 
matrices and of the U(1)-space of the phase ®: Rp = SO(3) x U(1), which 
reflects the general relation in eqn (13.1), 


Rp = G/Hp z SO(3) x U(1) . (13.8) 


3He-B has four Goldstone bosons: one propagating mode of the phase ® 
(sound) and three propagating modes of the matrix Rai (spin waves). The num- 
ber of Goldstone bosons corresponds to the dimension of the vacuum manifold 
Rp. This is a general rule which, however, can be violated in the presence of 
hidden symmetry discussed in Sec. 9.3.3. 


13.2 Analogous ‘superfluid’ phases in high-energy physics 


There are several models in high-energy physics with a similar pattern of sym- 
metry breaking. Each of the discussed groups G contains U(1) and the product 
of two similar groups (SU (2) x SU(2), SU(3) x SU(3), etc.). In the phase transi- 
tion the U(1) group is broken completely, while the product of two other groups 
breaks down to the diagonal subgroup. 


13.2.1 Chiral superfluidity in QCD 


The analogy between the chiral phase transition in QCD and the superfluid 
transition to ?He-B has been discussed in the book by Vollhardt and Wölfle 
(1990), pages 172-173. In both systems the rotational symmetry is doubled when 
small terms in the Lagrangian are omitted. In *He, the exact symmetry is the 
rotational symmetry S'O(3)3, where J = L +S. Since the spin-orbit interaction 
is very small, the group SO(3) 3 can be extended to the group SO(3), x SO(3)s 
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of separate orbital and spin rotations, which is an approximate symmetry. After 
the phase transition to the broken-symmetry state the approximate extended 
symmetry is spontaneously broken back to SO(3) 3. But at the end of this closed 
route SO(3)3 — SO(3), x SO(3)gs — SO(3)y one obtains: (i) the gap in the 
fermionic spectrum; (ii) Goldstone and/or pseudo-Goldstone bosons with small 
gap dictated by the spin-orbit interaction (see the book by Weinberg 1995); 
and (iii) topological defects — solitons terminating on strings (Sec. 14.1.5). The 
source of all these is the small parameter EŻ /EŽanck: the relative magnitude of 
the spin-orbit interaction. 

Exactly the same thing occurs in the effective theory of nuclear forces arising 
in the low-energy limit of QCD. There exists an ‘exact’ global group SU(2) — 
the symmetry of nuclear forces with respect to the interchange of the proton 
and neutron — called the isotopic spin symmetry (not to be confused with the 
local group SU(2)z of weak interactions). The proton and neutron form the 
isodoublet of this global group. It appears that this symmetry can be extended 
to the approximate symmetry which is the product of two global groups SU(2),x 
SU(2)R of separate isorotations of left and right quarks. The reason for that is 
that the ‘bare’ masses of u and d quarks (my, ~ 4 MeV and mg ~ 7 MeV) are 
small compared to the QCD scale of 100—200 MeV. If the masses are neglected, 
one obtains two isodoublets of chiral quarks, left (uz,dz) and right (ur, dp), 
which can be independently transformed by the SO(3) and SO(3)R groups. 

As in He-B, the symmetry-breaking scheme in low-energy QCD also con- 
tains the global U(1) symmetry appropriate for the massless quarks: (uz, dz) > 
(uz, dz)e, (ur, dr) > (ur,dr)e~®. This chiral symmetry, denoted U(1) a, is 
approximate and is violated by the chiral anomaly. This is somewhat similar 
to 3He, where strictly speaking the U(1)j symmetry is approximate, since the 
number of He atoms is not conserved because of the possibility of chemical 
and nuclear reactions. Thus in this model the extended approximate group of 
low-energy QCD is the global group (see the book by Weinberg 1995) 


G= SU (2) x SU(2)r x U(1)a . (13.9) 


It is assumed that in the chiral phase transition, which occurs at Te ~100—200 
MeV, the U(1)4 symmetry is broken completely, while the SU(2), x SU(2)r 
symmetry is broken back to their diagonal subgroup SU (2)L+r. This fully re- 
produces the symmetry-breaking pattern in 3He-B: 


SU (2)L x SU(2)R x U(1)a =. SU (2)L+R . (13.10) 


This symmetry breaking gives rise to pseudo-Goldstone bosons — pions, and 
topological defects — strings and domain walls terminating on strings. Mixing the 
left and right quarks by the order parameter generates the quark masses, which 
are larger than their original masses generated in the electroweak transition and 
ignored in this theory. 

The quark—antiquark chiral condensates in the state with chiral superfluidity, 
(uLūr), (ddr), (udr), (dLūr), form the 2 x 2 matrix order parameter. Its 
simplest form and the general form obtained by symmetry transformations are 
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A = Ar, (13.11) 
A=gA0 = (or +im-7)e” , 0? +7 = A? (13.12) 


Here 7° and 7° with b = (1,2,3) are the Pauli matrices in isospin space; A is 
the magnitude of the order parameter, which determines the dressed mass of u 
and d quarks; and 7 is the phase of the chiral condensate: n — 7 + 2a under 
transformations from the chiral symmetry group U(1),. In the hypothetic ideal 
case, when the initial symmetry G is exact, the situation is similar to 3He-B 
with four Goldstone bosons: the 7 mode — the so-called 7’ meson — is analogous 
to sound waves in *He-B; and three pions 7, analogs of three spin waves in 
3He-B. Since the original symmetry G is approximate, the Goldstone bosons are 
massive. The masses of these pseudo-Goldstone modes are small, since they are 
determined by small violations of G, except for the 7’ meson, whose mass is 
bigger due to chiral anomaly. This is similar to one of the spin-wave modes in 
3He-B which has a small gap due to the spin-orbit interaction violating G. 


13.2.2 Chiral superfluidity in QCD with three flavors 


The extended SU (3)Fflavur model of the chiral QCD transition includes three 
quark flavors u, d and s, assuming that the mass of the strange quark s is also 
small enough. Now SU(3), x SU(3)r is spontaneously broken to the diagonal 
subgroup SU(3) Flavor: 


SU(3)L x SU(3)R = SU (3) Flavor . (13.13) 


13.2.3 Color superfluidity in QCD 


The similar symmetry-breaking pattern for the color superfluidity of the quark 
condensate (qq) in dense baryonic matter was discussed by Ying (1998), Alford 
et al. (1998) and Wilczek (1998). As distinct from the (qq) condensates discussed 
above the Cooper pairs (qq) carry color, whence the name color superconduc- 
tivity. The original approximate symmetry group above the superfluid phase 
transition can be, for example, 


G= SU(3)c x SU (3) Flavor x U(1)s ; (13.14) 


where SU (3)c is the local group of QCD, and U(1)g corresponds to the conser- 
vation of the baryon charge. In the symmetry-breaking scheme 


SU(3)c x SU(3) Flavor x U(1)p card SU(3)c4F P (13.15) 


the breaking of the baryonic U(1)s group manifests the superfluidity of the 
baryon charge in the baryonic quark matter, while the breaking of the color 
group of QCD manifests the superfluidity of the color. In the more extended the- 
ories, eqn (13.13) and eqn (13.15) are combined: SU(3), x SU(3)R x SU(3)c > 
SU (3)c+L+R- 
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VORTICES IN #He-B 


14.1 Topology of *>He-B defects 
14.1.1 Fundamental homotopy group for 3 He-B defects 
The homotopy group describing the linear topological defects in 3He-B is 


m(G/Hp) = m (U(1)) + m(SO(3)) = Z + Zo . (14.1) 


Here Z is the group of integers, and Zə contains two elements, 1 and 0, with the 
summation law 1+1 = 0. These elements describe the defects with singular core, 
which means that inside this core of coherence length € the order parameter is 
no longer in the vacuum manifold of *He-B. Such a core is also called the hard 
core to distiguish it from the smooth or soft cores of continuous structures. Since 
m2(G/Hg) = 0, in *He-B there are no topologically stable hard-core point defects 
— hedgehogs. The hedgehogs with non-singular (soft) core will be discussed later 
in Sec. 14.2.5. 


14.1.2 Mass vortex vs axion string 


The group Z of integers in eqn (14.1) describes the conventional singular vortices 
with integer winding number nı of the phase ® of the order parameter (13.6) 
around the vortex core. The simplest realization of such vortices is ®(r) = n1¢, 
where ¢ is an azimuthal angle in the cylindrical coordinate frame. In superfluid 
3He-B, the superfluid velocity vs = (h/2m)V® characterizes the superfluidity of 
mass carried by *He atoms: the mass flow of the superfluid vacuum is P = mnvg. 
Thus the vortices of the Z group have circulating mass flow around the core and 
are called the mass vortices. The mass vortex carries the quantized circulation 
k = $ dr - Vs = niko, with ko = ah/m. Mass vortices with nı = 1 form a 
regular array in the rotating vessel (see the cluster of mass vortices in Fig. 14.1). 
Within the cluster the average superfluid velocity obeys the solid-body rotation 
(Vs) = Vn = Q xr, where Q is the angular velocity of rotation. The areal density 
of circulation quanta in the cluster has a value 


m= g f dS-(Vxv)=—, (14.2) 
Sko S Ko 

In the chiral condensate phase of QCD, the mass vortices are equivalent to the 
n’-vortices or axion strings around which the supercurrent of chiral charge is cir- 
culating (see e.g. Zhang et al. 1998) Defect formation during the non-equilibrium 
phase transition into the state with the broken chiral symmetry was discussed by 
Balachandran and Digal (2002). This is analogous to the mechanism of vortex 
formation in ?He-B which will be discussed in Chapter 28. 
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Fic. 14.1. Vortices in rotating 3He-B. Mass vortices form a regular structure 
like Abrikosov vortices in an applied magnetic field. If the number of vortices 
is less than equilibrium number for given rotation velocity, vortices are col- 
lected in the vortex cluster. Within the cluster the average superfluid velocity 
(Vs) = Vn. On the periphery there is a region void of vortices — the coun- 
terflow region, where (vs) Æ Vn. Spin—mass vortices with nı = 1, v = 1 can 
be created and stabilized in the rotating vessel. The confining potential pro- 
duced by the soliton wall is compensated by logarithmic repulsion of vortices 
forming the vortex pair — the doubly quantized vortex with nı = 2, v = 0 
inside the cluster. A single spin—mass vortex is stabilized at the periphery of 
the cluster by the combined effect of soliton tension and Magnus force in eqn 
(18.26). 


14.1.3 Spin vortices vs pion strings 

The Z group in ?He-B describes the singular spin vortices, with the summation 
rule 1 + 1 = 0 for the topological charge v. This summation rule means that 
unlike vortices of the Z group, the Z-vortex coincides with its antivortex, in 
other words it is unoriented. In the simplest realization of spin vortices, the 
orthogonal matrix of the B-phase vacuum (13.6) has the following form far from 
the vortex core: 


Rail) = (1 — cos 0(o)) 202i + dq; COS 0(¢) — EqikZ, Sin olo) (14.3) 
1 0 0 
= | 0 cosô(ġ) —sinO(d) ] . (14.4) 
0 sinb()  cosA@(¢d) 


Here 6(¢) = vo with integer v. Around such a vortex there is a circulation of 
the spin current x V0, hence the name spin vortex. The topologically stable 
vortex corresponds to v = 1, i.e. to 27 rotation around the string axis. The rule 
1+1 = 0 means that the spin vortex with winding number v = 2 (i.e. with 47 
rotation around the string), or with any even v, is topologically unstable and can 


TOPOLOGY OF DEFECTS IN B-PHASE 167 


be continuously unwound. Spin vortices with odd v can continuously transform 
to the v = 1 spin vortex. 

In the chiral condensate, where the groups SU (2) substitute the groups SO(3) 
of He, the homotopy group 7(G/H) = m(U(1)) = Z supports the topological 
stability only for the 7'-vortices. There is no additional Z2 group. This is because 
in the SO(3) group the 27 rotation is the identity transformation, while in the 
SU(2) group the identity transformation is the 47 rotation. But the string with 
4r rotation around the core is equivalent to the topologically unstable v = 2 spin 
vortex in 3He-B and can be continuously unwound. This means that any pion 
vortex, with any winding of the 7-field around the core, is topologically unstable. 
The topologically unstable pion strings, nevertheless, can survive under special 
conditions, see e.g. Zhang et al. (1998). In the simplest realization of the pion 
string the order parameter in eqn (13.12) is 


f A(r) ig 
Tı =T =0, o+in3 = —Se”®. (14.5) 
v2 


Such a solution can be locally stable due to its symmetry, but this stability is 
rather ephemeral since it is not supported by the topology. 


14.1.4 Casimir force between spin and mass vortices and composite defect 


Mass vortices are stabilized by rotation of the liquid forming the vortex cluster, 
and thus can be investigated experimentally. This is not the case for spin vortices: 
there is no such external field as rotation in superfluids, or magnetic field in 
superconductors, which can regulate the position of the spin vortex in the sample. 
However, the spin vortex has been observed because of its two unique properties: 
one of them is that the spin vortex can be pinned by the mass vortex. 

Mass and spin vortices do not interact significantly — they ‘live in different 
worlds’, since they are described by non-interacting ® and @ fields, respectively. 
Let us for simplicity fix the Goldstone variable ñ in eqn (13.7), leaving only 
two Goldstone fields ® and 8. Then from the gradient energy in eqn (10.3) one 
obtains the following London energy density for the remaining Goldstone fields: 

ey h? 2 spin h? 0 2 
Erondon = nso (V®) +7, Sale ) x (14.6) 
Here ns?" is spin rigidity, which enters the spin current AE grin. 

Let us consider two rectilinear defects of length L: the mass vortex with 
charge nı (i.e. ® = n,¢) and the spin vortex with charge v (i.e. 6 = v¢; since 
Ô is fixed the spin vortex in eqn (14.4) can have any integer winding number). 
Equation (14.6) contains no interaction term between the two defects, so the 
total energy of two defects is simply the sum of two energies: 


mh? — Ro 
ees Nip 


E(nı, v) = E(m) + E(v) = L (nins + mgr") z— z 


(14.7) 


Here Ro is the external (infrared) cut-off of the logarithmically divergent integral, 
which is given by the size of the vessel, and the coherence length € is the core 
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size which provides the ultraviolet cut-off. The London energy is valid only for 
scales above €, while in the core the deformations with the scale of order € drive 
the system out of the vacuum manifold of the B-phase. 

The most surprising property of the energy (14.7) is that it does not depend 
on the distance between the vortices. It is very similar to the case when two par- 
ticles are charged, but their charges correspond to different gauge fields. Another 
analog corresponds to electrons of two kinds: one is the conventional electron, 
while the other one belongs to mirror matter, which can exist if the parity is 
an unbroken symmetry of nature (Silagadze 2001; Foot and Silagadze 2001). 
The electron and mirror electron interact gravitationally, and also through the 
Casimir effect. 

In our case it is the Casimir effect that is important. Each string disturbs the 
vacuum, and this disturbance influences another string. Such Casimir interaction 
can be described by the higher-order gradient term ~ n.(h7€?/m)(V®)?(V6)?. 
Then the Casimir interaction and the Casimir force between spin and mass vor- 
tices, parallel to each other, are 


nh? 2 

Ecasimir( PR) = E(nı, v) a E(nı) a Ev) 2i -nî °L ies , (14.8) 
E? hur 

Foasimir(R) = —OrEcasimir ~ LRE R , (14.9) 


where R is the distance between the vortex lines. If one disregards the difference 
between Planck scales in superfluid *He, i.e. assumes that vp = c in eqn (7.48), 
one obtains Foasimir ~ —n?v? Lħc/R?. This is reminiscent of the Casimir force 
between two conducting plates, Foasimir ~ —L?hc/R*, where L? is the area of 
the plates. 

For comparison, the Casimir force between two point defects (hedgehogs or 
global monopoles) ‘living in different worlds’, i.e. described by different fields, 
would be Foasimir(R) x —hc/R?, which has the same R-dependence as the grav- 
itational attraction between two point particles. 

The Casimir attraction between spin and mass vortices is small at large 
distances, but becomes essential when R is of order of the core size €. It is en- 
ergetically preferable for the two defects to form a common core: according to 
Thuneberg (1987a) by trapping the spin vortex on a mass vortex the combined 
core energy is reduced. As a result the two strings form a composite linear defect 
— the spin—mass vortex — characterized by two non-zero topological quantum 
numbers, nı = 1 and v = 1. Because of the mass-vortex constituent of this 
composite defect, it is influenced by the Magnus force in eqn (18.26). It is sta- 
bilized in a rotating vessel due to another peculiar property of the spin-vortex 
constituent. 


14.1.5 Spin vortex as string terminating soliton 


Since both the SO(3)s part of the group G in *He and the global SU(2) or 
SU(3) groups of chiral symmetries in QCD are approximate, some or all of the 
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Fic. 14.2. Spin vortex as the termination line of soliton in *He-B. Left: The 
field of the vector n@, whose direction shows the axis of rotation, and the 
magnitude — the angle of rotation. In the core of the soliton the angle 0 
deviates from its ‘magic’ value 0; ~ 104°. Right: The SO(3) space of the 
vector n@. Solid line T is the contour drawn by the vector né when circling 
around the spin vortex along the contour y. T is closed since vectors ñ0 and 
—né are identical in the SO(3) space of rotations. 


Goldstone bosons in these systems have a mass. In 3He-B the spin-orbit (dipole— 
dipole) energy explicitly depends on the degeneracy parameter 0 in eqn (14.3): 


1\2 
Fp =4gp (cos + =) . (14.10) 


It fixes the value of 0 at the ‘magic’ Leggett angle 0z ~ 104°, and as a result 
the -boson — the spin-wave mode in which 0 oscillates — acquires the mass. 
The spin-orbital energy reduces the vacuum manifold SO(3) of the matrix Rai 
in eqn (13.7) to the spherical surface S? = SO(3)3/SO(2)j, of unit vector ñ. 
The parameter gp is connected with the dipole length €p in eqn (12.5) as gp ~ 
nsh? / mE? ~ nsM, where M is the Dirac mass of chiral fermions in the planar 
state in eqn (12.5) induced by the spin-orbit interaction. 

The ‘pion’ mass term in eqn (14.10) essentially modifies the structure of the 
spin vortex: the region where 0 deviates from the Leggett angle shrinks to the 
soliton — the planar object terminating on the spin vortex (Fig. 14.2 left). The 
closed path y around the spin vortex in Fig. 14.2 left is mapped to the contour T 
in SO(3) space of the vector n@, whose direction shows the axis of rotation, and 
the magnitude — the angle of rotation (Fig. 14.2 right). This contour I is closed 
since the pair of points Ha and —nz are identical: they correspond to the same 
matrix Rai of the *He-B order parameter in eqn (13.7). The contour T cannot 
be shrunk to a point by smooth perturbations of the system; this demonstrates 
the topological stability of the spin vortex with v = 1. 

Let us now discuss the topological stability of the soliton. On the arc y2 of the 
contour y in the region outside the soliton, the system is in the vacuum manifold 
S? determined by the minimum of eqn (14.10). This arc is thus mapped to the 
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arc T% of T along the spherical surface S$? of radius 0z. On the arc y1 crossing 
the soliton, the order parameter leaves the S? sphere and varies in the larger 
SO(3) space. For a given field configuration, yı maps to the horizontal segment 
Tı. Though the segment I is not closed, the mapping yı — I, is non-trivial: 
Tı cannot shrink to a point because of the requirement that the segment Ty 
must terminate on the sphere $? of the vacuum manifold outside the soliton. 
As a result the soliton is stable. This is an illustration of the non-triviality of 
the relative homotopy group 71(9O(3), S?) = Z2, which provides the topological 
stability of solitons in ?He-B. More on topological solitons and on the relative 
homotopy groups will be given in Sec. 16.1.2. 

The topologically similar phenomenon of cosmic walls bounded by cosmic 
strings was discussed by Hindmarsh and Kibble (1995) (see also Chapter 17). 


14.1.6 Topological confinement of spin—mass vortices 


In Sec. 14.1.4 we found that spin and mass vortices attract each other by Casimir 
forces and form a composite defect — the spin—mass vortex with nı = l and v = 1. 
Since this object contains the spin vortex, according to the results of the previous 
section 14.1.5 it has a solitonic tail. Such a topological confinenment of the linear 
defect (the mass vortex) and the planar defect (the soliton) allows us to stabilize 
the composite object under rotation. 

Two configurations containing the spin—mass vortex—soliton were experimen- 
tally observed by Kondo et al. (1992). In the first configuration (Fig. 14.1 bottom) 
two spin—mass vortices form the vortex pair, with the confining potential pro- 
duced by the tension of the soliton wall between them. The confining potential 
is proportional to the distance R between the spin—mass vortices. On the other 
hand there is a logarithmic interaction of the vortex ‘charges’: the nf” charge of 
the first vortex interacts with the nP of the second one, and the same logarith- 
mic interaction exists between the v charges of vortices. In the simplest case of 
fixed variable n the total interaction between the two spin—mass vortices is 


E(n? vn vy) — Env) — E(n®), vp) 


: h2 
=PLR-L (nnn, + vy Angin) — ie , Bw~gpg&p . (14.11) 


In the experimentally observed vortex pairs, the spin—mass vortices have charges 
(nv) = (1,1) and (n@),v®) = (1,-1). Since ns > ns? the repulsion 
of like charges nı prevails over the attraction of unlike charges v. The overall 
logarithmic repulsion of charges and the linear attractive potential due to the 
soliton produce the equilibrium distance R between spin—mass vortices in the 
molecule, which is about several ép. The molecule as a whole has topological 
charges nı = 2 and v = 0, which means that it represents the doubly quantized 
mass vortex. As a vortex, in the rotating sample it finds its position among the 
other vortices within the vortex cluster (Fig. 14.1 top). 

In the other experimental realization of the composite defect (Fig. 14.1 
left), the position of the spin—mass vortex is stabilized at the edge of the vortex 
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cluster, while the second end of the soliton is attached to the wall of the vessel. 
In this case the Magnus force acting on the mass-vortex part of the object pushes 
the vortex toward the cluster, and thus compensates the soliton tension which 
attracts the vortex to the wall of the container. The soliton cannot be unpinned 
from the wall of the vessel, since this requires nucleation of a singularity — spin 
or spin-mass vortex. In superfluid *He, processes forming singular defects are 
highly suppressed because of huge energy barriers as compared to temperature 
(see Sec. 26.3.2). 


14.2 Symmetry of defects 
14.2.1 Topology of defects vs symmetry of defects 


The first NMR measurement on rotating ?He-B by Ikkala et al. (1982) revealed a 
first order phase transition in the vortex core structure. Other transitions related 
to the change of the structure (and even topology) of the individual topological 
defects have been identified in *He-A since then, but the B-phase transition 
remains the most prominent one. The first-order phase transition line in Fig. 14.3 
separates two regions in the phase diagram. In both regions the vortex with the 
lowest energy has the same winding number n; = 1, i.e. the same topology. But 
the symmetry of the core of the vortex is different in the two regions. This was 
later experimentally verified by Kondo et al. (1991) who observed the Goldstone 
mode in the core of the vortex in the low-T part of the phase diagram. The 
Goldstone boson arises from the breaking of continuous symmetry; in a given 
case it is the axial symmetry which is spontaneously broken in the core: the 
core becomes anisotropic and the direction of the anisotropy axis is the soft 
Goldstone variable. This discovery illustrated that in ?He-B the mass vortices 
have a complex core structure, unlike in superfluid *He or conventional s-state 
superconductors, where the superfluid order parameter amplitude goes to zero 
on approaching the center of the vortex core. 

This observation required fine consideration of the vortex core structure. The 
resulting general scheme of defect classification in the ordered media, which in- 
cludes the symmetry of defects, has three major steps. The first step is the 
symmetry classification of possible homogeneous ordered media in terms of the 
broken symmetry. This actually corresponds to the enlisting of the possible sub- 
groups H of the symmetry group G. For instance, to enumerate all the possible 
crystal and liquid-crystal states, it is sufficient to find all the subgroups of the 
Euclidean group. In the case of superconductivity, where in addition the elec- 
tromagnetic U(1)g group is broken, the classification of the superconductivity 
classes in crystals was carried out by Volovik and Gor‘kov (1985). 

At the second stage, for a given broken-symmetry state, i.e. for given sym- 
metry H, the topological classification of defects is made using the topological 
properties of the vacuum manifold R = G/H. This topological classification dis- 
tributes configurations into big classes. Such a classification is too general and 
does not exhibit much information on the distribution of the order parameter 
outside or inside the core. Within a given topological class one can find many dif- 


172 VORTICES IN B-PHASE 


40 


Solid 


3He-A 


Ww 
© 


axisym- 
metric 


F 

D 3He-B vortex Normal 
5 a9 Fermi 
£ non-axisymmetric liquid 


vortex 


Dá 
© 


1 2 
Temperature (mK) 


Order parameter 


Hi 
HH : 
10.4 
x y. 


Ql|z 


3He-A in core 


Fic. 14.3. Top: Experimental phase diagram of vortex core states in ?He-B. 
Both vortices have winding number nı = 1, but the low-T vortex has bro- 
ken axisymmetry in the core which was verified by observation by Kondo et 
al. (1991) of the Goldstone mode related to broken axial symmetry. Bottom: 
Normalized amplitude of the order parameter in the core of symmetric (right) 
and asymmetric (left) vortices according to calculations by Thuneberg (1986) 
in the Ginzburg-Landau region. Note that the order parameter is nowhere 
zero. Schematic illustration of the core structure can be also found in Fig. 
14.5. 


ferent solutions, and even the phase transitions between different configurations 
with the same topological charge as in Fig. 14.3. 

Such a phase transition between the defects can also be described in terms 
of the symmetry breaking, and here it is the symmetry of the defect that is 
important. The third step is thus the fine classification of defects in terms of the 
symmetry group. 

To get an idea of how the symmetry classification of defects works, let us 
consider two examples: symmetry of the vortex in superfluid He or ?He-B (see 
the review by Salomaa and Volovik 1987); and symmetry of hedgehogs in ferro- 
magnets or, which is similar, the symmetry of the ’t Hooft—Polyakov magnetic 
monopoles in the SU(2) theory (Wilkinson and Goldhaber 1977). The symmetry 
classification of disclination lines in liquid crystals has been considered in detail 
by Balinskii et al. (1984). 


14.2.2 Symmetry of hedgehogs and monopoles 


In the homogeneous phase transition of a paramagnetic material to the ferro- 
magnetic state with spontaneous magnetization M = Mm, the G = SO(3)s 
symmetry of global spin rotations is broken to its subgroup H = SO(2) = U(1) 
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of rotations around the direction m of spontaneous magnetization. The vacuum 
manifold R = G/H = S? is the spherical surface of unit vector rh. It has non- 
trivial second homotopy group 72(S7) = Z describing hedgehogs with integer 
topological charges n2: 


no = =e f dS, M- & x =) (14.12) 


It is the winding number of mapping of the sphere o2 around the singular point 
in r-space to the 2-sphere of unit vector m. 

In the simplest model of the ’t Hooft-Polyakov magnetic monopoles, one has 
an analogous scheme of symmetry breaking G = SU(2) — H = U(1)g. This 
leads to the stable hedgehogs. Since the SU(2) group under consideration is 
local, the hedgehog represents topologically stable magnetic monopoles in the 
emerging U(1)g electrodynamics. 

To discuss the possible symmetries of hedgehogs (or magnetic monopoles) we 
must consider the phase transition from the paramagnetic state to a ferromag- 
netic state in which a single hedgehog (or magnetic monopole) is present. In the 
presence of the space-dependent texture the space itself becomes inhomogeneous 
and anisotropic, i.e. the group SO(3)z of the rotations in the coordinate space 
is broken by the hedgehog/monopole. Thus both the group SO(3)g of rotations 
in ‘isotopic’ space and the group SO(3)z of rotations in coordinate space are 
broken in the state with the defect. 

What is left? This can be seen from the simplest ansatz for the hedgehog 
with n2 = 1 far from the core, where M = Mo and m(r) = fr. This configura- 
tion has the symmetry group SO(3)L+s. Thus in the presence of the simplest 
hedgehog/monopole the symmetry-breaking scheme is 


G'= SO(3)z x SO(3)s — SO(3)s+L . (14.13) 


SO(3)L+s represents the maximum possible symmetry of the asymptote of the 
order parameter far from the core of the hedgehog/monopole. Since this sym- 
metry is the maximum possible, it can be extended to the core region. In other 
words, among all the possible solutions of the corresponding Euler-Lagrange 
equations there always exists the solution with the most symmetric configura- 
tion of the core. This spherically symmetric solution for the magnetization vector 
M (r) has the form M(r) = M (r) with M(r = 0) = 0 and M(r = œ) = Mo. 
Other degenerate solutions are obtained by rotation in spin space (in isotopic 
spin space in the case of the SU(2) ’t Hooft-Polyakov magnetic monopole). 
Though the most symmetric solutions are always the stationary points of the 
energy functional, they do not necessarily represent the local minimum of the 
energy. They can be the saddle point, and in this case the energy can be reduced 
by spontaneous breaking of the maximal symmetry SO(3)L+s. In nematic liquid 
crystals, in some region of external parameters of the system, the symmetric 
hedgehog becomes unstable. It loses the spherical symmetry and transforms, for 
example, to a small disclination loop with the same global charge ng = 1 (see 
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Lubensky et al. (1997); the book by Mineev (1998); and the book by Kleman 
and Lavrentovich (2003)). Similarly, the d-hedgehog in *He-A (Sec. 15.2.1) can 
be unstable toward the loop of the Alice string — the half-quantum vortex in 
Secs 15.3.1 and 15.3.2. Also the breaking of the maximum possible symmetry 
group can occur in the core of magnetic monopoles (Axenides et al. 1998; Bais 
2005 and references therein). 


14.2.3 Spherically symmetric objects in superfluid 3 He 


In superfluid *He the relevant symmetry group G’ for the point defects coincides 
with the group G in eqn (13.2): G’ = G. This is because the group SO(3)z 
of coordinate rotations is already included in G. The general structure of the 
spherically symmetric object in superfluid 3He, i.e. the object with the symmetry 
SO(3)L+s, is (up to a constant rotation in spin space) 


€oi(r) = a(r) (ai — Fats) + O(r) fats — E(Tr)Eaikfk , (14.14) 


where a(r), b(r) and c(r) are arbitrary functions of radial coordinate. However, 
neither the A-phase nor the B-phase have stable hedgehogs with such symme- 
try. ?He-A is too anisotropic: one cannot construct the spherically symmetric 
object which has the A-phase vacuum far from the core. One can construct the 
spherically symmetric object in the isotropic 7He-B vacuum, but such an object 
is topologically unstable in *He-B since the second homotopy group is trivial 
there, 72(Rp) = 0. However, the spin-orbit interaction modifies the B-phase 
topology at large distances and gives rise to the topologically stable hedgehog 
with the soft core of the dipole legth Ep (Sec. 14.2.5). The spherically symmetric 
hedgehog with the hard core can exist in the planar phase. The core matter 
there has a very peculiar property, so let us discuss this object. 


14.2.4 Enhanced superfluidity in the core of hedgehog. Generation of Dirac 
mass in the core 


The order parameter in the planar phase of superfluid He in eqn (7.61) is con- 
sistent with the spherically symmetric ansatz in eqn (14.14), if we choose the fol- 
lowing asymptotes far from the core: a(r = 00) = Ao, b(r = œ) = e(r = œ) = 0. 
Then one has eair —> co) = Ao(dai — fafi), which represents the spherically 
symmetric hedgehog in the planar phase. It has two discrete symmetries, space 
inversion P and time inversion T. In the most symmetric hedgehog these sym- 
metries persist in the core. Because of P symmetry the function c(r) = 0 every- 
where in the core, and due to T symmetry the other two functions are real: they 
represent the transverse and longitudinal gaps in the quasiparticle spectrum, 
a(r) = A1 (r) and b(r) = Aj (r) (Fig. 14.4 bottom center). 

The evolution of the gap in the quasiparticle spectrum in the hard core of 
coherence length € is shown in Fig. 14.4. In the center of the spherically sym- 
metric core the two gaps must coincide to prevent the discontinuity in the order 
parameter: a(r = 0) = b(r = 0). This means that the isotropic superfluid phase 
~ 3He-B ~ arises in the center of the hedgehog (Fig. 14.4 bottom left). The su- 
perfluid order parameter eai is thus nowhere zero throughout the core: the core 


SYMMETRY OF DEFECTS 175 


B-phase planar phase 


Fic. 14.4. Top: Schematic evolution of the order parameter in the hard core of 
the hedgehog in planar phase of superfluid 7He. In the center of the hedge- 
hog the isotropic B-phase appears. Bottom: Parameters a(r) = A, (r) and 
b(r) = Aj(r) in eqn (14.14) are transverse and longitudinal gaps in the quasi- 
particle spectrum. Far from the core one has a pure planar state with A) = 0 
and thus with gap nodes — the marginal Fermi points with N3 = 0 — on 
poles. In the core the gap Aj appears and fermions acquire the Dirac mass. 
Finally the order parameter develops to the isotropic 3He-B in the center of 
the hedgehog. 


matter is superfluid. This is typical for defects in systems with multi-component 
order parameter. It is not advantageous to nullify all the components of the order 
parameter simultaneously, since below Te the system prefers the superfluid state. 

Far from the core of the hedgehog, i.e. in a pure planar phase with Aj = 0, 
A, = Ao (Fig. 14.4 bottom right), the energy spectrum has two Fermi points 
in the directions parallel and antiparallel to the radius vector, p“ = +ppé. 
Quasiparticles in the vicinity of nodes are massless ‘Dirac’ fermions (see Sec. 
12.1). Since the Fermi points in the planar phase are marginal, perturbations 
caused by the inhomogeneity of the order parameter in the core destroy the 
Fermi points, and fermions become massive. The gap — the Dirac mass M = A] 
in eqn (7.64) — gradually appears in the core region. Deeper in the core the order 
parameter develops into the isotropic *He-B in the center of the hedgehog, and 
the fully gapped fermionic spectrum becomes isotropic. This is just the opposite 
of the common wisdom according to which the massive fermions in the bulk 
become massless in the core of defect. The system here naturally prefers to have 
the isotropic superfluid state in the core with massive fermions, rather than the 
isotropic normal state with massless fermions. 
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14.2.5 Continuous hedgehog in B-phase 

The spherically symmetric object (obeying eqn (14.14)) can be stabilized in 3He- 
B by the spin-orbit interaction in eqn (14.10), which tries to fix the angle 8 in 
the rotation matrix Ro:(ñ,0) in eqn (13.7) at the magic value cosg = —1/4 
(the Leggett angle). The axis of rotation n is not fixed by this interaction, that 
is why the vacuum manifold reduced by the spin-orbit interaction becomes R = 
S? x U(1), where S? is the sphere of unit vector ñ. It has a non-trivial second 
homotopy group 72(R) = Z, and thus there are hedgehogs in the field of rotation 
axis ñ. The most symmetric hedgehog with the winding number ñ = 1 has û =f 
and the following structure of the core consistent with eqn (14.14): 


Railr) = bai cos O(r) + (1 — cos 0(r)) fafi — Eaikfk sin O(r) . (14.15) 


It has the soft core within which the spin-orbit interaction is not saturated, 
and @ deviates from its magic value. At the origin one has (r = 0) = 0, which 
means that the sphere S? shriks to the point, and the symmetry broken in the 
bulk is restored in the core in agreement with common wisdom. The size of the 
soft core of this hedgehog is on order of the dipole length £p, i.e.it has the same 
size as the thickness of the soliton in Fig. 14.2. 


14.2.6 Symmetry of vortices: continuous symmetry 


From the above examples we can see that the symmetry classification of defects 
is based on the symmetry-breaking scheme of the transition from the normal 
state to the ordered state with a given type of defect (point, line or wall). The 
initial large symmetry group G is extended to the group G’ = G x SO(3)z to 
include the space rotation. One must look for those subgroups of the group G’ 
which are consistent with (i) the geometry of defect; (ii) the symmetry group 
H of the superfluid phase far from the core; and (iii) the topological charge of 
the defect. For each maximum symmetry subgroup there is a stationary solution 
for the order parameter everywhere in space including the core of defect. The 
phase transition in the core can occur as the spontaneous breaking of one of 
the maximal symmetries, or as the first-order transitions between core states 
corresponding to different maximum symmetry subgroups. 

Let us now turn to the symmetry of linear defects. We shall start with vortices 
in superfluid He, whose order parameter is a complex scalar Y = |Wle’®. In 
the homogeneous phase transition of normal liquid *He to the superfluid state, 
the U(1) symmetry is broken completely, while the system remains invariant 
under space rotations SO(3),. The symmetry-breaking pattern is different if one 
considers the transition from the normal liquid 4He to the superfluid state with 
one vortex line. In this case the group SO(3)z must be broken too, since the 
direction of the vortex line appears as the axis of spontaneous anisotropy. One 
can easily find out what the rest symmetry of the system is by inspection of the 
asymptote of the order parameter Y far from the vortex with winding number 
nı: 

U(p — œ, ¢) x e'™? . (14.16) 
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One finds that the symmetry-breaking scheme is now 
G’ = U(1)n x SO(3)_L > H = U(1)Q - (14.17) 


Here the remaining symmetry U(1)g is the symmetry of the order parameter in 
eqn (14.16). It is rotation by angle 6, which transforms ¢ —> ¢+ 6, accompanied 
by the global phase rotation 6 — ®+ a, with a = —n 0. The generator of such 
U(1)Q transformations is 

Q=L,—mN. (14.18) 


Vortices with the symmetry U(1)g are axisymmetric, since according to this 
symmetry the modulus of the order parameter || does not depend on ¢: from the 
symmetry condition Q|V| = 0 it follows that 0,|V| = iL,|V| = i(L, —nN)|V| = 
iQ|V| = 0. 

For the s-wave superconductors, as well as for superfluid *He, the order para- 
meter corresponds to the vev of the annihilation operator of two particles. Thus 
the corresponding scalar order parameter in s-wave superconductors, W, trans- 
forms under (global) gauge transformation generated by N as V > We?!*. That 
is why the generator Q of the axial symmetry in eqn (14.18) must be modified 
to 

ran bee SN (14.19) 

The phase transition into the vortex state has the same pattern of the sym- 
metry breaking as the phase transition from normal *He to the homogeneous 
3He-A in eqn (7.53), if we are interested only in the orbital part of the order 
parameter in 3He-A. Thus the homogeneous ?He-A corresponds to the vortex 
in s-wave superfluid with winding number nı = 1, while the Î-vector of 3He-A 
corresponds to the direction of the vortex axis. This suggests also that the total 
angular momentum of both systems, the homogeneous *He-A and nı = 1 vortex 
in s-wave superfluid (or in *He-B), is the same, with h/2 per particle (see the 
discussion of the orbital angular momentum in ?He-A in Sec. 20.2). 

The same symmetry-breaking scheme occurs in electroweak transitions, where 
the generator Q is the electric charge (Secs 12.2 and 15.1.2). 


14.2.7 Symmetry of vortices: discrete symmetry 


There are also two discrete symmetries of the order parameter in eqn (14.16). One 
of them is the parity P, which transforms ¢ —> $+ 7 (for odd nı this operation 
must be accompanied by gauge transformation from U(1)y). The time reversal 
operation T transforms the order parameter to its complex conjugate, i.e. the 
phase ® changes sign: T@ = —®. This means that the time reversal symmetry 
is broken by the vortex. However, the combined symmetry TUə is retained, 
where U% is rotation by m about the axis perpendicular to the vortex axis. Since 
Uod = —¢ this compensates the complex conjugation. 

U(1)g x P x TU% is the maximum possible symmetry of the vortex with 
winding number nı. This means that one can always find the solution where this 
symmetry is extended to the core region. This does not mean that the solution 
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Fic. 14.5. Schematic illustration of the core structure of B-phase vortices with 
nı = 1. The most symmetric vortex core state with vanishing order parameter 
(top left) is never realized in ?He-B. The vortex with the A-phase core (top 
right) is realized in the high-T part of the phase diagram in Fig. 14.3. Fermi 
points arising in the core of this vortex are shown in Fig. 23.4 bottom. The 
vortex with asymmetric core (bottom), which can be represented as a pair of 
half-quantum vortices, is realized in the low-T part of the phase diagram in 
Fig. 14.3. 


with the symmetric core is the local minimum of the energy: it can be the saddle 
point and the energy can be reduced by spontaneous breaking of P, TU2 or even 
continuous Q-symmetry. 


14.3 Broken symmetry in B-phase vortex core 
14.3.1 Most symmetric vortex and its instability 


The simplest possible vortex with nı = 1 in *He-B is, of course, the most sym- 
metric mass vortex, i.e. the vortex whose order parameter distribution has the 
same maximum symmetry as the asymptote: 


Hmax = U(1)ọ x Px TU, , Q=J,- SN „J=, +S, . (14.20) 
For the maximum symmetric vortex with nı = 1, the symmetry requires that all 
the order parameter components become zero on the vortex axis as is illustrated 
in Fig. 14.5 top left; actually the most symmetric vortex in *He-B is somewhat 
more complicated than in the figure: it has three non-zero components, but all 
of them behave in the same manner as in Fig. 14.5 top left; the details can be 
found in the review by Salomaa and Volovik (1987). 

Though the maximum symmetric vortex necessarily represents the solution 
of, say, Ginzburg-Landau equations, it is never realized in ?He-B. The corre- 
sponding solution represents the saddle point of thr Ginzburg-Landau free en- 
ergy functional, rather than a local minimum. It is energetically favorable to 
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break the symmetry in order to escape the vanishing of the superfluidity in the 
vortex core. This is actually a typical situation for superfluids/superconductors 
with a multi-component order parameter: the superfluid/superconductor does 
not tolerate a full suppression of the superfluid fraction in the core, if there is a 
possibility to escape this by filling the core with other components of the order 
parameter. 

In *He-B there are two structures of the vortex with the same asymptote 
of the order parameter as the maximum symmetric vortex, but with broken 
symmetry in the vortex core. These are the vortex with ferromagnetic core in 
the higher-T region of the phase diagram in Fig. 14.3 and the non-axisymmetric 
vortex in the lower-T region. 


14.3.2 Ferromagnetic core with broken parity 


In the region of the 3He-B phase diagram, which has a border line with ?He- 
A, the neighborhood (proximity) of the 3He-A is felt: the core of the nı = 1 
vortex there is filled by the A-phase order parameter components (Fig. 14.5 top 
right). This vortex structure is doubly degenerate: the vortex with opposite sign 
of the A-phase order parameter in the core has the same energy. This reflects the 
broken discrete Z2 symmetry. In a given case parities P and TU% are broken in 
the core of the ?He-B vortex while their combination PTUs persists (see details 
in the review paper by Salomaa and Volovik 1987). 

The core of this 3He-B vortex displays the orbital ferromagnetism of the A- 
phase component, and in addition there is a ferromagnetic polarization of spins 
in the core (Salomaa and Volovik 1983). This core ferromagnetism was observed 
by Hakonen et al. (19836) in NMR experiments as the gyromagnetism of the 
rotating liquid mediated by quantized vortices: rotation of the cryostat produces 
the cluster of vortices with ferromagnetically oriented spin magnetic momenta of 
their cores. This net magnetic moment interacts with the external magnetic field, 
which leads to the dependence of the NMR line shape on the sense of rotation 
with respect to the magnetic field. 

Similar, but antiferromagnetic, cores have been discussed for vortices in high- 
Te superconductors within the popular SO(5) model for the coexistence of super- 
conductivity and antiferromagnetism (for the SO(5) model see e.g. Mortensen et 
al. (2000) and references therein). It has been shown by Arovas et al. (1997) and 
Alama et al. (1999) that in the Ginzburg-Landau regime, in certain regions of 
the parameter values, a solution corresponding to the conventional vortex core 
is unstable with respect to that with the antiferromagnetic core. 


14.3.3 Double-core vortex as Witten superconducting string 


On the other side of the phase transition line in Fig. 14.3, the B-phase vor- 
tices have non-axisymmetric cores, i.e. the axial U(1)g symmetry in eqn (14.20) 
is spontaneously broken in the core (Fig. 14.5 bottom right). This was demon- 
strated in experiments by Kondo et al. (1991) and calculations in the Ginzburg- 
Landau region by Volovik and Salomaa (1985), Thuneberg (1986) and Salomaa 
and Volovik (1986). The core with broken rotational symmetry can be considered 
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as a pair of half-quantum vortices, connected by a non-topological soliton wall 
(Thuneberg 1986, 1987); Salomaa and Volovik 1986, 1988, 1989). The separa- 
tion of the half-quantum vortices increases with decreasing pressure and thus the 
double-core structure is most pronounced at zero pressure (Volovik 19906). This 
is similar to the half-quantum vortices in momentum space in Fig. 8.8 connected 
by the non-topological fermionic condensate. 

Related phenomena are also possible in superconductors. The splitting of the 
vortex core into a pair of half-quantum vortices confined by the non-topological 
soliton has been discussed in heavy-fermionic superconductors by Luck’yanchuk 
and Zhitomirsky (1995) and Zhitomirsky (1995). In fact a vortex core splitting 
may have been observed in high-T, superconductors (Hoogenboom et al. 2000). 
The observed double core was interpreted as tunneling of a vortex between two 
neighboring sites in the potential wells created by impurities. However, the phe- 
nomenon can also be explained in terms of vortex core splitting (Hlubina 2008). 


In the physics of cosmic strings, an analogous breaking of continuous sym- 
metry in the core was first discussed by Witten (1985), who considered the 
spontaneous breaking of the electromagnetic gauge symmetry U(1)g. Since the 
same symmetry group is broken in condensed matter superconductors, one can 
say that in the core of the cosmic string there appears the superconductivity of 
the electric charges, hence the name ‘superconducting cosmic strings’. For the 
closed string loop one can have quantization of magnetic flux inside the loop pro- 
vided by the electric supercurrent along the string. In a sense, a superconducting 
cosmic string is analogous to a closed superconducting wire, where the phase of 
the order parameter ® changes by 271. The instability toward the breaking of 
the U(1)g symmetry in the string core can be triggered, for example, by fermion 
zero modes in the core of cosmic strings as was found by Naculich (1995). Ac- 
cording to Makhlin and Volovik (1995) the same mechanism can take place in 
condensed matter vortices too. 


14.3.4 Vorton - closed loop of the vortex with twisted core 


For the *He-B vortices, the spontaneous breaking of the U(1)g symmetry (eqn 
(14.20)) in the core leads to the Goldstone bosons — the mode in which the 
degeneracy parameter, the axis of anisotropy of the vortex core, is oscillating. 
The vibrational Goldstone mode is excited by a special type of B-phase NMR 
mode, called homogeneously precessing domain, in which the magnetization of 
the ?He-B precesses coherently. In experiments by Kondo et al. (1991) it was 
possible also to rotate the core around its axis with constant angular velocity, 
and in addition, since the core was pinned on the top and the bottom of the 
container, it was possible even to screw the core (Fig. 14.6). Since the Goldstone 
field a — the angle of the anisotropy axis — has a gradient Va along the string, 
such a twisted core corresponds to the Witten superconducting string with the 
supercurrent along the core. 

If the vortex line with the twisted core is closed, one obtains the analog of 
the string loop with the quantized supercurrent along the loop. Such a closed 
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Fic. 14.6. Twisted core of non-axisymmetric vortex in 7He-B. The gradient of 
the Goldstone field Va along the string corresponds to the superconduct- 
ing current along the superconducting cosmic string. The closed loop of the 
twisted vortex is called the vorton. 


cosmic string, if it can be made energetically stable, is called a vorton (see Carter 
and Davis 2000). The stability can be provided by conservation of the winding 
number n of the phase of the superconducting order parameter along the loop. 
When the loop is shrinking due to the string tension, the conservation of n leads 
to an increase of supercurrent and its energy. This opposes the string tension 
and can even stabilize the loop if the parameters of the system are favorable. 
Vortons can have cosmological implications, since they can survive after creation 
during the cosmological phase transition. 
Estimates show that in ?He-B vortons cannot be stabilized. 


15 


SYMMETRY BREAKING IN *He-A AND SINGULAR 
VORTICES 


15.1 %He-A and analogous phases in high-energy physics 
15.1.1 Broken symmetry 


In the phase transition from the normal liquid *He to the A-phase of *He, the 
symmetry G in eqn (13.2) is broken to the following subgroup: 


Ha = U(1)g, x U(1)t, -4N x Zo. (15.1) 
We recall that the vacuum state corresponding to this residual symmetry is 
el) = Anba(ai + iĝi) , (15.2) 


while the general form of the degenerate states, obtained by action of the sym- 
metry group G, is 7 

Cai = Aoda (fu + ifi) i (15.3) 
The SO(3)s group of spin rotations is broken to its U(1)s, subgroup: these are 
spin rotations about axis d, which do not change the order parameter. The other 
two groups are broken in the way it happens in the Standard Model. We also 
explicitly introduce the discrete Z2 symmetry P (7.56), which plays the role of the 
parity in the effective theory. This symmetry is important for the classification 
of the topological defects. 


15.1.2 Connection with electroweak phase transition 


The group of orbital rotations and the global U(1)n group are broken to their 
diagonal subgroup 
SO(3)z x U(L)w > U(1)r, -4N - (15.4) 


The vacuum state in eqn (15.3) remains invariant under the orbital rotation 
SO(2),. about axis Î = rh x ñ if it is accompanied by the proper global trans- 
formation from the U(1)n group. The Î-vector marks the direction of the spon- 
taneous orbital momentum (vac|L|vac) in the broken-symmetry state. 

A very similar symmetry-breaking pattern occurs in the Standard Model of 
the electroweak interactions 


SU(2)L x U(1)y ar U(1)Q j (15.5) 


where SU(2)z is the group of the weak isotopic rotations with the generator 
T; Y is the hypercharge; and Q = T3 + Y is the generator of electric charge in 
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the remaining electromagnetic symmetry (see Sec. 12.2; note that in standard 
notations the hypercharge Y is two times larger and thus the electric charge 
has the form Q = T3 + (1/2)Y, which makes the analogy even closer). In this 
analogy the Lvector corresponds to the direction of the spontaneous isotopic spin 
(vac|T|vac) in the broken-symmetry state. 

The Higgs field in the electroweak model, which is the counterpart of the 
orbital vector m+ in of the order parameter in ?He-A, is the spinor 


bw = (Bi) (15.6) 


which is normalized by ®1,,®ew = |1|? + |¢2|? = 72/2 in the vacuum where 
New ~ 250 GeV. The amplitude of the order parameter is 18 orders of magnitude 
larger than the corresponding Ao ~ 1077 eV in ?He-A. The L-vector, i.e. the 
direction of spontaneous isotopic spin (vac|T|vac), is given by 


z pi rË 
Lge t 15.7 


where 7 are the Pauli matrices in the isotopic space. Isotopic rotation about low 
together with the proper U(1)y transformation induced by the hypercharge op- 
erator, is the remaining electromagnetic symmetry U (1)r,+y/2 of the electroweak 
vacuum in the broken-symmetry state. This can be seen using the simplest rep- 
resentation of the order parameter, in which only the component with the isospin 
projection T3 = —1/2 on the Îew-vector is present: 


tay) 2 (15.8) 


This form can be obtained from the general eqn (15.6) by SU(2) rotations. It is 
invariant under U(1)y gauge transformation ® > Pet% , if it is accompanied by 
rotation ® + @e?!Ts%, 

This spinor Higgs field is also very similar to the order parameter of 2- 
component Bose-Einstein condensate in laser-manipulated traps (see Sec. 16.2.2). 


15.1.3 Discrete symmetry and vacuum manifold 


The residual Z symmetry P in eqn (15.1) plays an important role in 3He-A. 
It is this symmetry which couples two fermionic species living in the vicinity of 
the doubly degenerate Fermi point and gives rise to the effective SU(2) gauge 
field in Sec. 9.3.1. In the world of topological defects, the P symmetry leads to 
exotic half-quantum vortices. Let us recall that according to eqn (7.56), P is the 
symmetry of the vacuum under spin rotation by 7 about an axis perpendicular 
to d combined with the orbital rotation about 1 by T. 
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The vacuum manifold of *He-A can be found as the factor space 
Ra = G/Ha = (SO(8) x S$?) /Z2 . (15.9) 


It consists of the sphere S? of unit vector d, and of the space SO(3) of solid 
rotations of m and f vectors. The symmetry P identifies on $? x SO(3) the 
pairs of points d, m+ in and —d, —(m + in). 


15.2 Singular defects in ?He-A 
15.2.1 Hedgehog in ° He-A and ’t Hooft-Polyakov magnetic monopole 
The A-phase manifold in eqn (15.9) has non-trivial homotopy groups 


1(G/Ha) = mı ((SO(3) x S?)/Z2) = Za, 2(G/Ha) =Z . (15.10) 


Now the second homotopy group is non-trivial. It comes from the sphere $ 2 of 
unit vector d. The winding number of the mapping of the spherical surface o2 
around the hedgehog to S? provides integer topological charge nz in eqn (14.12) 


now describing topologically stable hedgehogs in the field of unit vector d: 


To 2% a ad od 
ijk 3 
Nn = oe e f dS; d ( 7 x 2) ; (15.11) 


The simplest hedgehogs with the winding number ng = +1 are given by radial 
distributions: d = +ĉ. Note that the P symmetry transforms d to —d, and thus 
in the P-symmetric vacuum point defects with ng = +1 are equivalent. Indeed 
they can be transformed to each other by circling around the Alice string (see 
below, Sec. 15.3.2). 

Let us recall now that there are two types of analogies between ?He-A and 
the Standard Model; they correspond to the GUT and anti-GUT schemes. The 
anti-GUT analogy is based on p-space topology, where the common property 
is the existence of Fermi points leading to RQFT in the low-energy corner of 
3He-A. In this analogy, the d-vector plays the role of the quantization axis for 
the weak isospin of quasiparticles. Quasiparticles in eqn (9.1) with ‘isospin’ pro- 
jection 1/2(o"d,) = +1/2 and —1/2 correspond to the left neutrino and left 
electron respectively (Sec. 9.1.5). Thus the d-hedgehog presents the ?He-A real- 
ization of the original ’t Hooft—Polyakov magnetic monopole arising within the 
symmetry-breaking scheme SU(2) — U(1). This monopole has no Dirac string: 
the d-hedgehog is an isolated point object (Fig. 17.2 bottom left). As in nemat- 
ics (Lubensky et al. 1997; Mineev 1998; Kleman and Lavrentovich 2003), the 
d-hedgehog in ?He-A can be transformed into the loop of the Alice string - 
the half-quantum vortex in Secs 15.3.1 and 15.3.2. On similar deformation of 
magnetic monopole see Bais (2005) and reference therein. 

Another type of analogy is based on the GUT scheme. It exploits the simi- 
larity in broken-symmetry patterns, SU (2)z x U(1)y — U(1)g in the Standard 
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Model and SO(3)z x U(1)n > U(1)z,-ny2 in the orbital part of *He-A, which 
leads to similar r-space topology of defects. In this analogy, it is now the L 
vector which corresponds to the quantization axis lew of the weak isospin in 
the Standard Model. There are no isolated point defects in the Lfield, since the 
corresponding second homotopy group is trivial: 72(SU(2), x U(1)y/U(1)a) = 
Tə(SO(3)z x U(1)w/U(1)1.—N 2) = 0. The hedgehog in the Î-field is always the 
termination point of the physical string playing the part of the Dirac strings. 
In the Standard Model it is called the electroweak magnetic monopole (Fig. 17.2 
bottom right). In Sec. 17.1 we shall discuss different types of monopoles. 


15.2.2 Pure mass vortices 


The fundamental homotopy group 71(G/Ha) contains four elements, i.e. there 
are four topologically distinct classes of linear defects in *He-A. Each can be 
described by the topological charge which takes only four values, chosen to be 
0, 1/2 and 1 with summation modulo 2 (i.e. 1+1=0). We denote this charge 
as nı, according to the circulation winding number of the simplest vortex rep- 
resentatives of these topological classes. Defects with nı = +1/2 represent the 
fractional vortices — half-quantum vortices (Volovik and Mineev 19766; Cross 
and Brinkman 1977) also called the Alice strings (Sec. 15.3.1 below). 

Let us start with the simplest representatives of classes ny = 1 and nı = 
2 = 0. Let us first fix the vector 1 along the axis of the vortex, and also fix the 
d-vector. Then the only remaining degree of freedom is the rotation of m and 
fA around | which is equivalent to the phase rotation of group U(1)y. Under 
this constraint the defects are pure mass vortices with integer winding number 
nı and with the following structure of the orbital part of the order parameter 
outside the core: 


m+ in = e'™ (+ iy) . (15.12) 
The circulation of superfluid velocity around such a vortex is $ dr - Vs = Koni, 
where the superfluid velocity vs = (Ko/2m)m'VA* = (nıko/2r)ĝ, and the ele- 
mentary circulation quantum is ko = 2rħ/(2m). We must keep in mind that 
circulation is quantized here only because we have chosen the fixed orientation 
of the Î-vector: 1 = %. For the general distribution of the Lfield, the vorticity 
can be continuous according to the Mermin—Ho relation in eqn (9.17), and thus 
circulation is not quantized in general. 

Now let us allow the Î-field to vary. Then one finds that for vortices with even 
nı in eqn (15.12) the singularity in their cores can be continuously washed out. 
This is because they all belong to the same class as homogeneous state nı = 0. 
As a result one obtains the continuous textures of the Lfield with distributed 
vorticity, which we shall discuss later on in Chapter 16. 

Mass vortices with odd nı in eqn (15.12) all belong to the same class as 
the mass vortex with nı = 1. They can continuously transform to each other, 
but they always have the singular core, where the order parameter leaves the 
vacuum manifold of 3He-A. The simplest of the strings of this class is the pure 
mass vortex with nı = 1 circulation quanta. However, it is not the defect with 
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the lowest energy within the class nı = 1. Let us consider other defects of the 
class nı = 1, the disclinations. 


15.2.3 Disclination — antigravitating string 


The linear defect of the class nı = 1, which will be discussed in Sec. 30.2 as 
an analog of an antigravitating cosmic string, has the following structure (Fig. 
30.1). Around this defect one of the two orbital vectors, say i, remains constant, 
nh = Z, while the m-vector is rotating by 27: 


m(r)=¢, I(r) = Mr) x ñ = ô. (15.13) 


Here, as before, z, p, ¢ are the cylindrical coordinates with the axis z being along 
the defect line. There is no circulation of superfluid velocity around this defect, 
since vs = (Ko /2)rn'Vi' = 0, while the field of anisotropy axis Î is reminiscent of 
defects in nematic liquid crystals, where such defect lines are called disclinations. 
Equation (15.13) describes radial disclination, i.e. with radial distribution of the 
anisotropy axis. Tangential disclination, with mm(r) = —ô and I(r) = 4, is also 
the configuration which belongs to the class nı = 1 of linear defects. 

The linear defect which has minimal energy within the class nı = 1 and was 
observed experimentally by Parts et al. (1995a) has a more complicated onion 
structure. It is the mass vortex at large distances, the vortex texture in the soft 
core and approaches the structure of the disclination near the hard core. 


15.2.4 Singular doubly quantized vortex vs electroweak Z-string 


The pure vortex with phase winding nı = 2 (as well as with any other even nı) 
belongs to the topologically trivial class: it is topologically unstable and can be 
continuously unwound. This vortex can be compared to the electroweak strings. 
The electroweak vacuum manifold in the broken-symmetry state 


Rew = (SU(2)z x Uy) /U (ney = SU(2) , (15.14) 


does not support any topologically non-trivial linear defects, since it has trivial 
fundamental homotopy group: 71(Rew) = 0. However, there exist solutions of the 
Yang—Mills—Higgs equation which describe non-topological vortices with integer 
winding number. These are Nielsen—Olesen (1973) strings. An example of such a 
string in the Standard Model is the Z-strings in Fig. 15.1, in which the isotopic 
spin lew is uniform and directed along the string axis: 


Bowl) = £10) (fu) - (15.15) 


The order parameter exhibits the 47 rotation in isotopic space when circling 
around the core, and this is equivalent to the 4r winding around the singular 
vortices in ?He-A with nı = 2. Both 47 defects, the Z-string and the mass vortex 
with nı = 2 in 3He-A, are topologically unstable. They can either completely or 
partially transform to a continuous texture. In case of partial transformation one 
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obtains a piece of defect line terminating on a point defect -— the electroweak 
monopole which we shall discuss in Sec. 17.1. In spite of the topological insta- 
bility, the Z-string and the nı = 2 vortex can be stabilized energetically under 
favorable conditions. 

Another realization of the topologically unstable defect in ?He-A is the 47 
disclination in the Î field: 


Cai = AA ĉa (ĉi + ilêĉi co8 26 + Gj sin 2¢)) , li = ĝi cos 2ġ — 4; sin2¢. (15.16) 


Its Lfield corresponds to the W-string solution in the electroweak model (Volovik 
and Vachaspati 1996). 

There is, however, an important difference between vortices in 7He-A and 
in the Standard Model, which follows from the fact that the relevant symmetry 
groups are global in 3He-A and local in the Standard Model. That is why the 
gauge field is instrumental for the structure of strings in the Standard Model, 
in the same way as the coupling with magnetic field is important for Abrikosov 
vortices in superconductors. Let us now compare the Nielsen—Olesen string and 
Abrikosov vortex. 


15.2.5 Nielsen—Olesen string vs Abrikosov vortex 


Superconductivity is the superfluidity of electric charge which interacts with 
the electromagnetic field — the U(1)g gauge field. The gauge field screens the 
electric current due to the Meissner effect. In superconductors, the corresponding 
vortex with nı = 1 is the Abrikosov vortex (Abrikosov 1957). It is shown in 
Fig. 15.1 top right for a type-2 superconductor where the screening length of 
magnetic field called the London penetration length is larger than the coherence 
length determining the core size: A > €. The magnetic flux carried by Abrikisov 
vortex is concentrated in the region p ~ X. At p > A the electric current j = 
ens (vs — — A) circulating around the vortex decays exponentially. Then the 


total magnetic flux trapped by the Abrikosov vortex with nı winding number is 


o= fas-B= far A= f drivs =m = Bop. (15.17) 
e 2e 2 

Here we introduce the flux quantum ®o = hc/e which coincides with the mag- 
netic flux from the Dirac magnetic monopole; the conventional Abrikosov vortex 
with nı = 1 traps half of this quantum. 

The same structure (Fig. 15.1 top left) with two coaxial cores of dimensions 
€ and X characterizes the local cosmic strings — Nielsen—Olesen vortices (Nielsen 
and Olesen 1973). The penetration length of the corresponding gauge field, say, of 
the hypermagnetic field, is determined by the inverse mass of the corresponding 
gauge boson, say the Z-boson: A = hic/Mz. The healing length of the order 
parameter — the Higgs field — is determined by the inverse mass of the Higgs 
boson: € = fic/My. 

In both structures the order parameter is suppressed in the core of size £. 
In superconductors, the gap in the spectrum of Bogoliubov quasiparticles is 
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Fic. 15.1. Singular vortex and cosmic string. Top: The Abrikosov vortex in a 
superconductor (Abrikosov 1957) is the analog of the Nielsen—Olesen (1973) 
cosmic string. The role of the penetration length is played by the inverse 
mass of the Z-boson. If A >> £, the core size, within the region of dimension 
A the Abrikosov vortex has the same distribution of the current as the vortex 
in neutral superfluids, such as ?He-B, where the circulation of the superfluid 
velocity is quantized. At p >> A the current is screened by the magnetic field 
concentrated in the region p < A. Bottom: Masses of quarks and the gap of 
quasiparticles in superconductors, are suppressed in the vortex core. The core 
serves as a potential well for fermions which are bound in the vortex forming 
fermion zero modes. 


proportional to the order parameter and thus vanishes on the vortex axis. This 
leads to fermion zero modes — bound states of quasiparticles in the potential well 
produced by the gap profile in the core of a vortex (Fig. 15.1 bottom) which will 
be discussed in Chapter 23. In the Standard Model, masses of quarks and leptons 
are also proportional to the order parameter (Higgs field #2 in eqn (15.15)), and 
thus also vanish on the string axis leading to fermion zero modes in the core of 
the cosmic string. 
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Thus the physics of vortices is in many respect the same for different superflu- 
ids, whose non-dissipative supercurrents carry mass, spin and electric charge in 
condensed matter systems, and chiral, color, baryonic, hyper- and other charges 
in high-energy physics. 


15.3 Fractional vorticity and fractional flux 
15.3.1 Half-quantum vortex in 3 He-A 
The asymptotic form of the order parameter in vortices with fractional circula- 


tion numbers nı = +1/2 (or, simply, half-quantum vortices) is given by 
eaj = Ao e**?/7do(#; + iĝ) , d= cos 2 +ysin 7 (15.18) 


On circumnavigating such a vortex, the vector d changes its direction to the 
opposite (Fig. 15.2 left). The change of sign of the order parameter in eqn (15.18) 
is compensated by the winding of the phase around the string by m or —7. The 
latter means that the winding number of the vortex is nı = +1/2, i.e. the 
circulation $ vs - dr = nınħ/m of the superfluid velocity around this string is 
one-half of the circulation quantum «xo = 7h/m. It is the half-quantum vortex. 

In a sense, the half-quantum vortex is the composite defect: the nı = 1/2 
mass vortex is accompanied by the v = 1/2 vortex in the d-field. Together 
they form the spin—mass vortex similar to that in 7He-B (Sec. 14.1.4), with one 
important difference. In ?He-B, the mass vortex with nı = 1 and the spin vortex 
with v = 1 ‘live in two different worlds’ and interact through the Casimir forces. 
In ?He-A, the nı = 1/2 mass vortex and v = 1/2 spin vortex also ‘live in two 
different worlds’: they are described by non-interacting fields (ñ + in) and à 
correspondingly. If mm + in = ($ + ty)e’® and d = cos 0 +¥ sin, the gradient 
energy is the sum of the energies of ®- and 6-fields in the same manner as in 
3He-B: 


2 


ELondon = 8 (ns(V®)? + nP” (V0)?) 7 (15.19) 


m 
But, the important distinction from ?He-B is that here the two defects are con- 
fined topologically: half-quantum vortices in ®- and 6-fields cannot exist as 
separate isolated entities. The continuity of the vacuum order parameter around 
the defect requires that they must always have a common core. 

The p-space analogs of fractional defects with the common core have been 
discussed in secs 8.1.7 and 12.2.3 where a (quasi)particle was considered as a 
product of the spinon and holon. 

As the spin—mass vortex in ?He-B (Sec. 14.1.5), the half-quantum spin—mass 
vortex in ?He-A becomes the termination line of the topological Z2-solitons when 
the symmetry violating spin-orbit interaction is turned on (see Sec. 16.1.1, Fig. 
16.1). This property will allow identification of this object in future experiments. 


15.3.2 Alice string 


The nı = 1/2 vortex in Sec. 15.3.1 is the counterpart of Alice strings considered 
in particle physics by Schwarz (1982). The motion of the ‘matter’ around such a 
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Fic. 15.2. Alice string in ?He-A and in some RQFT. Left: The axis d determin- 
ing quantization of spin, charge or other quantum number changes direction 
to the opposite around the Alice string. This means that if a particle slowly 
moves around a half-quantum vortex, it flips its spin, charge, parity, etc., 
depending on the type of Alice string. Right: A person traveling around such 
an Alice string can annihilate with the person who did not follow this topo- 
logically non-trivial route. 


string has unexpected consequences. In nematic liquid crystals, the ‘monopole’ 
(the hedgehog) that moves around the nı = 1/2 disclination line transforms 
to the anti-monopole; the same occurs for the 73He-A monopoles: the hedgehog 
in the d-field with the topological charge ng = +1 in eqn (15.11) transforms 
to the anti-hedgehog with nz = —1 (Volovik and Mineev 1977). Similarly, in 
some models of RQFT, a particle that moves around an Alice string (Fig. 15.2) 
continuously flips its charge, or parity, or enters the ‘shadow’ world (Schwarz 
1982; Schwarz and Tyupkin 1982; Silagadze 2001; Foot and Silagadze 2001). 

Let us consider such a flip of the quantum number in an example of a macro- 
scopic body with a spin magnetization M immersed in ?He-A. Since d is the vec- 
tor of magnetic anisotropy in 3He-A, the magnetization of the object is aligned 
with d due to the interaction term —(M - d)?. When this body slowly moves 
around a half-quantum vortex, its magnetization follows the direction of the 
anisotropy axis. Finally, after the body makes the complete circle, it will find 
that its magnetization is reversed with respect to the magnetization of those 
objects which did not follow the topologically non-trivial route. In this example, 
the d-vector is the spin quantization axis, that is why the object flips its U(1)s. 
charge — the spin. In the same manner the electric or the topological charges are 
reversed around the corresponding Alice string. 

There are several non-trivial quantum mechanical phenomena related to the 
flip of a quantum number around an Alice string. In particular, this leads to the 
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Aharonov-Bohm effect experienced by some collective modes in the presence 
of a half-quantum vortex (Khazan 1985; Salomaa and Volovik 1987; Davis and 
Martin 1994). 

Using the closed loop of the corresponding Alice string, one can produce the 
baryonic charge (or other charges) from the vacuum by creating the baryon- 
antibaryon pair and forcing the antibaryon to move through the loop. In this 
way the antibaryon transforms to the baryon, and one gains the double baryonic 
(and/or electric) charge from the vacuum. The baryonic charge is not conserved 
in this process. But the electric charge must be conserved, which implies that 
in this process the loop of the Alice string acquires the opposite electric charge 
distributed along the string — the so-called Cheshire charge (Alford et al. 1990; 
Bais 2005). 


15.3.3 Fractional flux in chiral superconductor 


In ?He-A the fractional vorticity is still to be observed (Kee and Maki (2007) 
suggested that half-quantum vortices may have been observed in experiment by 
Yamashita et al. (2006) on 3He-A confined between parallel plates — geometry 
proposed by Cross and Brinkman (1977)). However, discussion of the fractional 
vorticity extended to unconventional superconductivity led to predictions of half- 
quantum vortices in superconductors (Geshkenbein et al. 1987); and finally such 
a vortex was discovered by Kirtley et al. (1996). It was topologically pinned by 
the intersection line of three grain boundary planes in a thin film of a cuprate 
superconductor, YBagCu307_5 (see Sec. 15.3.4). 

In unconventional superconductors, the U(1)g gauge symmetry is broken 
together with some symmetry of the underlying crystal, which is why the crys- 
talline structure of the superconductor becomes important. Let us first start with 
the axial or chiral superconductor, whose order parameter structure is similar 
to that in ?He-A. The possible candidate is the superconductivity in SrəRu04, 
whose crystal structure has tetragonal symmetry. In the simplest representation, 
the ?He-A order parameter — the off-diagonal element in eqn (7.57) — adapted 
to the crystals with tetragonal symmetry has the following form: 


A(p) = Ao (d- a) (sinp-a+i sinp:b)e” . (15.20) 


Here @ is the phase of the order parameter (here we use @ instead of ® to dis- 
tinguish the order parameter phase from the magnetic flux ®); a and b are the 
elementary vectors of the crystal lattice within the layer. When |p-a|/i < 1 
and |p- b|/A < 1, the order parameter acquires the familiar form applicable to 
liquids with triplet p-wave pairing: A(p) = e,ip'o,, with ey; « dy (ai + ib;). 
Vortices with fractional winding number n; can be constructed in two ways. 
The traditional way discussed for liquid *He-A is applicable to superconductors 
when the d-vector is not strongly fixed by the crystal fields, and is flexible enough. 
Then one obtains the analog of ny = 1/2 vortex in eqn (15.18): after circling 
around this Alice string, d— —d, while the phase of the order parameter 6 — 
6+7. According to eqn (15.17) such a vortex traps the magnetic flux ® = hc/4e, 
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Fic. 15.3. Fractional flux in unconventional superconductors trapped by a topo- 
logically nontrivial loop. The twisted loop of a crystalline wire with tetragonal 
symmetry represents the disclination in crystal and has a geometry of 1/2 of 
the Mobius strip. 


which is one-half of the flux trapped by a conventional Abrikosov vortex having 
nı = 1. 

In another scenario in Fig. 15.3, the crystalline properties of the chiral super- 
conductor are exploited. Twisting the crystal axes a and b in the closed wire of 
a tetragonal superconductor, one obtains an analog of the Möbius strip geometry 
(Volovik 2000b). The closed loop traps the fractional flux, if it is twisted by an 
angle 7/2 before gluing the ends. Since the local orientation of the crystal lattice 
continuously changes by 7/2 around the loop, axes a and b transform to each 
other after circling along the loop, and thus the order parameter is multiplied 
by i. The single-valuedness of the order parameter in eqn (15.20) requires that 
this change must be compensated by a change of the phase 0 by 7/2. Thus in 
the ground state, the phase winding around the twisted loop is 7/2, and the 
circulation trapped by the loop is nı = 1/4 of the circulation quantum. 

Applying eqn (15.17) for the magnetic flux in terms of the winding number, 
one would find that the loop of the chiral p-wave superconductor in the ground 
state traps a quarter of the magnetic flux ®9/2 of the conventional Abrikosov 
vortex, i.e. ® = 0/8. However, this is not exactly so. Because of the breaking of 
time reversal symmetry in chiral crystalline superconductors, persistent electric 
current in the loop arises not only due to the order parameter phase 0 but also 
due to deformations of the crystal axes (Volovik and Gor‘kov 1984): 
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along the path 


Fic. 15.4. Fractional flux is topologically trapped by intersection of three grain 
boundaries, according to experiments by Kirtley et al. (1996) in high-tem- 
perature cuprate superconductor. 


N h 
j= ens (vs = a) + Ca; Vb; , vs = —-VO. (15.21) 
mec 2m 
The parameter C is non-zero if the time reversal symmetry T is broken, and this 
modifies eqn (15.17). Now the condition of no electric current in the wire, j = 0, 
leads to the following magnetic flux trapped by the loop: 


do = — —, (15.22) 


8 8 e 


where C = 2mC /ħns. If the underlying crystal lattice has hexagonal symmetry, 
and the wire is twisted by 1/3, the trapped flux will be ® = (1 — C)®o/12. In 
the limit case of C = 0, eqn (15.17) is restored, and the flux trapped by the loop 
becomes a quarter or a sixth of the conventional flux quantum in superconduc- 
tors. 

The supercurrent due to the deformation of the crystal lattice in eqn (15.21) 
can be considered as coming from the A-phase orbital vectors m and n trapped 
by crystal fields, m = â and n = D, while the l-vector is trapped along the 
normal to the crystal layers. If the superconducting state is liquid, such as hy- 
pothetical electrically charged *He-A, its current is j = ens (vs — -&A), where 
V; = ¿(V0 + MiV hi). This corresponds to Č=lin eqn (15.22), and thus if 
the Î-vector is along the loop there is no trapped flux in the ground state of the 
liquid chiral superconductor. The fractional flux is trapped by the wire only 
because of the underlying crystal structure. 


15.3.4 Half-quantum flux in d-wave superconductor 


In the non-chiral (i.e. with conserved time reversal symmetry) spin-singlet su- 
perconductor in layered cuprate oxides, the order parameter can be represented 
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by 
A(p) = Ao (sin? p-a—sin?p-b) e” . (15.23) 


In the liquid superconductors, or when |p-a|/i < 1 and |p-b|/ < 1, the order 
parameter acquires the more familiar d-wave form A(p) = ds2—y2(p} — p2). 
The same twisted loop of superconducting wire in Fig. 15.3, with a — b and 
b — —a after circling, leads to the change of sign of the order parameter after 
circumnavigating along the loop. This must be compensated by a change of 
phase 0 by a. As a result one finds that in the ground state the loop traps 
nı = 1/2 or ny = —1/2 of circulation quantum. The ground state has thus 
two-fold degeneracy, with the magnetic flux trapped by the loop being exactly 
+ )/4. This is because the time reversal symmetry is not broken in cuprate 
superconductors, and thus the crystal deformations do not produce an additional 
supercurrent in eqn (15.21): the parameter C = 0. Note that the observation of 
fractional flux different from ®o/4, or 69/2, would indicate breaking of the time 
reversal symmetry (Sigrist et al. 1989, 1995; Volovik and Gor‘kov 1984). 

The same reasoning gives rise to the +®q/4 flux attached to the tricrystal 
line (Kirtley et al. 1996): circling around this line one finds that the crystal axes 
transform in the same way as in the twisted wire: a — b and b — —a (Fig. 15.4). 
This is an example of the topological interaction of the defects. In superfluid 3He 
the half-quantum vortex is topologically attached to the disclination in the d-field 
with winding number v = 1/2. The latter is the termination line of the soliton, as 
we shall see in Sec. 16.1.1. The fractional vortex observed by Kirtley et al. (1996) 
is topologically coupled with the junction line of three grain boundaries. In the 
case of the twisted wire in Fig. 15.3, the fractional vortex is attached to the 
linear topological defect of the crystal lattice — disclination in the field of crystal 
axes. The empty space inside the loop thus represents the common core of the 
nı = 1/2 vortex and of the disclination in crystal with the winding number 
v = 1/4. 

We must also mention the vortex sheet with fractional vortices, which has 
been predicted to exist in chiral superconductors by Sigrist et al. (1989) be- 
fore the experimental identification of the vortex sheet in 3He-A by Parts et 
al. (1994b) (see more on the vortex sheet in Sec. 16.3). The object in chiral su- 
perconductors which traps vorticity is the domain wall separating domains with 
opposite orientations of the Î-vector discussed by Volovik and Gor‘kov (1985). 
Such a domain wall has a kink — the Bloch line — which represents the vortex 
with the winding number nı = 1/2. When there are many trapped fractional 
vortices (kinks), they form the vortex sheet analogous to that in 3He-A (see Sec. 
16.3.4). 

The half-quantum vortex -— the Alice string — has also been suggested by 
Leonhardt and Volovik (2000) to exist in Bose-Einstein condensates with a hy- 
perfine spin F = 1. 


16 


CONTINUOUS STRUCTURES 


16.1 Hierarchy of energy scales and relative homotopy group 


When several distinct energy scales are involved the vacuum symmetry is differ- 
ent for different length scales: the larger the length scale, the more the symmetry 
is reduced. The interplay of topologies on different length scales gives rise to many 
different types of topological defects, which are described by relative homotopy 
groups (Mineev and Volovik 1978). Here we discuss the continuous structures 
generated by this group, and in Chapter 17 the combinations of topological de- 
fects of different co-dimensions will be discussed. 


16.1.1 Soliton from half-quantum vortex 


Let us consider what happens with the half-quantum vortex (Sec. 15.3.1), when 
the spin-orbit interaction between l- and d- fields is turned on: 


yay (i a) l (16.1) 


The parameter gp is connected with the dipole length €p in eqn (12.5) as gp ~ 
nh /m€}). It is also instructive to express it in terms of the characteristic energy 
Ep and Planck energy scale: 


ID~ Vv =GED EP tanck 25° (16.2) 
This interaction requires that 1 and d must be aligned (‘dipole-locked’): 1- 
d = +1 or 1-d = —1. But in the presence of a half-quantum vortex it is 


absolutely impossible to saturate the spin-orbit energy everywhere: the d-vector 
flips its direction around the Alice string, while the Lvector does not. That is 
why 1 cannot follow d everywhere, and the alignment (‘dipole-locking’) must be 
violated somewhere. 

As in the case of the spin vortex in *He-B disturbed by the spin-orbit inter- 
action in Sec. 14.1.5, the region where the vacuum energy (16.1) is not saturated 
forms a soliton in Fig. 16.1 terminated by the half-quantum vortex; for walls 
terminated by strings see Kibble (2000), Volovik and Mineev (1977), and Mineev 
and Volovik (1978). The opposite end of the soliton may be on a second Alice 
string, or it may be anchored to the wall of the container as in Fig. 14.1. 

The thickness of the soliton wall is determined by the competition of the 
spin-orbit interaction and the gradient energy and is of order of the dipole length 
Ep ~ 1073 cm. The same occurs for solitons in *He-B (see Sec. 14.1.5). Solitons 
often appear in °He-A after cool-down into the superfluid state. Its existence 
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Fic. 16.1. Half-quantum vortex generates the d-soliton in ?He-A. The arrows 
indicate the local direction of the vector d. 


is displayed in cw NMR experiments as a special satellite peak in the NMR 
absorption as a function of excitation frequency. 

How many topologically distinct solitons do we have in 3He-A? First, since 
the d texture in eqn (15.18) is the same for both half-quantum vortices, with 
nı = +1/2 and nı = —1/2, they give rise to the same soliton. Second, if we 
consider the pair of half-quantum vortices, then, on any path surrounding both 
strings, the d-field becomes single-valued. Thus outside the pair of any half- 
quantum vortices, the d-field loses its Alice behavior, so that the L-vector can 
follow d saturating the vacuum spin-orbital energy. This demonstrates that any 
two solitons can kill each other, i.e. the summation law for the topological charges 
of solitons is 1 + 1 = 0. A soliton equals its anti-soliton. Thus there is only one 
topologically stable soliton described by the non-trivial element of the Zə group. 

This also means that the soliton in the d-field with constant I-vector in 
Fig. 16.1, and the soliton in the Lfield with constant d-vector in Fig. 16.2, 
belong to the same topological class: they can be continuously transformed to 
each other. Typically the real solitons are neither d-solitons, nor Î- solitons: both 
dand1 change across the soliton with 1 = d on one side of the soliton and 1 = —d 
on the other. 

These topological properties of the soliton can be obtained by direct calcu- 
lations of the relative homotopy group. 


16.1.2 Relative homotopy group for soliton 


At first glance the Lsoliton in Fig. 16.2 is equivalent to the domain wall in 
ferromagnets. The L-vector is a ferromagnetic vector, because the time reversal 
operation reverses its direction, T 1 = —Î. The l-vector shows the direction of the 
orbital magnetism of Cooper pairs. On the other hand, the d-vector shows the 
direction of the ‘easy axis’ of the magnetic anisotropy in eqn (16.1). Thus the 
soliton wall separates domains with opposite orientations of the magnetization 
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Pic. 16.2. ‘The 1-soliton in He-A. The arrows indicate the local direction of the 
vector 1. The soliton in the 1 field belongs to the same topological class as the 
d-soliton in Fig. 16.1. 


along the easy axis: with 1 = d on one side and 1 = —d on the other one. 

Nevertherless the discussed soliton is not the domain wall and it is described 
by essentially different topology. 

The vacuum manifold R in ferromagnets with an easy axis consists of two 
points only: M = +Moz, if z is the direction of an easy axis. That is why R = Z2, 
and the only possible non-trivial topology comes from the zeroth homotopy set 
mo(R) = Z2, which shows the number of disconnected pieces of the vacuum man- 
ifold. Since vacua are disconnected, the domain wall cannot terminate inside the 
sample: it must either stretch ‘from horizon to horizon’ (i.e. from one bound- 
ary of the system to another) or form a closed surface. The same is valid for 
the Fermi surface in p-space (and also for the topologically stable vortex line in 
r-space): it must be either infinite or form a closed surface (a closed loop). 

On the contrary, the vacua on two sides of the soliton belong to the same piece 
of the vacuum manifold. One can go from one vacuum to the other continuously, 
simply by going around the Alice string. This means that it is possible to drill a 
hole in the soliton, an operation which is absolutely impossible for the domain 
walls. The hole is bounded by the topological line defect — the string loop (Fig. 
16.3). In our case it is the Alice string which can terminate the soliton, while 
for the *He-B soliton it is the spin vortex or spin—mass vortex. 

This is the reason why the solitons are topological objects — their topology 
is determined by the topology of the string on which the soliton plane can ter- 
minate. But this topology is essentially different from the To topology of the 
domain wall. In strict mathematical terms solitons correspond to the non-trivial 
elements of the relative homotopy group. The relevant relative homotopy group 
for the soliton in 7He-A is 


m(G/Ha, G/Ha) . (16.3) 


This group describes the classes of the following mapping of the path C crossing 
the soliton in Fig. 16.3 to the order parameter space. The part of the path within 
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Fic. 16.3. A topological soliton can terminate on a topologically stable string. 
The soliton in ĉ3He-A can terminate on a half-quantum vortex. The hole in 
the soliton is bounded by the loop of the Alice string. 


the soliton where there is no dipole locking is mapped to the vacuum manifold 
of the A-phase, Ra = G/Ha = (SO(3) x $?)/Zo. 

The end parts of the path are far from the soliton, where the spin-orbit 
interaction is saturated. These parts must be mapped to the order parameter 
space Ra = G/Ha, which is restricted by the dipole locking of L and d- vectors. 
Since orbital and spin degrees of freedom are coupled at large distance, the 
large-distance symmetry group of the physical laws is Č = SO(3); x U(1)n; its 
subgroup representing the symmetry group of the vacuum state is Ħa = U(1); 
and the vacuum manifold is Ra = G/Ha = SO(3). This is the space of the 
solid rotations of the triad m, nh and 1, while d is dipole-locked with 1. Formal 
calculations give 


m(Ra,Ra) = 11((SO(3) x S?)/Z2, SO(3)) = Z2 . (16.4) 


The same result can be obtained by the following consideration. The path C 
can be deformed and closed so that it encircles the half-quantum vortex (Fig. 
16.3). The mapping of the closed path C to the vacuum manifold G/H, gives rise 
to the homotopy group 71(G/Ha) = Z4. Two elements of this group correspond 
to two half-quantum vortices, with nı = +1/2 and nı = —1/2. Since both 
Alice strings give rise to the same soliton, the group describing the soliton is 
Z4/Z2 = Z2. 


16.1.3 How to destroy topological solitons and why singularities are not easily 
created in ° He 

The essential difference in the topological properties of the domain walls, de- 

scribed by the symmetry group 70(R), and the soliton walls, described by the 

relative homotopy group 71(R,R), results in different energy barriers separating 
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them from topologically trivial configurations. To destroy the domain wall one 
must restore the broken symmetry in the half-space on the left or on the right 
of the wall. The corresponding energy barrier is thus proportional to L3, where 
L is the size of the system. 

To destroy the soliton it is sufficient to drill a hole and form a vortex loop of 
the size on the order of the thickness of the soliton. After that the surface tension 
of the wall exceeds the linear tension of the string and it becomes energetically 
favorable for the string to grow and eat the soliton. Thus the corresponding 
energy barrier is the energy required for the nucleation of the vortex loop of the 
size ép. This energy is finite: it does not depend on the size of the system. In 
the same way, nucleation of the loop of spin vortex of the size ép can destroy 
the soliton in 3He-B. 

However, for solitons in both phases of *He the energy barrier — the energy 
of the optimal size of string loop — normalized to the transition temperature is 
Eparrier/Te ~ prépe/h? ~ 108. Though the barrier is finite, it is huge. That is 
why topological solitons in both superfluid phases of 3He are extremely stable. 
The reason for this is that the characteristic lengths € and ép, which determine 
the core size of string and soliton respectively, are both big in superfluid *He 
compared to the interatomic space ap ~ h/pr. Singularities are not easily created 
in superfluid *He. 


16.2 Continuous vortices, skyrmions and merons 
16.2.1 Skyrmion — Anderson—Toulouse—Chechetkin vortex texture 


According to the Landau picture of superfluidity, the superfluid flow is potential: 
its velocity vs is curl-free: V x vs. Later Onsager (1949) and Feynman (1955) 
found that this statement must be generalized: V x vs # 0 at singular lines, 
the quantized vortices, around which the phase of the order parameter winds 
by 27n1. The discovery of superfluid ?He-A further weakened the rule: the non- 
singular vorticity can be produced by the regular texture of the order parameter 
according to the Mermin—Ho relation in eqn (9.17). 

Let us consider the structure of the continuous vortex in its simplest axisym- 
metric form, as it was first discussed by Chechetkin (1976) and Anderson and 
Toulouse (1977) (ATC vortex, Fig. 16.4). It has the following distribution of the 
Lfield: . 

I(p, 6) = Zcos n(p) + psinn(p) . (16.5) 
Here z, ô and db are unit vectors of the cylindrical coordinate system; 7(p) changes 
from 7(0) = 0 to n(co) = mr. Such texture forms the so-called soft core of the 
vortex, since it is the region of texture which contains a non-zero vorticity of 
superfluid velocity in eqn (9.16): 


h 7 h R 
vs(p,) = amo” =cosn(p)] @ , V x vs = zz 50n Opn È . (16.6) 


In comparison to a more familiar singular vortex, the continuous vortex has 
a regular superfluid velocity field vs, with no singularity on the vortex axis. 
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Fic. 16.4. Continuous vortex-skyrmion. The arrows indicate the local direc- 
tion of the order parameter vector l. In ?He-A the winding number of the 
Anderson—Toulouse—Chechetkin vortex is nı = 2. 


However, the circulation of the superfluid velocity about the soft core is still 
quantized: k = $ dr-vs = 2ko. This is twice the conventional circulation quantum 
number in the pair-correlated system, Ko = m/m, i.e. far from the soft core this 
object is viewed as the vortex with the winding number n; = 2. 

Quantization of circulation for continuous vortex is related to the topology 
of the Î-field. By following the Î-field in the cross-section of the vortex texture, 
it is noted that all possible 4r directions of the L-vector on its unit sphere are 
present here. Such a 47 topology of the unit vector orientations in 2D is known 
as a skyrmion. This topology ensures two quanta of circulation nı = 2 according 
to the Mermin-Ho relation in eqn (9.17): 


favs = fas (0 xv) = 5 faai (2 «BY at 82) 
Oy 2m 


In the general case the winding number nı can be related to the degree n2 of the 
mapping of the cross-section of the soft core to the sphere S? of unit vector 1: 


m ð al 
n= dr - Vs = > fa dy 1- (ž x 4 = Inga (16.8) 


This relation demonstrates the topological structure of this object. Since 
nı is even, this configuration belongs to the trivial class of topological defects 
described by the first homotopy group in the classification scheme of Sec. 15.2. 
That is why there is no singularity: any singularity which is not supported by 
topology can be continuously dissolved, so that finally the system everywhere will 
be in the vacuum manifold of 3’He-A. However, the continuous configurations are 
not necessarily topologically trivial: they are described by a finer topological 
scheme utilizing the relative homotopy group. In a given case it is the group 
m2(SO(3),U(1)) which describes the following hierarchical mapping: the disk 
— the cross-section of the soft core — is mapped to the SO(3) manifold of the 
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Fic. 16.5. Continuous vortex-skyrmion with nı = ng = 1 in two component 
Bose condensate. The ‘isotopic spin’ — the l-vector (shown by arrows) — sweeps 
the 47 solid angle in the soft core. Far from the core the vector 1 is up, 
which means that only Y4} component is present; this component has winding 
number nı = 1. Near the origin the vector 1 is down which means that the 
core region is mainly filled by Y, component of the Bose condensate. 


triad m, n and 1, while the boundary of the disk is mapped to the subspace 
U(1) = SO(2) — the vacuum manifold which is left after 1 is fixed outside the 
soft core. 

The relation (16.8) also reflects the interplay of the r-space and p-space 
topologies, since the L-vector shows the position of the Fermi point in momen- 
tum space. It is a particular case of the general rule in eqn (23.32), which will 
be discussed in Sec. 23.3: in the Anderson—Toulouse—Chechetkin texture in eqn 
(16.5) the Fermi point with N3 = +2 sweeps a 47 angle, while the Fermi point 
with N3 = —2 sweeps a —47 solid angle, and as a result the winding number of 
the vortex is nı = 2. 


16.2.2 Continuous vortices in spinor condensates 


If the order parameter is a spinor (the ‘half of vector’), as occurs in 2-component 
Bose condensates and in the Standard Model of electroweak interactions (eqn 
(15.6)), the corresponding skyrmions — the continuous vortices and the continu- 
ous cosmic strings (Achtcarro and Vachaspati 2000) — have a two times smaller 
winding number for the phase of the condensate, nı = ng. Let us illustrate this 
in an example of a mixture of two Bose condensates in a laser-manipulated trap. 

In the experiment one starts with a single Bose condensate which is denoted 
as the |) component. Within this component a pure nı = 1 phase vortex with 
singular core is created. Next the hard core of the vortex is filled with the second 
component in the ||) state. As a result the core expands and becomes essentially 
larger than the coherence length €, and a vortex-skyrmion with continuous 
structure is obtained. Such a skyrmion has recently been observed with §’Rb 
atoms by Matthews et al. (1999). It can be represented in terms of the Lvector 
which is constructed from the two components of the order parameter as in eqn 
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(15.7) for the direction of isotopic spin in the Standard Model 


i$ cog BW) 7 
ea = |U;(c~)| 6 ak. ) , l= (sin 8 cos ¢ġ, — sin 8 sin ġ, cos 8). (16.9) 
t T2 


sin 


The polar angle 8(p) of the Î-vector changes from 0 at infinity, where 1 = ĉ 
and only the |Ù) component is present, to 3(0) = m on the axis, where Î = -2 
and only the ||) component is present. Thus the vector Î sweeps the whole unit 
sphere, n = 1, while the vortex winding number is also nı = 1. As distinct from 
the vector order parameter, where nı = 2n2, for the spinor order parameter the 
skyrmion winding number nz and vortex winding number n; are equal: nz = nı. 

However, this should be considered with care. As distinct from ?He-A, in the 
spinor condensate each of the two components is conserved. This means that 
the vacuum manifold always remains U(1) x U(1). Since each component has its 
own winding number, this essentially changes the classification of the pseudo- 
continuous vortex-skyrmions. 


16.2.3 Continuous vortex as a pair of merons 


The NMR measurements by Hakonen et al. (1983a) had already in 1982 provided 
an indication for the existence of skyrmions — the continuous 47 lines — in rotating 
3He-A. From that time many different types of continuous vorticity have been 
identified and their properties have been investigated in detail. This allowed us 
to use the continuous vortices for ‘cosmological’ experiments. In particular, the 
investigation of the dynamics of these vortices by Bevan et al. (1997b) presented 
the first demonstration of the condensed matter analog of the axial anomaly in 
RQFT, which is believed to be responsible for the present excess of matter over 
antimatter (see Sec. 18.4). 

Another cosmological phenomenon related to nucleation of skyrmions has 
been simulated by Ruutu et al. (1996), 1997). The onset of helical instability, 
which triggers formation of these vortices, is described by the same equations and 
actually represents the same physics as the helical instability of the bath of right- 
handed electrons toward formation of the helical hypermagnetic field discussed 
by Joyce and Shaposhnikov (1997) and Giovannini and Shaposhnikov (1998). 
This experiment thus supported the Joyce-Shaposhnikov scenario of formation 
of the primordial cosmological magnetic field (see Chapter 20). 

This is why it is worthwhile to look at the real structure of these objects. 

The typical structure of the doubly quantized continuous vortex line in the ap- 
plied magnetic field needed to perform the NMR measurements (see Blaauwgeers 
et al. (2000) and references therein), is shown in Fig. 16.6. The topology of the 
L-vector and vorticity remain the same as in the axisymmetric ATC vortex in Fig. 
16.4: all 4m directions of the Lvector are present here, which ensures two quanta 
of circulation nı = 2 trapped by skyrmions. However, the applied magnetic field 
changes the topology of the d-field and the symmetry of the Î-field. The most 
important difference from the ATC vortex is that the magnetic field keeps the 
d-vector everywhere in the plane perpendicular to the magnetic field. Thus the 
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Fic. 16.6. Top left: An nı = 2 continuous vortex in 3He-A. The arrows indi- 
cate the local direction of the order parameter vector 1. Under experimental 
conditions the direction of the vector in the bulk liquid far from the soft 
core is kept in the plane perpendicular to the applied magnetic field. Top 
right: Illustration of the mapping of the space (x,y) to the unit sphere of the 
L-vector, and of continuous vorticity. Circulation of superfluid velocity along 
the contour y is expressed in terms of the area X(T) bounded by its image 
~ the contour I, ie. one has f dS -(V x vs) = $ dr -vs = (ñ/2m)£(T). 
In the whole cross-section of the Anderson-Toulouse-Chechetkin vortex, the 
l-vector covers the whole 47 sphere within the soft core. As a result there is 
4r winding of the phase of the order parameter around the soft core, which 
corresponds to nı = 2 quanta of anticlockwise circulation. Bottom: The NMR 
absorption in the characteristic vortex satellite originates from the soft core 
where the Î orientation deviates from the homogeneous alignment in the bulk. 
Each soft core contributes equally to the intensity of the satellite peak and 
gives a practical tool for measuring the number of vortices. 


d-vector cannot follow 1: it is dipole-unlocked from lin the region of size of dipole 
length £p ~ 1073 cm. The dipole-unlocked region represents the soft core of the 
vortex, which serves as the potential well trapping the spin-wave modes. The 
standing spin waves localized inside the soft core are excited by NMR giving 
rise to the well-defined satellite peak in the NMR spectrum in Fig. 16.6. The 
position of the peak shows the type of the skyrmion, while the intensity of the 
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Fic. 16.7. Continuous vortex in applied magnetic field as a pair of merons. 
In each meron the l-vector covers half of the unit sphere. Merons serve as 
potential wells for spin-wave modes excited in NMR experiments. 


peak gives the information on the number of skyrmions of this type. In 2000 the 
single-vortex sensitivity was reached and the quantization number nı = 2 of the 
vortex-skyrmion was verified directly by Blaauwgeers et al. (2000) [64]. 

The magnetic field also disturbs the axisymmetric structure of the ATC vor- 
tex: due to the spin-orbit coupling, far from the core the ]-vector must be kept 
in the plane perpendicular to the direction of the field, and this violates the 
axisymmetry. In Fig. 16.7 the projection of the 1 to the plane perpendicular to 
the vortex line is shown, while d=x everywhere. The vortex-skyrmion is di- 
vided into a pair of merons (Callan et al. 1977; Fateev et al. 1979; Steel and 
Negele 2000). epos means fraction (Callan et al. 1977). In the *He literature 
such merons are known as Mermin—Ho vortices. In the complete skyrmion, the 
Lvector sweeps the whole unit sphere while each meron, or Mermin—Ho vortex, 
covers only the orientations in one hemisphere and therefore carries one quantum 
of vorticity, nı = 1. The meron covering the northern hemisphere forms a circular 
2r Mermin—Ho vortex, while the meron covering the southern hemisphere is the 
hyperbolic 27 Mermin—Ho vortex. The division of a skyrmion into two merons is 
not artificial. The centers of the merons correspond to minima in the potential 
for spin waves. Also, approaching the transition to 7He-A;, the merons become 
well separated from each other, i.e. the distance between them grows faster than 
their size (Volovik and Kharadze 1990). 

Skyrmions and merons are popular structures in physics. For instance, the 
model of nucleons as solitons was proposed 40 years ago by Skyrme (1961) (see 
the latest review on skyrmions by Gisiger and Paranjape 1998). Merons in QCD 
were suggested by Steel and Negele (2000) to produce the color confinement. 
The double-quantum vortex in the form of a pair of merons similar to that 
in ?He-A was also discussed in the quantum Hall effect where it is formed by 
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pseudospin orientations in the magnetic structure (see e.g. Girvin 2000), etc. 
Various schemes have recently been discussed (Ho 1998; Isoshima et al. 2000; 
Marzlin et al. 2000) by which a meron can be created in a Bose condensate 
formed within a 3-component F = 1 manifold. 


16.2.4 Semilocal string and continuous vortex in superconductors 


In the chiral superconductor (in superconductors with A-phase-like order pa- 
rameter) the Î-vector is fixed by the crystal lattice, and thus the continuous 
vorticity does not exist there. The continuous vortices become possible if the 
electromagnetic U(1)g group is mixed not with orbital rotations but with the 
spin rotations. In principle the spin-orbit coupling between the electronic spins 
and the crystal lattice can be small, so that the spin rotation group SO(3)s can 
be almost exact. Then the following symmetry-breaking scheme is possible: 


G = $0(3)s x U(1)q > H = U(1)s, -9/2 - (16.10) 


The spin part of the order parameter corresponding to this symmetry breaking 
is 


e= Ao (d’+id") , d’-d"=0, [a =|a"|=1, d xà” =8. (16.11) 


Here § is the orientation of spin of the Cooper pairs, which now plays the same 
role as the axial Lvector: the Mermin-Ho relation for continuous vorticity is 
obtained by substitution of ŝ instead of the orbital momentum Î in eqn (9.17). 
Thus in the analog of the ATC vortex in superconductors it is the spin § which 
covers a solid angle of 47 in the soft core of the vortex with nı = 2. Such vortex 
a has been discussed by Burlachkov and Kopnin (1987). 

The main difference from the corresponding scheme in superfluids where the 
group U(1)y is global, is that in superconductors this group is local: it is the 
gauge group U(1)g of QED. As for the group SO(3)s it is global in both su- 
perfluids and superconductors. Thus in the symmetry-breaking scheme in eqn 
(16.10) both local and global groups are broken and become mixed. In particle 
physics the topological defects resulting from breaking of the combination of the 
global and local groups are called semilocal defects (Preskill 1992; Achticarro and 
Vachaspati 2000). Thus the Burlachkov-Kopnin (1987) vortex in superconduc- 
tors represents the semilocal string in condensed matter. In the Standard Model 
one can obtain the ‘semilocal’ limit by using such a ratio of running couplings 
that the SU(2); symmetry becomes effectively global. Semilocal electroweak 
defects in such a limit case have been discussed by Vachaspati and Achticarro 
(1991). 

In ‘semilocal’ superconductors the magnetic field can penetrate to the bulk 
of the superconductor due to s-texture, and one can construct the analog of the 
magnetic monopole in Sec. 17.1.5 using the s-hedgehog instead of the L-hedgehog. 
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Fic. 16.8. Topological transition between continuous vortices. The vector field d 
in the continuous vortex lattice is characterized by integer topological charge 
n2{d} — the degree of mapping of the isolated vortex core (or the elementary 
cell of the vortex lattice — torus) onto the sphere of the unit vector d. 


16.2.5 Topological transition between continuous vortices 


The continuous vortex-skyrmion is characterized by another topological invari- 
ant, which describes the topology of the unit vector d of the axis of spontaneous 
magnetic anisotropy 


no{d} = z= fe dy d- & a) ; (16.12) 


This integer topological charge n2{d} is the degree of mapping of the cross- 
section of the isolated vortex core (or the elementary cell of the vortex lattice 
— the torus) onto the sphere of the unit vector d. An integer charge n2{d} can 
change only abruptly, which leads to the observed first-order topological phase 
transition in rotating 3He-A when the magnetic field changes (Fig. 16.8). (Pekola 
et al. 1990) At zero or low field the d-vector is dipole-locked with 1, and thus has 
the same winding n2{d} = n2{Î} = 1. This vortex is the double skyrmion: both 
in L and d-fields. At large field the d-field is kept in the plane perpendicular to 
the field and thus the vortex with the lowest energy has a dipole-unlocked core. 
In this vortex the Î-vector topology remains intact, na{i} = 1, while the d-vector 
topology becomes trivial, no{d} = 0. 

The double-skyrmion vortex with no{d} = n2{Î} = 1 can exist at high 
field as a metastable object, and this allows us to investigate this vortex in 
NMR experiments. The position of the satellite peak in the NMR line in Fig. 
17.1 produced by this vortex is much closer to the main peak than the dipole- 
unlocked vortex (Parts et al. 1995a). This is why these two topologically different 
skyrmions can be observed simultaneously in the same NMR experiment. 
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Fic. 16.9. Kink on the soliton is continuous vortex with nı = 1 (Mermin-Ho 
vortex or meron). The kink can live only within the soliton, as the Bloch 
line within the Bloch wall in magnets (see the books by Chen 1977 and 
Malozemoff and Slonczewski 1979). The chain of alternating circular and 
hyperbolic merons, with the same circulation nı = 1, forms the vortex sheet. 


16.3 Vortex sheet 
16.3.1 Kink on a soliton as a meron-like vortex 
Solitons and vortices, in both phases of superfluid *He, are related topologically. 
In A-phase the half-quantum vortex is the termination line of the soliton (Fig. 
16.1), in the B-phase the soliton can terminate on a spin vortex or on a spin—mass 
vortex (Sec. 14.1.5). Here we discuss another topological interaction between 
these planar and linear objects: the topological defect of the soliton matter — a 
kink within the soliton — represents the continuous vortex with nı = 1. Such 
vortices bounded to the soliton core produce the vortex sheet, which appears 
in the rotating vessel instead of the conventional nı = 2 continuous vortex- 
skyrmions (Parts et al. 1994b; Heinilä and Volovik 1995). 

A kink in the soliton structure is the building block of the vortex sheet. 
Within the Lsoliton in Fig. 16.2 the parity is broken. As a result there are two 
degenerate soliton structures (Fig. 16.9 top): 


I(y) = &cos a(y) £¥ sin a(y) , (16.13) 
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where a(—co) = 0, a(+co) = m. These two structures transform to each other 
by parity transformation. The domains with different degenerate structures can 
be separated by the domain wall (line), which is often called the kink. This kink 
has no singularity in the L-field and is equivalent to the Bloch line within the 
Bloch wall in magnets. 

In 3He-A the meron-like Î-texture of the kink is the same as in the Mermin-— 
Ho vortex: the Lvector sweeps the hemisphere and thus carries the nı = +1 
units of circulation quanta. Such continuous vortices with nı = +1 can live only 
within the soliton. Outside the soliton they can live only in pairs forming the 
regular continuous vortices with nı = +2. 


16.3.2 Formation of a vortex sheet 


A vortex sheet is the chain of alternating circular and hyperbolic kinks with the 
same orientation of circulation, say, all with nı = 1 (Fig. 16.9 bottom). 

If there are no solitons in the vessel, then rotating the vessel results in the 
ordinary array of nı = 2 continuous vortices. However, if the rotation is started 
when there is a soliton plane parallel to the rotation axis, even at very slow 
acceleration of rotation the vortex sheet starts to grow. The new vorticity in the 
form of the kinks enters the soliton at the line of contact with the cylindrical 
cell wall. This is because the measured critical velocity of creation of a new kink 
within the soliton is lower compared to the measured critical velocity needed 
for nucleation of a conventional isolated vortex with nı = 2. That is why the 
vortex-sheet state can be grown in spite of its larger energy compared to the 
regular vortex state. The difference in critical velocities needed for nucleation of 
different structures is actually a very important factor which allows manipulation 
of textures, and even creation of the vortex state with a prescribed ratio between 
vortices with different structures. 


16.3.3 Vortex sheet in rotating superfluid 


When growing, the vortex sheet uniformly fills the rotating container by folding 
as illustrated in Fig. 16.10 left. Locally the folded sheet corresponds to a con- 
figuration with equidistant soliton planes. That is why we can consider an ideal 
system of planes shown in Fig. 16.10 right, which is, however, not so easy to 
reach in experiment. 

Let us find b, the equilibrium distance between the planes of the vortex sheet, 
in a container rotating with Q || z. It is determined by the competition of 
the surface tension ø of the soliton and the kinetic energy of the counterflow 
w = Vn — Vs Outside the sheet. The motion of the normal component, which 
corresponds to the vorticity V x Vn = 202, can be represented by the shear flow 
Vn = —2QyxX parallel to the planes. In the gap between nearest planes, the vortex- 
free superfluid velocity vs is constant and equals the average v, to minimize the 
counterflow. Thus the velocity jump across the is Av, = 20bx. The counterflow 
energy per volume is (1/b) f $s w?dy = tos 070", where ps = Mns is the 
superfluid density for the flow along 1. The surface energy per volume equals 
a/b. Minimizing the sum of two contributions with respect to b one obtains 
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Fic. 16.10. Single and multiple vortex sheets in rotating vessel. 
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Fic. 16.11. Vortex-sheet array suggested by Landau and Lifshitz (1955) as the 
ground state of rotating superfluid 4He. 


1/3 
b= (Sr) l (16.14) 


This gives obout 0.3-0.4 mm at Q = 1 rad s~! under the conditions of the 
experiment. 

Equation (16.14) is the anisotropic version of the result obtained by Lan- 
dau and Lifshitz (1955) for isotropic superfluid “He, where ps = ps. Before the 
concept of quantized vortices had been generally accepted, Landau and Lifshitz 
assumed that the system of coaxial cylindrical vortex sheets in Fig. 16.11 is 
the proper arrangement of vorticity in superfluid *He under rotation (histori- 
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Fic. 16.12. Measurement of the distance between the planes of the vortex sheet 
using the Bragg reflection of the spin waves from the sheet (after Parts et 
al. 1994a). 


cally the vortex sheet in superfluid *He was discussed even earlier by Onsager 
(unpublished) and London (1946). Though it turned out that in superfluid +*He 
the vortex sheet is topologically and energetically unstable toward break-up into 
separated quantized vortex lines, the calculation made by Landau and Lifshitz 
(1955) happened to be exactly to the point for the topologically stable vortex 
sheet in 3He-A. 

The distance b between the sheets has been measured by Parts et al. (1994a). 
In addition to the vortex-sheet satellite peak in the NMR spectrum caused by 
the spin waves bound to the soliton (Fig. 16.12 bottom left), they resolved a small 
peak caused by the Bragg reflection of the spin waves from the equidistant sheet 
planes (Fig. 16.12 bottom right). The position of the Bragg peak as a function 
of Q gives b(Q) (Fig. 16.12 top left), which is in quantitative agreement with the 
Landau-Lifshitz equation (16.14). 

The areal density of circulation quanta has the solid-body value ny, = 2Q/ko, 
as in the case of an array of singly quantized vortices (see eqn (14.2)): the vortex 
sheet also mimics the solid-body rotation of superfluid vacuum, (vs) = Q x 
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Fic. 16.13. Vortex sheet in chiral superconductor. 


r. This means that the length of the vortex sheet per two circulation quanta 
is p = ko/(bQ), which is the periodicity of the order parameter structure in 
Fig. 16.9 bottom (p ~ 180 um at Q = 1rad s~'). The NMR absorption in the 
vortex-sheet satellite is proportional to the total volume of the sheet which in 
turn is proportional to 1/b œ 0?/%. This non-linear dependence of the satellite 
absorption on rotation velocity is also one of the experimental signatures of the 
vortex sheet. 


16.3.4 Vortex sheet in superconductor 


The topologically stable vortex sheet has been discussed for chiral superconduc- 
tors by Sigrist et al. (1989, 1995) and Sigrist and Agterberg (1999) (Fig. 16.13). 
Similar to superfluid 7He-A, the vorticity is trapped in a wall separating two do- 
mains with opposite orientations of the L-vector. But, unlike the case of ?He-A, 
this domain wall is not a continuous soliton described by the relative homotopy 
group: it is a singular defect described by the group 7, as domain walls in ferro- 
magnets. That is why the trapped kink is not a continuous meron but a singular 
vortex. Its winding is also two times smaller than that of the singular vortex in 
bulk superconductor: it has the fractional winding number nı = 1/2. If there 
are many trapped fractional vortices, then they form a vortex sheet, which as 
suggested by Sigrist and Agterberg (1999) can be responsible for the peculiarities 
in the flux-flow dynamics in the low-temperature phase of the heavy-fermionic 
superconductor UPt3. 
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MONOPOLES AND BOOJUMS 


17.1 Monopoles terminating strings 
17.1.1 Composite defects 


Composite defects exist in RQFT and in continuous media, if a hierarchy of en- 
ergy scales with different symmetries is present. Examples are strings terminating 
on monopoles and walls bounded by strings. Many quantum field theories pre- 
dict heavy objects of this kind that could appear only during symmetry-breaking 
phase transitions at an early stage in the expanding Universe (see reviews by 
Hindmarsh and Kibble (1995) and Vilenkin and Shellard (1994)). Various roles 
have been envisaged for them. For example, domain walls bounded by strings 
have been suggested by Ben-Menahem and Cooper (1992) as a possible mecha- 
nism for baryogenesis. Composite defects also provide a mechanism for avoiding 
the monopole overabundance problem as was suggested by Langacker and Pi 
(1980). On the interaction of the topological defects of different dimensionali- 
ties, which can be applicable to the magnetic monopole problem, see also Sec. 
17.3.8. 

In high-energy physics it is generally assumed that the simplest process for 
producing a composite defect is a two-stage symmetry breaking, realized in two 
successive phase transitions which are far apart in energy (Kibble 2000). An 
example of successive transitions in GUTs is SO(10) — G(224) — G(213) > 
G(13). 

In condensed matter physics, composite defects are known to result even from 
a single phase transition, provided that at least two distinct energy scales are 
involved, such that the symmetry at large lengths can become reduced (Mineev 
and Volovik 1978) (see Sec. 16.1). Examples are the spin—mass vortex in super- 
fluid 3He-B (Sec. 14.1.5) and the half-quantum vortex in *He-A (Sec. 16.1.1), 
both serving as the termination line of a soliton. These composite defects result 
not from the second phase transition but from the fact that the original unbro- 
ken symmetry G is approximate. The original small interaction wich violates the 
symmetry G imposes the second length scale. At distances larger than this scale, 
the vacuum manifold is reduced by the interaction and linear defects become 
composite. In our case of superfluid 3He, the symmetry violating interaction is 
the spin-orbit coupling. 

Now we consider the other composite objects which appear as a result of two 
scales: monopoles terminating strings. 
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Fic. 17.1. d-hedgehog as an interface separating continuous vortices with differ- 
ent 7 topological charge n2{d} of the d-field. The charge of the Î-field is the 
same on both sides, no{l} = 1. The hedgehog can serve as a mediator of the 
observed phase transition between topologically different skyrmions discussed 
in Sec. 16.2.5. Left: NMR signatures of the corresponding vortex-skyrmions. 
Satellite peaks signify NMR absorption due to excitation of spin-wave modes 
localized inside the skyrmions, whose eigenfrequencies depend on orientations 
of d- and L-vectors. 


17.1.2 Hedgehog and continuous vortices 


In Sec. 16.2.5 we discussed the observed topological phase transition (Pekola 
et al. 1990) between different continuous vortex-skyrmions. The two continuous 
structures differ by the topological charge n2{d} in the-d field in eqn (16.12). The 
topological charge n2{ d} comes from the homotopy group 72 which describes the 
mapping of the cross-section of the soft core of the vortex to the unit sphere of 
unit vector d. The same topological charge in eqn (15.11) is carried by the point 
defect — the hedgehog in the d-field (Sec. 15.2.1). That is why the hedgehog can 
serve as a mediator of the topological transition between the single-skyrmion and 
double-skyrmion vortices which occurs continuously when the hedgehog moves 
along the vortex line from one ‘horizon’ to the other (Fig. 17.1). 

This is an example of the topological interaction between the linear objects 
and point defects described by the same topological charge. In our case the ng 
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charge of the hedgehog comes from the 72 homotopy group of the A-phase, eqn 
(15.10). The topological charge ng of the continuous vortex-skyrmion below 
the hedgehog comes from the relative homotopy group. The relevant relative 
homotopy group is (compare with eqn (16.3)) 


m(G/Ha, G/Ha) = m2 ((SO(3) x $?)/Z2, SO(3)) =72(S?) =Z. (17.1) 


Here the cross-section of the skyrmion is mapped to the vacuum manifold G/Ha 
which takes place at short distances below the dipole length €p. At distances 
above the dipole length €p, the vacuum manifold is restricted by the spin-orbit 
interaction, and thus the boundary of the disk is mapped to the restricted man- 
ifold G/Ha. 

In particle physics the point defects are usually associated with magnetic 
monopoles. Let us consider different types of monopoles with and without at- 
tached strings, and their analogs in *He and superconductors. 


17.1.3 Dirac magnetic monopoles 


Magnetic monopoles do not exist in classical electromagnetism. The Maxwell 
equations show that the magnetic field is divergenceless, V -B = 0, which implies 
that the magnetic flux through any closed surface is zero: $5 dS-B = 0. If one tries 
to construct the monopole solution B = gr/r?, the condition that magnetic field 
is non-divergent requires that magnetic flux ® = 47g from the monopole must be 
accompanied by an equal singular flux supplied to the monopole by an attached 
Dirac string. QED, however, can be successfully modified to include magnetic 
monopoles. Dirac (1931) showed that the string emanating from a magnetic 
monopole (Fig. 17.2 top left) becomes invisible for electrons if the magnetic flux 
of the monopole is quantized in terms of the elementary magnetic flux: 

® = 4rg =n , Oo = r ; (17.2) 
where e is the charge of the electron. When an electron circles around the string 
its wave function is multiplied by exp (ie $ dr - A/hc) = exp (ie®/h). If the mag- 
netic charge g of the monopole is quantized according to eqn (17.2), the wave 
function does not change after circling, and the flux tube is invisible. 


17.1.4 % Hooft—Polyakov monopole 


It was shown by ’t Hooft, and Polyakov (both in 1974) [185, 376], that a magnetic 
monopole with quantization of the magnetic charge according to eqn (17.2) can 
really occur as a physical object if the U(1)g group of electromagnetism is a 
part of the higher gauge group SU (2). The magnetic flux of a monopole in terms 
of the elementary magnetic flux coincides with the topological charge nz of the 
hedgehog in the isospin vector field d (Fig. 17.2 bottom left): this is the quantity 
which remains constant under any smooth deformation of the quantum fields. 
Such monopoles do not appear in the electroweak symmetry breaking transition 
(eqn (15.5)), since the m2 group is trivial there. But they can appear in GUT 
theories, where all interactions are united by, say, the SU(5) group. 
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Fic. 17.2. Monopoles in high-energy physics. Bottom left: The 
’t Hooft-Polyakov magnetic monopole. In the anti-GUT analogy dictated by 
the similarity of p-space topology, the role of the ’t Hooft—Polyakov magnetic 
monopole in *He-A is played by the hedgehog in the d-field in Sec. 15.2.1. 
Bottom right: The electroweak monopole. The monopole is the termination 
line of the string, which is physical in contrast to the Dirac string (top). 
In the GUT analogy which exploits the similarity in the symmetry-breaking 
pattern and r-space topology, the role of the electroweak monopole in 3He-A 
is played by the hedgehog in the I-field (Fig. 17.3 top left). 


In *He-A this type of magnetic monopole is reproduced by the hedgehog in 
the d-vector (Fig. 17.1). According to the p-space topology of Fermi points, the 
d-vector is felt by ‘relativistic’ quasiparticles in the vicinity of the Fermi point 
as the direction of the isotopic spin (see discussion in Sec. 15.2.1). 


17.1.5 Nexus 


An exotic composite defect in ?He-A which bears some features of magnetic 
monopoles is the singular nı = 2 vortex terminated by the hedgehog in the 
L-field discussed by Blaha (1976) and Volovik and Mineev (1976a) (Fig. 17.3 top 
left). The nı = 2 vortex can terminate in the bulk *He-A because the nı = 2 
vortices belong to the trivial element of the homotopy group. The superfluid 
velocity around such a monopole has the same form as the vector potential A of 
the electromagnetic field near the Dirac monopole 


Vs = 13 ce yens (17.3) 
s = 3mr” "7 ’ ve amre 


It has a singularity at 0 = 7, i.e. on the line of singular nı = 2 vortex emanating 
from the hedgehog. This type of monopole in *He-A has a physical ‘Dirac string’. 
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Fic. 17.3. Top left: Doubly quantized singular vortex with free end in ?He-A. 
The termination point is the hedgehog in the L-field. Tı op right: Doubly quan- 
tized singular vortex splits into two nı = 1 vortices terminating on hedgehog. 
Bottom left: The same as in top right but in a chiral superconductor with the 
same order parameter as in 3He-A. Each vortex with nı = 1 is an Abrikosov 
vortex which carries the magnetic flux 69/2 to the nexus. The nexus repre- 
sents the magnetic pole with emanating flux ®o. Bottom right: The magnetic 
flux to the nexus is supplied by four half-quantum vortices. 


The vorticity V x vs which plays the role of magnetic field B is a conserved 
quantity: the continuous vorticity radially emanating from the hedgehog is com- 
pensated by the quantized vorticity entering the hedgehog along the hard core 
of the string. The Mermin—Ho relation in (9.17) must be modified to include the 
singular vorticity concentrated in the singular vortex: 


AR wd ce . Dah 
V x vs = qeri Vl; x Vie + 0 (—2)6(2)4(y) (17.4) 


The singular nı = 2 vortex can split into two topologically stable vortices 
with nı = 1 (Fig. 17.3 top right), or even into four half-quantum vortices, each 
with nı = +1/2 winding number (see Fig. 17.3 bottom right in the case of the 
chiral superconductor with the same order parameter as in ?He-A). These vor- 
tices thus meet each other at one point — the hedgehog in the Î-field. Such a 
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composite object, which is reminiscent of the Dirac magnetic monopole with 
one or several physical Dirac strings, is called a nexus in relativistic theories 
(Cornwall 1999). In electroweak theory the nexus is represented by a hypermag- 
netic (or electroweak) monopole which is the termination point of the Z-string 
(Fig. 17.2 bottom); the monopole—anti-monopole pair can be connected by the 
Z-string (Nambu 1977); such configuration is called a dumbbell. 


17.1.6 Nexus in chiral superconductors 


Figure 17.3 bottom shows nexuses in chiral superconductors (Volovik 20008). In 
a chiral superconductor the semilocal group is broken (Sec. 16.2.4); as a result 
the Meissner effect is not complete because of the L-texture. Magnetic flux is not 
necessarily concentrated in the tubes — Abrikosov vortices (Abrikosov 1957) — but 
can propagate radially from the hedgehog according to the Mermin—Ho relation 
eqn (9.17) extended to the electrically charged superfluids. The condition that 
the electric current j = ens(vs—(e/m)A) is zero in the bulk of the superconductor 
gives for the vector potential according to eqn (17.3) 


A = —v; = Sen cot= . (17.5) 


This is exactly the vector potential of the Dirac monopole, i.e. the Î-hedhehog 
in Fig. 17.3 top acquires in superconductors a magnetic charge g = hc/4re. 
The magnetic flux Po = hc/e emanating radially from the hedgehog (nexus) 
is compensated by the flux supplied by the doubly quantized Abrikosov vortex 
(nı = 2) which plays the part of a Dirac string. 

The flux ®ọo can be supplied to the hedgehog by two conventional Abrikosov 
vortices, each having winding number nı = 1 and thus the flux ® = 0/2 (Fig. 
17.3 bottom left) or by four half-quantum vortices, each having fractional winding 
number nı = 1/2 and thus the fractional flux ® = ®9/4 (Fig. 17.3 bottom right). 


17.1.7 Cosmic magnetic monopole inside superconductors 


Since magnetic monopoles in GUT and the monopole-like defects in supercon- 
ductors involve the quantized magnetic flux, there is a topological interaction be- 
tween these topological objects. Let us imagine that the GUT magnetic monopole 
enters a conventional superconductor. If the monopole has unit Dirac magnetic 
flux ®o, it produces two Abrikosov vortices, each carrying ®o/2 flux away from 
the magnetic monopole (Fig. 17.4 top left). This demonstrates the topological 
confinement of linear and point defects. 

In chiral superconductors, a cosmic monopole with elementary magnetic 
charge can produce four half-quantum Abrikosov vortices (Fig. 17.4 top right). 
The other ends of the vortices can terminate on the nexus. Thus Abrikosov flux 
lines produce the topological confinement between the GUT magnetic monopole 

and the nexus of the chiral superconductor. Figure 17.4 (bottom left) shows the 
cosmic defect and defect of superconductor combined by the doubly quantized 
(n2 = 2) Abrikosov vortex. This leads to the attraction between the objects, the 
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final result of which is that the GUT magnetic monopole will find its equilib- 
rium position in the core of the hedgehog in the Îvector field forming a purely 
point-like composite defect (Fig. 17.4 bottom right). The nexus in chiral supercon- 
ductors thus provides a natural trap for the massive cosmic magnetic monopole: 
if one tries to separate the monopole from the hedgehog, one must supply the 
energy needed to create the segment(s) of the Abrikosov flux line(s) confining 
the hedgehog and the monopole. 


17.2 Defects at surfaces 
17.2.1 Boojum and relative homotopy group 


Boojum is the point defect which can live only on the surface of the ordered 
medium. This name was coined by Mermin (1977) who discussed boojums in 
3He-A [326]. In ?He-A boojums are always present on the surface of a rotating 
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Fic. 17.5. Top left: Topological charge of point boojums is determined by rela- 
tive homotopy group. The relevant subspace is a hemisphere, whose boundary 
— the circumference — is on the surface of the system. Such a hemisphere is 
mapped to the vacuum manifold R, while its boundary is mapped to the sub- 
space R of the vacuum manifold R constrained by the boundary conditions. 
Bottom: Doubly quantized continuous vortices in rotating vessel terminate on 
boojums. Top right: Classification of linear boojums — strings living on the 
surface of the system. The relevant subspace is a cemicircle, whose boundaries 
— two points — are on the surface of the system. 


vessel as termination points of continuous vortex-skyrmions (Fig. 17.5 bottom; 
they are present at the interface separating 3He-A and °He-B (see Figs 17.6 and 
17.9 top below). Boojums on the surface of nematic liquid crystals are discussed 
in the book by Kleman and Lavrentovich (2003). 

Boojums are described by the relative homotopy group 72(R, R). Here the 
subspace R is the vacuum manifold on the surface of the system, which is reduced 
due to the boundary conditions restricting the freedom of the order parameter 
(Volovik 1978; Trebin and Kutka 1995). Now the relevant part of the coordinate 
space to be mapped to the vacuum space is a hemisphere in Fig. 17.5 top left, 
whose boundary — the circumference — is on the surface of the system. Such a 
hemisphere surrounds the point defect living on the surface. The hemisphere is 
in the bulk liquid and thus is mapped to the vacuum manifold R. The boundary 
of the hemisphere is on the surface of the container and thus is mapped to the 
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subspace R of the vacuum manifold R, which is constrained by the boundary 
conditions. 

In principle, the relative homotopy group 72(R, R) describes two types of 
point defects: (i) hedgehogs which came from the bulk but did not disappear 
on the surface because of boundary conditions; and (ii) boojums which live only 
on the surface and cannot move to the bulk liquid. The topological description, 
which resolves between these two topologically different types of point defects 
on the surface, can be found in Volovik (1978). 

Accordingly, linear defects on the surface of the system are desribed by the 
relative homotopy group 71(R, R) (Fig. 17.5 top right). The semicircle surround- 
ing the defect line is mapped to the vacuum manifold R of the bulk liquid, while 
the end points, which are on the surface, are mapped to the vacuum submanifold 
R constrained by the boundary conditions. This group also includes two types 
of defects: (i) strings which came from the bulk but did not disappear on the 
surface because of boundary conditions (an example is the half-quantum vortex 
of the A-phase which survives on the AB-interface in Sec. 17.3.9); and (ii) linear 
boojums — the strings which live only on the surface and cannot move to the 
bulk liquid. 


17.2.2 Boojum in 3 He-A 


In the case of 3He-A the boundary conditions restrict the orientation of the Î- 
vector: | = +S, where § is the normal to the surface. As a result the restricted 
vacuum manifold on the surface is 


Ř = 8? x U(1) x Z2. (17.6) 


Here S? is the sphere of the unit vector d: it is not disturbed by the boundary 
(we neglect here the spin-orbit interaction); U(1) is the space of phase rotation 
group: m and n are parallel to the surface and can freely rotate about 1, since 
such rotation corresponds to the change of the phase of the order parameter; Z2 
marks two possible directions of the Î-vector on the surface: 1 = +8. 

The relative homotopy group describing the point defects on the surface is 


mo(Ra, Ra) = m ((S? x SO(3))/Z2,S? x U(1) x Ze) =Z. (17.7) 


A more detailed inspection of this group shows that the group Z of integers 
refers to the topological charge nz of the boojums (see below), while the point 
defects which come from the bulk liquid — hedgehogs in the d-field — can be 
continuously destroyed on the boundary. The d-field belongs to the spin part of 
the order parameter and thus is not influenced by the surface: The d-hedgehog 
simply penetrates through the surface to the ‘shadow world behind the wall’ 
(this shadow world can be constructed by mirror reflection without violation of 
the boundary condition for the L-vector). 

The boojum is a singular defect: its hard core has size of order coherence 
length €. This defect has a double topological nature, bulk and surface. On the 
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Fic. 17.6. Singularities in superfluid *He in a rotating container: singular 
B-phase vortices, AB-interface, A-phase boojums on the surface of the con- 
tainer and A-phase boojums at the interface. Boojums on the surface of 
container (Mermin 1977) have the surface winding number nı = 2 and the 
bulk winding number nz = 1. Boojums on the AB-interface have two times 
smaller winding numbers: nı = 1 and ng = 1/2. 


one hand, it is a point defect for the bulk Î-field. The integral charge nə is 
the degree of the mapping of the hemisphere, which is S? since 1 is fixed on the 
boundary, to the sphere 9? of unit vector lin the bulk liquid. On the other hand, 
if one considers the order parameter field on the surface where lis fixed, one finds 
that it is the point defect in the m+ in field. Since rotations of these vectors 
about Î are equivalent to phase rotations, this defect is a point vortex. The 
winding number of vectors m and n along the closed path on the surface around 
the boojum, which determines the circulation number of superfluid velocity, is 
nı = 2na. 

The relation between the two winding numbers is exactly the same as for 
continuous vortex-skyrmions in eqn (16.8), where the Î-texture gives rise to 
the winding number of the vortex with nı = 2nə. This is the reason why the 
continuous vortex with nı = 2 in the bulk liquid terminates on the singular 
vortex with nı = 2 on the surface — the boojum (Fig. 17.5 bottom). Boojums 
on the top and bottom walls of the container are the necessary attributes of the 
rotating state in 3He-A. 


17.3 Defects on interface between different vacua 
17.3.1 Classification of defects in presence of interface 


The phase boundary between two superfluid vacua, ?He-A and *He-B, is the 2D 
object which is under extensive experimental investigation for many reason (see 
e.g. Blaauwgeers et al. 2002) 

The classification of defects in the presence of the interface between A- and 
B-phases (Volovik 1990c; Misirpashaev 1991) must give answers to the following 
questions: What is the fate of defects which come to the interface from the bulk 
liquid? Do they survive or disappear? Can they propagate through the interface 
or do they have a termination point on the interface? Are there special defects 
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which live only at the interface? The latter are shown in Fig. 17.6. Boojums at 
the AB-interface do exist, but they have different topological charges than the 
boojums living on the surface of ?He-A. 

The existence and topological stability of boojums are determined by the 
topological matching rules across the interface, which in turn are defined by 
boundary conditions, combined with the topology of the A- and B-phases in the 
bulk liquid. The boundary conditions in turn depend on the internal symmetry 
of the order parameter in the core of the interface. Thus we must start with the 
symmetry classes of interfaces. 


17.3.2 Symmetry classes of interfaces 


The symmetry classification of possible interfaces is similar to the symmetry 
classification of the structures of the core of defects — hedgehogs/monopoles 
and vortices/cosmic strings — discussed in Sec. 14.2.6. We must consider the 
symmetry-breaking scheme of the transition from the normal ?He with symmetry 
G to the superfluid state having the extended object in the form of a plane wall. 

The are only two maximum symmetry subgroups of G which are consistent 
with the geometry of defects, and with the groups Ha and Hg of the super- 
fluid phases A and B far from the interface. Both of them contain only discrete 
elements: 


Hapi = (1 , U2 T ’ U2-P 3 UTP) (17.8) 


and 
Hape = (1, Use , UPT , U2-PT) . (17.9) 


Here Uzz, U2y and U2, denote rotations through 7 about £$, ŷ and ĉ, with the axis 
x along the normal s to the AB-interface. In each of these two subgroups there 
is a stationary solution for the order parameter everywhere in space including 
the interior of the interface. In the solution with symmetry Hage the orbital unit 
vector of the A-phase anisotropy is oriented along the normal to the interface, 
= +x. In the solution with symmetry Hap the Lvector is in the plane of the 
interface, say 1=2. 
The solution with minimum interface energy belongs to the class Hap. It 
has the following asymptotes for the order parameter on both sides of the wall: 


0 


e? (x = —00) = Agta (ĉi + iĝi) , el; (£ = +00) = Apdas - (17.10) 


For the maximally symmetric interface the symmetry Hap of the asymptote 
persists everywhere throughout the interface, i.e. at —oo < x < +00. 


17.3.3 Vacuum manifold for interface 


Equation (17.10) represents only one of the possible degenerate states of the 
wall in the class Hapi, the other states with the same energy being obtained by 
the symmetry operations. These are the symmetry operations from the group G 
which do not change the orientation of the interface 


Gap = U(1)y x SO(2)z, x SO(3)g x PUxy x T. (17.11) 
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Here SO(2)r,, is the group of orbital rotations about the normal to the interface. 
Applying these symmetry transformations to the particular solution (17.10) one 
obtains all the possible orientations of the vacuum parameters in both phases 
across the interface (the unit vectors d, ma, ñ and 1 on the A-phase side, and the 
phase ® and the rotation matrix Rai on the B-phase side): 


Cai = Ape’? Rail, n), x = +00 , (17.12) 
(M + in); = e? RE (a, å) (êk + iĝk), da = Rag(0, Â)êg, £ = —0o . (17.13) 


Here R” is the matrix of orbital rotations from the group SO(2)z,. Equation 
(17.12) and eqn (17.13) represent the mutual boundary conditions for the two 
vacua across the interface, which can be written in general form introducing the 
unit vector $ along the normal to the boundary: 


g-1=0, &- (t+ ih) =e , da = Roi(O, À)ê; . (17.14) 


The vacuum manifold — the space of degenerate states — which describes all 
possible mutual orientations of the order parameter on both sides of the wall of 
class Hap is 


Rapi = Gap/Hapi = U (1)n x SO(2)z, x SO(3)sg . (17.15) 


17.3.4 Topological charges of linear defects 


The vacuum manifold in eqn (17.15) is rather peculiar: there is no one-to-one 
correspondence between the orientations of the vacua across the interface. It 
follows, for example, that if we fix the orientation of the B-phase vacuum, the 
order parameter matrix Rai and the phase ®, there is still freedom on the A-phase 
side. While the spin vector d and the phase © (the angle of rotation of vectors 
m and n around 1) become fixed by the B-phase, å, = Rit and ®, = Ëp, the 
direction of the Î in the plane — the angle a in eqn (17.13) — remains arbitrary. 
In other words, each point in the B-phase vacuum produces a U (1) manifold of 
vacuum states on the A-phase side. 

On the other hand, if one fixes the orientation of the A-phase degeneracy 
parameters ®, Î and d, then on the B-phase side the phase ® will be fixed, but 
there is still some freedom in the orientation of the B-phase order parameter 
matrix Rai: the angle 0 of rotations about axis ñ = § is arbitrary. Thus each 
point in the A-phase vacuum also produces a U(1) manifold of states on the 
B-phase side. 

These degrees of freedom lead to a variety of possible defects on the AB- 
interface. The general classification of such defects in terms of the relative ho- 
motopy groups has been elaborated by Misirpashaev (1991) and Trebin and 
Kutka (1995). Let us first consider the defects which have singular points on the 
interface as termination or crossing points of the linear defects in the bulk. At 
these points the structure of the interface is violated: the mutual boundary condi- 
tions for the degeneracy parameters are satisfied everywhere on the AB-interface 
except these points. 


224 MONOPOLES AND BOOJUMS 


These points can be described by the 7, homotopy group 
m(Rapi) =ZxXZx Zo. (17.16) 


This group describes the mapping of the contour lying on the interface and 
surrounding the defect to the vacuum manifold of the interface in eqn (17.15). 
According to eqn (17.16), there are three topological charges — three integer 
numbers Nog, N; and Nr — which characterize the topologically stable defects 
related to the interface. 

The integer charge Noe comes from the subspace U(1)y of Rapi in eqn 
(17.15). It is the winding number of the phase of the order parameter on the 
interface. In other words, this is the number of the circulation quanta of the 
superfluid velocity along the contour on the AB-interface which embraces the 
defect, i.e. Ne = nı. Since the phases ® at the interface are the same for both 
vacua, ®a = ®p, the circulation number nı of superfluid velocity is conserved 
across the interface. 

Integer N; comes from the subspace SO(2)z,,. It is the winding number for 
the Lvector on the interface around a defect. Let us recall that at the interface 
one has Î L § and thus the vacuum manifold of the L-vector is the circumference 
SO(2)r,- 

The topological quantum number Nr comes from the space of spin rota- 
tions SO(3)g in the vacuum manifold Rap in eqn (17.15). Since the spin-orbit 
interaction is neglected, spin rotations of the order parameter do not change 
the energy of the interface. The integer Nr takes only values 0 and 1, since 
m™1(SO(3)gs) = Z2. Corresponding defects are related to spin vortices. 


17.3.5 Strings across AB-interface 


All the linear defects intersecting the interface or terminating on the interface 
can be classified in terms of the 3-vector with integer-valued components N= 
(No, Mi, Nr). Among these defects one can find: 

(1) End points of the linear singularities in the bulk A-phase without propa- 
gation of the singularity into the B-phase. 

(2) End points of the linear singularities in the bulk B-phase without prop- 
agation into the A-phase. The end of the linear B-phase defect sometimes gives 
rise to the special point singularity on the A-phase side, which is similar to 
boojums — the point defects which live on the surface of the ordered medium. 

(3) Points of the intersection of the linear defects with the AB-interface, i.e. 
defects which propagate into the bulk liquid on both sides of the wall. 

Let us start with three elementary defects, i.e. described by only one non-zero 
component of the N-vector (Fig. 17.7): 

N = (0,0,1). This elementary defect has non-zero winding Ng = 1 of the 
angle 0 in the B-phase. It represents the end point of the B-phase spin vortex 
without any singularity on the A-phase side (Fig. 17.7 top left). This is possible 
because the angle 0 is not fixed by the A-phase and thus can make winding even 
if the A-phase order parameter remains constant. 
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Fic. 17.7. Defects at and across the AB-interface. MV, SV and SMV denote 
mass vortex, spin vortex and spin—mass vortex respectively. 

N= (1,0,0). This elementary defect is the B-phase mass vortex with 27 
winding of the phase ®, which transforms to the singular A-phase mass vortex 
with the same winding number: No = nı = 1 (Fig. 17.7 top right). 

N = (0,1,0) (Fig. 17.7 middle left). This elementary defect is a disclination 
in the Î-field with winding number N; = 1 which does not propagate into the bulk 
B-phase, since at a given fixed value of the B-phase orientation the orientation 
of the Î can be arbitrary. However, it should propagate into the A-phase either 
in terms of the same disclination or in terms of the vortex, since in the A-phase 
the disclination and the vortex belong to the same topological class nı = 1 and 
may transform to each other. If the singularity propagates as a vortex, the end 
of the A-phase vortex is the boojum in the L-field with no = 1 /2. 

All other defects can be constructed from the elementary ones. The important 
ones for us are the following defects, which can appear in the rotating vessel. 
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Fic. 17.8. Boojum as nexus. Since in the analogy with gravity V x vs plays 
the role of the gravimagnetic field, this defect plays the role of gravimagnetic 
monopole. 


17.3.6 Boojum as nexus 


= 


N = (1,1,0) (Fig. 17.7 middle right). This is a sum of the defects (1,0,0) + 
(0, 1,0). The B-phase vortex will persist but the two singularities in the A-phase 
will be annihilated due to the famous sum rule for the linear defects in the bulk 
A-phase: Ne +N; = 1+1 = 0. So only the boojum is left on the A-phase side and 
we come to the Dirac monopole structure: B-phase nı = 1 vortex terminating 
on the A-phase boojum | = f (Fig. 17.8). As distinct from the boojums on 
the surface of the container, where the boundary conditions on the Î-vector are 
different (l is parallel to the normal to the surface), the boojum at the interface 
has nı = 1 circulation quantum (Fig. 17.6). Since V x vs plays the role of the 
gravimagnetic field, this boojum is equivalent to the gravimagnetic monopole 
discussed by Lynden-Bell and Nouri-Zonoz (1998) (see Sec. 20.1.2 and Chapter 
31 on the gravimagnetic field). 

And finally the sum of three elementary defects, (1, 1,1) = (1,0,0)+(0,1,0)+ 
(0,0,1), in Fig. 17.7 bottom left is the A-phase Mermin—Ho vortex, which propa- 
gates across the AB-interface forming the composite linear defect in the ®- and 
Rui- fields — the spin—mass B-phase vortex discussed in Sec. 14.1.4. The compos- 
ite spin—mass vortices were experimentally resolved by Kondo et al. (1992) just 
after the AB-interface with continuous vorticity on the A-phase side traversed 
the rotating vessel. This implies that (1, 1,1) or (1, —1,1) defects of the interface 
were the intermediate objects in formation of the spin—mass vortex. 


17.3.7 AB-interface in rotating vessel 


The vortex-full rotating state in the presence of the AB-interface is shown in 
Fig. 17.9 top. Both phases contain an equilibrium number of vortices at given 
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Fic. 17.9. Top: In an equilibrium rotating state, a continuous vortex-skyrmion 
in the A-phase with winding number nı = 2, approaching the interface, 
splits into Mermin—Ho vortices, radial and hyperbolic, each with nı = 1. 
Each Mermin—Ho vortex gives rise to a singular point defect on the AB-in- 
terface — a boojum. The boojum is the termination point of a singular 27 
(nı = 1) vortex in the B-phase. Thus the continuous vorticity crosses the 
interface transforming to singular vorticity. However, singularities are not 
easily created in superfluid 3He. That is why typically the non-equilibrium 
state arises (bottom), in which the continuous A-phase vorticity does not 
propagate through the interface. Instead it is accumulated at the A-phase 
side of the interface forming the vortex layer with a high density of vortices 
separating the vortex-free ?He-B and the ?He-A with equilibrium vorticity. 


angular velocity Q of rotation. Let us recall (see eqn (14.2)) that the areal density 
of vortices n, is determined by the condition that in equilibrium the superfluid 
component performs on average the solid-body rotation, i.e. (vs) = Q x r, or 
(V x Vs) = 2. Since (V x vs) = Ni Kony, where ko = 7h /m, one obtains 


— 2mQ 


Ny = 


(17.17) 


nth ` 
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This demonstrates that the number of doubly quantized vortex-skyrmions in 
the A-phase is two times smaller than the number of singular singly quantized 
B-phase vortices. 

The vorticity is conserved when crossing the interface. When approaching 
the interface the continuous nı = 2 A-phase vortex splits into two Mermin— 
Ho vortices, radial and hyperbolic, each terminating on a boojum with nı = 
2n2 = 1. The quantized circulation around the boojum continues to the B-phase 
side in terms of nı = 1 singular vortices. In terms of the point singularities on 
the AB-interface these processes correspond to two defects: N= (1,1,0) and 
N= (1,—1,0), which are radial and hyperbolic boojums at the AB-interface, 
respectively. 

However, we know that singularities are not easily created in superfluid *He: 
the energy barrier is too high, typically of 6-9 orders of magnitude bigger than 
the temperature (Sec. 16.1.3). When the vessel is accelerated from rest, the A- 
phase vortex-skyrmions are created even at a low velocity of rotation, while 
the critical velocity for nucleation of the singular vortices in ?He-B are is higher 
(Sec. 26.3.3). Thus one may construct the state with vortex-full A-phase and 
vortex-free B-phase (Blaauwgeers et al. 2002). The A-phase thus rotates as 
a solid body, while the B-phase remains stationary in the inertial frame (Fig. 
17.9 bottom). The A-phase continuous vorticity does not propagate through the 
interface; instead it is accumulated at the interface forming the vortex layer (the 
vortex sheet) with a high density of continuous vorticity. Thus two superfluids 
slide along each other with a tangential discontinuity of the superflow velocity 
at the interface. This tangential discontinuity is ideal — there is no viscosity in 
the motion of superfluids, so that such a state can persist for ever. 

Vorticity starts to propagate into the B-phase only after the critical velocity 
of the Kelvin-Helmholtz instability of the tangential discontinuity is reached, in 
the process of development of this shear-flow instability (see Chapter 27), and 
thus one superfluid (*He-A) spins up another one (?He-B). 


17.3.8 AB-interface and monopole ‘erasure’ 


The interaction of cosmic defects of different dimensionalities can be important 
as a possible way of soving the magnetic monopole problem. The GUT magnetic 
monopoles could have been formed in the early Universe if the temperature had 
crossed the phase transition point at which the GUT symmetry of strong, weak 
and electromagnetic interactions was spontaneously broken. They appear accord- 
ing to Kibble’s (1976) scenario of formation of topological defects in the process 
of non-equilibrium phase transition, which we shall discuss in Chapter 28. Since 
these monopoles are heavy, their energy density at the time of nucleosynthesis 
would by several orders of magnitude exceed the energy density of matter, which 
strongly contradicts the existence of the present Universe (see review by Vilenkin 
and Shellard 1994). 

The possible solution of the cosmological puzzle of overabundance of mono- 
poles was suggested by Dvali et al. (1998) and Pogosian and Vachaspati (2000). 
In the suggested mechanism the interaction of the defects of different dimensions 


DEFECTS ON INTERFACE BETWEEN DIFFERENT VACUA 229 
A-phase A-phase 


ny = 1/2 n=l ny=-1 n= 1/2 


AB-interface ý 


A B-phase 


n=l 


Fic. 17.10. All topological defects are destroyed by the AB-interface except 
for the Alice string. When a singular vortex or other defect (except for the 
half-quantum vortex) approaches the interface from either side (left), it can 
be cut to pieces by the interface (right). The half-quantum vortex — the Alice 
string — survives at the interface. 


leads to ‘defect erasure’: monopoles can be swept away by the topological defects 
of higher dimension, the domain walls, which then subsequently decay. 

The impenetrability of continuous A-phase vorticity through the interface in 
Fig. 17.9 bottom, as well as the impenetrability of singular defects through the 
interface from the B-phase to A-phase in Fig. 17.9 top, serve as a condensed 
matter illustration of the monopole ‘erasure’ mechanism. In our case the role of 
the monopoles is played by both vortices, singular and continuous. 

In the situation in Fig. 17.9 bottom, continuous A-phase vortex-skyrmions 
cannot propagate through the domain wall — the interface between two different 
phases of 3He. They are swept away when the interface moves toward the A- 
phase. 

In the situation in Fig. 17.9 top the singular defects of the B-phase terminate 
on boojums and do not propagate to the A-phase side where vortex-skyrmions 
have no singularities. If one starts to move the interface toward the B-phase one 
finds that the singularities are erased from the experimental cell by the interface. 


17.3.9 Alice string at interface 


As was found by Misirpashaev (1991), the Alice string (half-quantum vortex) 
is the only singular defect which is topologically stable in the presence of the 
AB-interface (Fig. 17.7 bottom right). The other linear defects, when they ap- 
proach and touch the interface, can smoothly annihilate leaving the termination 
points (see Fig. 17.10). The point defects — the A-phase hedgehog in the d-field 
— are erased completely when they collide with the interface. This is another 
illustration of the monopole erasure. The Alice string cannot propagate through 
the interface, but when it comes from the bulk A-phase (Fig. 17.10 left) to the 
interface it will survive there (Fig. 17.10 right). 

Whether the Alice string is repelled from the interface or attracted by the 
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Fic. 17.11. Simplest realization of the Alice string at the interface. On the 
A-phase side it is the spin vortex in the d-field with v = 1/2, while on the 
B-phase side it is the mass vortex with nı = 1/2. 


interface and lives there, is not determined by topology, but by the energetics of 
vortices on different sides of the interface. Let us recall that in the bulk A-phase, 
the Alice string is the combination of the mass vortex with nı = 1/2 and spin 
vortex with v = 1/2. This allows us to construct the simplest representation of 
the Alice string lying at the interface: 


€ai(z < 0) = Aa (ĉa sin o — Ho cos Q) (ĉi + iĝi) , (17.18) 
eaill > 0) = —iApdaie’® . (17.19) 


Here the vortex line and the L-vector are along the z axis. In this construction, 
the change of sign of the order parameter due to the reorientation of the d-vector 
on the A-phase side is compensated by the change of the phase ® on the B-phase 
side. As a result the mass-current part of the string is on the B-phase side of 
the interface, where the phase ®g = ¢ — 7/2 changes from —7 to 0, while the 
spin-current part of the string is on the A-phase side, i.e. at x < 0 (Fig. 17.11). 
In the real Alicie string the spin and mass currents are present in both phases 
due to the conservation law for the mass and spin: 


eaid = Aa (ĉa sin((1 — a)¢) — ĝa cos((1 — a) ¢)) (ĉi + ifs)e”®, (17.20) 
Cais = —iApRai(2,ad)e'-9)*, (17.21) 


Parameters a and b of the string can be determined from the minimization 
of the London energy. In the BCS model at T = 0, eqns (14.6) and (15.19) give 
the following energy densities in the A- and B-phases: 
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E(x <0) = n ((V®)? + (Va)?’) , =b, a=(1—a)d, (17.22) 
E(x > 0) = ne (vo? + +(Va)*) , B=(1—b)d, a=ad. (17.23) 


Minimization of the energy f dxE is equivalent to application of the conserva- 
tion law for the mass and spin currents across the interface, dEp/d(V®) = 
dE, /d(V®) and dEp/d(Va) = dE, /d(Va), which gives b = 1/2 and a = 5/9. 
Thus the energy of the Alice string of length L attached to the interface is 


mh 17. R 
‘oe = nL —— Ihn ~. 17.24 
E Aice AB =n 8m 18 ar (17.24) 


The energy of the Alice string in a bulk A-phase is somewhat higher: 


Th R 
Eaice A= nL Fa ln p (17.25) 
That is why in this simplified case the Alice string prefers to live at the interface 
for energetical reasons. The topology allows for that. All the other linear defects, 
even if they are topologically stable in bulk vacua, can be eaten by the interface 
(Fig. 17.10). This does not mean that they will always be destroyed by the 
interface: the non-topological energy barriers can prevent the destruction. 
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ANOMALOUS NON-CONSERVATION OF FERMIONIC 
CHARGE 


In this part we discuss physical phenomena in the vacuum with Fermi points. The 
non-trivial topology in the momentum space leads to anomalies produced by the 
massless chiral fermions in the presence of collective fields. In 3He-A this gives 
rise to the anomalous mass current; non-conservation of the linear momentum 
of superflow at T = 0; the paradox of the orbital angular momentum, etc. All 
these phenomena are of the same origin as the chiral anomaly in RQFT (Adler 
1969; Bell and Jackiw 1969). 

As distinct from the pair production from the vacuum, which conserves the 
fermionic charge, in the chiral anomaly phenomenon the fermionic charge is nu- 
cleated from the vacuum one by one. This is a property of the vacuum of massless 
chiral fermions, which leads to a number of anomalies in the effective action. The 
advantage of ?He-A in simulating these anomalies is that this system is complete: 
not only is the ‘relativistic’ infrared regime known, but also the behavior in the 
ultraviolet ‘non-relativistic’ (or ‘trans-Planckian’) range is calculable, at least in 
principle, within the BCS scheme. Since there is no need for a cut-off, all subtle 
issues of the anomaly can be resolved on physical grounds. 

Whenever gapless fermions are present (due to the Fermi point or Fermi 
surface), and/or gapless collective modes, the measured quantities depend on 
the correct order of imposing limits. It is necessary to resolve which parameters 
of the system tend to zero faster in a given physical situation: temperature T; 
external frequency w; inverse relaxation time 1/7; inverse observational time; 
inverse volume; the distance wo between the energy levels of fermions; or others. 
All this is very important for the T — 0 limit, where the relaxation time 7 is 
formally infinite. 

We have already seen such ambiguity in the example discussed in Sec. 10.3.5, 
where the density of the normal component of the liquid is different in the limit 
T — 0 and at exactly zero temperature. An example of the crucial difference 
between the results obtained using different limiting procedures is also provided 
by the so-called ‘angular momentum paradox’ in *He-A, which is also related 
to the anomaly: the density of the orbital momentum of the fluid at T = 0 
differs by several orders of magnitude, depending on whether the limit is taken 
while lefting wr — 0 or wr — oo. The same situation occurs for the Kopnin 
or spectral-flow force acting on vortices, which comes from the direct analog of 
the chiral anomaly in the vortex core (see Chapter 25), and for quantization of 
physical parameters in 2+1 systems (Sec. 21.2.1), which is also related to the 
anomaly. 
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Fic. 18.1. Flow of the vacuum in 1D p-space under external force. 


In many cases different regularization schemes lead to essentially different 
results. In some cases this does not mean that one scheme is better than another: 
each scheme can simply reflect the proper physical situation in its most extreme 
manifestation. 


18.1 Chiral anomaly 
18.1.1 Pumping the charge from the vacuum 


The nucleation of the fermionic charge from the vacuum can be visualized in an 
example of the 1D energy spectrum E(p) = (p? — p?)/2m (Fig. 18.1). In the 
initial vacuum state all the negative energy levels are occupied by quasiparticles. 
Now let us apply an external force F > 0 acting on the particles according 
to the Newton law p = F. Particles in the momentum space start to move to 
the right, they cross the zero-energy level at p = pr and become part of the 
positive energy world, i.e. become quasiparticles representing the matter. Thus, 
an external field pumps the liquid from the vacuum to the world. The number of 
quasiparticles which appear from the vacuum near +pp is ù = F/2rħ (per unit 
time per unit length). On the other hand, the same number of holes appear near 
the left Fermi surface at p = —pr, which also represent matter. If we assign the 
fermionic charge B = +1 to the fermions near +pr and the charge B = —1 to 
the fermions near —pr, we find that the total charge B produced by the external 
force per unit time per unit length is B = 2F/2rh. 

The same actually occurs in 3D space in the vacuum with Fermi points: under 
external fields the energy levels flow from the vacuum through the Fermi point to 
the positive energy world. Since the flux of the levels in momentum space is con- 
served, the rate of production of quasiparticles can be equally calculated in the 
infrared or in the ultraviolet limits. In ?He-A it was calculated in both regimes: 
in the infrared regime below the first ‘Planck’ scale, where the chiral quasipar- 
ticles obey all the ‘relativistic’ symmetries; and in a more traditional approach 
utilizing the so-called quasiclassical method, which is applicable only above the 
‘Planck’ scale, i.e. in the highly non-relativistic ultraviolet regime. Of course, the 
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Fic. 18.2. Spectrum of massless right-handed and left-handed particles with 
electric charges qr and qz, respectively, in a magnetic field B along z; the 
thick lines show the occupied negative energy states. Particles are also char- 
acterized by some other fermionic charges, Br and Bz, which are created 
from the vacuum in the process of spectral flow under electric field E || B. 


results of both approaches coincide. Here we shall consider the infrared relativis- 
tic regime in the vicinity of the Fermi point to make the connection with the 
chiral anomaly in RQFT. 


18.1.2 Chiral particle in magnetic field 


Let us consider the chiral right-handed particle with electric charge qr moving 
in magnetic and electric fields which are parallel to each other and are directed 
along the axis z. Let us first start with the effect of the magnetic field B = Foz. 
The Hamiltonian for the right-handed particle with electric charge qr in the 
magnetic field is 

H3 = co*p3 + co" (pı = T hag?) + co? (p2 + Eha’) . (18.1) 
The motion of the particle in the (x, y) plane is quantized into the Landau levels 
shown in Fig. 18.2. The free motion is thus effectively reduced to 1D motion 
along the direction of magnetic field B with momentum p,(= p3). Because of 
the chirality of the particles, the branch corresponding to the lowest (n = 0) 
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Landau level is asymmetric: the energy spectrum E = cp, of our right-handed 
particle crosses zero with positive slope (Fig. 18.2). Zero in this energy spectrum 
represents the Fermi surface in 1+1 spacetime which is described by the topolog- 
ical charge N; = 1 in eqn (8.3). The branches of the fermionic spectrum which 
cross zero energy are usually called the fermion zero modes. The number v of 
fermion zero modes formed in the magnetic field equals the number of states at 
the Landau level. It is determined by the total magnetic flux ® = f dxdyF\2 in 
terms of the elementary flux ®p = 27/|qr|: 


b = lgrFi2|LiL2 


18.2 
T, P , (18.2) 


yV = 


where Lı and Lə are the lengths of the system in the x and y directions. This 
is an example of the dimensional reduction of the Fermi point with topological 
charge N3 in 3+1 spacetime (defect of co-dimension de = 3) to the Fermi surface 
with topological charge N; in 1+1 spacetime (defect of co-dimension de = 1) 
in the presence of the topologically non-trivial background, which in our case is 
provided by the magnetic flux. 


18.1.3 Adler-Bell-Jackiw equation 


Let us now apply an electric field E along axis z. According to the Newton law, 
p3 = qRE3, the electric field pushes the energy levels marked by the momentum 
p3 from the negative side of the massless branch to the positive energy side. This 
is the spectral flow of levels generated by the electric field acting on fermion 
zero modes. As a result the particles filling the negative energy levels enter the 
positive energy world. The whole Dirac sea of fermions on the anomalous branch 
moves through the Fermi point transferring the electric charge gr and the other 
fermionic charges carried by particles, say Br, from the vacuum into the positive 
energy continuum of matter. The rate of production of chiral particles from the 
vacuum along one branch of fermion zero modes is (L3p3)/27, where Lg is the 
size of the system along the axis z. Accordingly the production of charge B 
per unit time is B = Br(L3p3)/27 = Brarl3/2n. This must be multiplied by 
the number v of fermion zero modes in eqn (18.2). Then dividing the result by 
the volume V = L,L2L3 of the system one obtains the rate of production of 
fermionic charge B from the vacuum per unit time per unit volume: 


B= pa Brake -B. (18.3) 
If we are interested in the production of electric charge we must insert Br = qr 
to obtain Q = (1/47?)q3E - B. 

The same spectral-flow mechanism of anomalous production of the charge B 
can be applied to the left-handed fermions. In the magnetic field the left-handed 
fermions give rise to the fermion zero modes with the spectrum E = —cps, i.e. 
they have negative slope. Now the force acting on the particles in the applied 
electric field has an opposite effect: it pushes the Dirac sea of left-handed particles 
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down, annihilating the corresponding charge of the vacuum. If the left-handed 
particles have electric charge qz and also the considered fermionic charge Bz, 
they contribute to the net production of the B-charge from the vacuum: 


= = (Braz — Bra} ) E-B. (18.4) 
It is non-zero if the mirror symmetry between the left and right worlds is not 
exact, i.e. if the fermionic charges of left and right particles are different. This is 
actually the equation for the anomalous production of fermionic charge, which 
has been derived by Adler (1969) and Bell and Jackiw (1969) for the relativistic 
systems. 

It can be written in a more general form introducing the chirality Ca of 
fermionic species: 
1 


oe * uV 2 
B = ga wF 2 CoB ote . (18.5) 
Here qa is the charge of the a-th fermion with respect to the gauge field F*#”; 
F*ev = (1/2)e%#" Fyg is the dual field strength. 

Finally, if the chirality is not a good quantum number, as in ?He-A far from 
the Fermi point, it can be written in terms of the p-space topological invariant 


in eqn (12.9): 
B = 


_ Puy Fe tr (BQN) , (18.6) 
where B is the matrix of the fermionic charges B, and Q is the matrix of the 
electric charges qa. 

In this form, the Adler—Bell—Jackiw anomaly equation depends only on geo- 
metric quantities, such as fermionic and topological charges, and thus it remains 
the same in all orders of perturbations, see Adler (2005). It can be equally applied 
to the Standard Model and to *He-A. In the first case the corresponding gauge 
fields are hypercharge U(1) and weak SU (2)z fields; in the second case the gauge 
field and fermionic charges must be expressed in terms of the 3He-A observables. 
The effective ‘magnetic’ and ‘electric’ fields in 7He-A are simulated by the space- 
and time-dependent i-texture. Since the effective gauge field is A = pel, the ef- 
fective magnetic and electric fields are B = prV x land E = ppô4l. 

Let us first apply eqn (18.6) to the Standard Model. 


18.2 Anomalous non-conservation of baryonic charge 
18.2.1 Baryonic asymmetry of Universe 


In the Standard Model (Sec. 12.2) there are two additional, accidental global 
symmetries U(1) and U(1)z whose classically conserved charges are the baryon 
number B and lepton number L. Each of the quarks has baryonic charge B = 1/3 
and leptonic charge L = 0 with B— L = 1/3 in eqn (12.6). The leptons (neutrino 
and electron) have B = 0 and L = 1 with B — L = —1. The baryon number, 
as well as the lepton number, are not fundamental quantities, since they are 
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not conserved in unified theories, such as G(224), where leptons and quarks 
are combined in the same multiplet in eqn (12.6). At low energy the matrix 
elements for the transformation of quarks to leptons become extremely small 
and the baryonic charge can be considered as a good quantum number with high 
precision. 

The visible matter of our present Universe is highly baryon asymmetric: it 
consists of baryons and leptons, while the fraction of antibaryons and antileptons 
is negligibly small. The ratio of baryons to antibaryons now is a very big number. 
What is the origin of this number? This is one side of the puzzle. 

Another side of the puzzle shows up when we consider what the baryonic 
asymmetry was in the early Universe and find that the Universe was actually 
too symmetric. To see this let us first assume that the Universe was baryon 
symmetric from the very beginning. Then at early times of the hot Universe 
(t & 107 s), the thermally activated quark—antiquark pairs are as abundant as 
photons, i.e. ng + ng ~ ny. As the Universe cools down, matter and antimatter 
annihilate each other until annihilation is frozen out. This occurs when the anni- 
hilation rate [ becomes less than the expansion rate H of the Universe, so that 
nucleons and antinucleons become too rare to find one another. After annihila- 
tion is frozen out, one finds that only trace amounts of matter and antimatter 
remain, ng + ng ~ 107'8ny. This is much smaller than the observed nucleon to 
photon ratio 7 = ng/n, ~ 10~1°. To prevent this so-called annihilation catastro- 
phe the early Universe must be baryon asymmetric, but only with a very slight 
excess of baryons over antibaryons: (ng — ng)/(na + nq) ~ n ~ 10719. What is 
the origin of the small number n? 

In modern theories which try to solve these two problems, it is assumed that 
originally the Universe was baryon symmetric. The excess of baryons could be 
produced in the process of evolution, if the three Sakharov criteria (1967b) are 
fulfilled: the Universe must be out of thermal equilibrium; the C (charge conju- 
gation) and CP symmetries must be violated; and, of course, the baryon number 
is not conserved, otherwise the non-zero B cannot appear from the Universe 
which was initially baryon symmetric. One of the most popular mechanisms of 
the non-conservation of the baryonic charge is related to the axial anomaly (see 
the review papers by Turok (1992) and Trodden (1999)). In electroweak theory 
the baryonic charge can be generated from the vacuum due to spectral flow from 
negative energy levels in the vacuum to the positive energy levels of matter. 


18.2.2 Electroweak baryoproduction 


In the Standard Model there are two gauge fields whose ‘electric’ and ‘magnetic’ 
fields become a source for baryoproduction: the hypercharge field U(1)y and 
the weak field SU(2),. Let us first consider the effect of the hypercharge field. 
According to eqn (18.6) the production rate of baryonic charge B in the presence 
of hyperelectric and hypermagnetic fields is 


: 1 N, 
B(Y) = Tat (BY°N) By-Ey = pal YirtYur- Yir- YuL) By-Ey, (18.7) 
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where N, is the number of families (generations) of fermions; Yar, Yur, Yar and 
Yui are hypercharges of right and left u and d quarks. Since the hypercharges 
of left and right fermions are different (see Fig. 12.1), one obtains the non-zero 
value of tr (BY?N ) = 1/2, and thus a non-zero production of baryons by the 
hypercharge field 

B(Y) = “By Ey. (18.8) 


The weak field also contributes to the production of the baryonic charge: 


! 1 N, 
B(T) = ai (BT LN) B} - Esr = -Z5Br -Epr. (18.9) 


Thus the total rate of baryon production in the Standard Model takes the 
form 


B= 5 [tr (BY?N) By - Ey + tr (BT N) Bi: Esr] (18.10) 


= 34 (By Ey — B$, - Er). (18.11) 
The same equation describes the production of the leptonic charge L: one has 
L = B since B — L is the charge related to the gauge group in GUT and thus 
is conserved due to anomaly cancellation. This means that production of one 
lepton is followed by production of three baryons. 

The second term in eqn (18.10), which comes from non-Abelian SU (2)z field, 
shows that the nucleation of baryons occurs when the topological charge of the 
vacuum changes, say, by the sphaleron (Sec. 26.3.2) or due to de-linking of linked 
loops of the cosmic strings (Vachaspati and Field 1994; Garriga and Vachaspati 
1995; Barriola 1995). This term is another example of the interplay between 
momentum space and real space topologies discussed in Chapter 11. It is the 
density of the topological charge in r-space (x B% - Esr) multiplied by the 
factor tr (BT 2N ), which is the topological charge in p-space. 

The first non-topological term in eqn (18.10) describes the exchange of the 
baryonic (and leptonic) charge between the hypermagnetic field and the fermi- 
onic degrees of freedom. 


18.3 Analog of baryogenesis in 7He-A 


18.3.1 Momentum exchange between superfluid vacuum and quasiparticle 
matter 


In *He-A the relevant fermionic charge B, which is important for the dynamics 
of superfluid liquid, is the linear momentum. There are three subsystems in 
superfluids which carry this charge: the superfluid vacuum, the texture (magnetic 
field) and the system of quasiparticles (fermionic matter). According to eqn 
(10.15) each of them contributes to the fermionic charges — the momentum of 
the liquid. Let us write down eqn (10.15) neglecting PM — the quasiparticle 
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Fic. 18.3. Exchange of the fermionic charge in 3He-A (linear momentum) be- 
tween three subsystems moving with different velocities. The phenomenon 
of chiral anomaly regulates the exchange between Î-texture and the normal 
component — the heat bath of quasiparticles. vs, Vn and vy are velocities of 
the superfluid vacuum, normal component and texture (or vortex line, hence 
the index L) correspondingly. 


momentum transverse to 1 which does not contribute to fermionic charge — since 
it is relatively small at low T: 


P = P" +P{i}+mnv,, PP = X` p™ fap) - (18.12) 
a,p 


The first term PF describes the fermionic charge carried by quasiparticles. Each 
quasiparticle of chirality Ca carries the fermionic charge p“ = -Cap ri (see eqn 
(10.25)). In addition the momentum P{Î} is carried by the texture of the Î-field 
which plays the role of magnetic field. Thus the second term, P{1}, corresponds to 
the fermionic charge stored in the magnetic field. The superfluid vacuum moving 
with velocity vs also carries momentum (the third term); this contribution is 
absent in the Standard Model: our physical vacuum is not a superfluid liquid. 

One of the most important topics in superfluid dynamics is the momentum ex- 
change between these three subsystems (Fig. 18.3). The axial anomaly describes 
the momentum exchange between two of them: the L-texture, which plays the 
role of the U(1) gauge field, and the world of quasiparticles, the fermionic matter. 
This is what we discuss in this chapter. 

The exchange between these two subsystems and the third one — the su- 
perfluid vacuum — is described by different physics which we discuss later. Of 
particular importance for superfluidity is the momentum exchange between the 
moving vacuum and quasiparticles, the third and the first terms in eqn (18.12), 
respectively. The force between the superfluid and normal components arising 
due to this momentum exchange is usually called the mutual friction force fol- 
lowing Gorter and Mellink (1949), though the term friction is not very good 
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Fic. 18.4. Production of the fermionic charge in ?He-A (linear momentum) and 
in the Standard Model (baryon number) described by the same Adler—Bel- 
l-Jackiw equation. Integration of the anomalous momentum production over 
the cross-section of the moving continuous vortex-skyrmion gives the loss of 
linear momentum and thus the additional force per unit length acting on the 
vortex due to spectral flow. 


since some or even the dominating part of this force is reversible and thus non- 
dissipative. In the early experiments in superfluid *He the momentum exchange 
between vacuum and matter was mediated by a chaotic, turbulent motion of the 
vortex tangle which produced the effective dissipative mutual friction between 
the normal and superfluid components. 

Here we are interested in the momentum exchange between vacuum and 
matter mediated by the Î-texture. The momentum exchange occurs in two steps: 
the momentum of the flowing vacuum (the third term) is transferred to the 
momentum carried by the texture (the second term), and then from the texture 
to the matter (the first term). The process 2 — 1 is due to the analog of chiral 
anomaly, while the process 3 — 2 corresponds to the lifting Magnus force acting 
on the vorticity of the -texture from the moving vacuum. 

There is also another specific momentum exchange 3 — 1 in Fig. 18.3 rep- 
resenting the analog of the gravitational Aharonov-Bohm effect, which will dis- 
cussed in Chapter 31. It gives rise to the Iordanskii force. 

In superfluids and superconductors with curl-free superfluid velocity vs, in- 
stead of the texture the singular quantized vortex serves as a mediator in the 
two-step process of momentum exchange. The modification of the chiral anomaly 
to the case of singular vortices will be discussed in Chapter 25. 
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18.3.2 Chiral anomaly in 3 He-A 


Here we are interested in the process of the momentum transfer from the texture 
to quasiparticles. When a chiral quasiparticle crosses zero energy in its spectral 
flow it carries with it its linear momentum — the fermionic charge p( = —C,p pl. 
We now apply the axial anomaly equation (18.5) to this process of transformation 
of the fermionic charge (momentum) carried by the magnetic field (I-texture) to 
the fermionic charge carried by chiral particles (normal component of the liquid) 
(Fig. 18.4). Substituting the relevant fermionic charge p(® into eqn (18.5) instead 
of B one obtains the rate of momentum production from the texture 


; 1 1 a 
pF = pa (PQN) B-E = 7aB Ep Cu? s (18.13) 


Here B = (pr /ħ)V x Land E = (pr/h)Gl are effective ‘magnetic’ and ‘electric’ 
fields acting on fermions in *He-A; Q is the matrix of corresponding ‘electric’ 
charges in eqn (9.2): qa = —Ca (the ‘electric’ charge is opposite to the chirality 
of the *He-A quasiparticle, see eqn (9.4)). Using this translation to the 7He-A 
language one obtains that the momentum production from the texture per unit 
time per unit volume is 


pF =- j (añ. (V x i)) l (18.14) 


It is interesting to follow the history of this equation in 3He-A. Volovik and 
Mineev (1981) considered the hydrodynamic equations for the superfluid vacuum 
in 3He-A at T = 0 as the generalization of eqns (4.7) and (4.9) for the superfluid 
dynamics of “He which included the dynamics of the orbital momentum 1. They 
found that according to these classical non-relativistic hydrodynamic equations 
the momentum of the superfluid vacuum P{1} + mnv, is not conserved even 
at T = 0, when the quasiparticles are absent; and the production of the mo- 
mentum is given by the right-hand side of eqn (18.14). They suggested that the 
momentum somehow escapes from the inhomogeneous vacuum to the world of 
quasiparticles. Later it was found by Combescot and Dombre (1986) that in 
the presence of the time-dependent Î-texture quasiparticles are really nucleated, 
with the momentum production rate being described by the same eqn (18.14). 
Thus the total momentum of the system (superfluid vacuum and quasiparticles) 
has been proved to be conserved. In the same paper by Combescot and Dombre 
(1986) [99] it was first found that the quasiparticle states in ?He-A in the pres- 
ence of twisted texture of 1 (i.e. the texture with V xÎ Æ 0) have a strong analogy 
with the eigenstates of a massless charged particle in a magnetic field. Then it 
became clear (Volovik 1986a) that equation (18.14) can be obtained from the 
axial anomaly equation in RQFT. Now we know why it happens: the spectral 
flow from the Î-texture to the ‘matter’ occurs through the Fermi point and thus 
it can be described by the physics in the vicinity of the Fermi point, where the 
RQFT with chiral fermions necessarily arises and thus the anomalous flow of 
momentum can be described in terms of the Adler—Bell-Jackiw equation. 
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18.3.3 Spectral-flow force acting on a vortex-skyrmion 


From the underlying microscopic theory we know that the total linear momentum 
of the liquid is conserved. Equation (18.14) thus implies that in the presence of 
a time-dependent texture the momentum is transferred from the texture (the 
distorted superfluid vacuum or magnetic field) to the heat bath of quasiparticles 
forming the normal component of the liquid (analog of matter). The rate of the 
momentum transfer gives an extra force acting on a moving 1-texture. The typical 
continuous texture in 3He-A is the doubly quantized vortex-skyrmion discussed 
in Sec. 16.2. The forces acting on moving vortex-skyrmions have been measured 
in experiments on rotating ?He-A by Bevan et al. (19975). So let us find the force 
acting on the skyrmion moving with respect to the normal component. 

The stationary vortex has non-zero effective ‘magnetic’ field, B = (prh)V x1. 
If the vortex moves with velocity v, then in the frame of the normal component 
the Ltexture acquires the time dependence, 


I(r, t) = 1(r — (vi — vn)t) . (18.15) 


This time dependence induces the effective ‘electric’ field 


Fe eee | ee (18.16) 


Since B- E Æ 0, the motion of the vortex leads to the production of the qua- 
siparticle momenta due to the spectral flow. Integrating eqn (18.14) over the 
cross-section of the simplest axisymmetric skyrmion with nı = 2n2 = 2 in eqn 
(16.5), one obtains the momentum production per unit time per unit length 
and thus the force acting on unit length of the skyrmion line from the normal 
component: 


3 A A A 
Fst = Jeo (((Wn = vL): V) (V x1)) = —rħnıCo2 x (vL — vn), (18.17) 
T 


where 


aE, (18.18) 


The parameter Co has the following physical meaning: (27h)?n1Cp is the volume 
inside the surface in the momentum space swept by Fermi points in the soft core 
of the vortex-skyrmion. 

The above spectral-flow force in eqn (18.17) is transverse to the relative 
motion of the vortex with respect to the heat bath and thus is non-dissipative 
(reversible). In this derivation it was assumed that the quasiparticles and their 
momenta, created by the spectral flow from the inhomogeneous vacuum, are 
finally absorbed by the heat bath of the normal component. The retardation in 
the process of absorption and also the viscosity of the normal component lead also 
to a dissipative (friction) force between the vortex and the normal component: 


Fy, = —Y(VL a Vn) , (18.19) 
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which will be discussed later for the case of singular vortices. Note that there is 
no momentum exchange between the vortex and the normal component if they 
move with the same velocity; according to Sec. 5.4 the condition that vn = 0 
in the frame of a texture is one of the conditions of the global thermodynamic 
equilibrium, when the dissipation is absent. 


18.3.4 Topological stability of spectral-flow force. Spectral-flow force from 
Novikov- Wess-Zumino action 

The same result for the force in eqn (18.17) was obtained in a microscopic theory 
by Kopnin (1993). He used the so-called quasiclassical method (see Kopnin’s 
book (2001)). This method is applicable at energies well above the first Planck 
scale, E >> A2/vrpr, i.e. well outside the ‘relativistic’ domain, where RQFT is 
certainly not applicable. This reflects the fact that the spectral flow, the flow 
of levels along the anomalous branch of the energy spectrum, which governs 
the axial anomaly, does not depend on energy and can be calculated at any 
energy scale. In Kopnin’s essentially non-relativistic calculations no notion of 
axial anomaly was invoked. 

The spectral-flow force (18.17) does not depend on the details of the skyrmion 
structure as well. It can be derived not only for the axisymmetric skyrmion in 
eqn (16.5) but also for the general continuous vortex texture (Volovik 19926); the 
only input is the topological charge of the vortex nı. This force can be obtained 
directly from the topological Novikov-Wess—Zumino type of of action describing 
the anomaly (Volovik 19866, 19930). In the frame of the heat bath it has the 
same form as eqn (6.14) for ferromagnets in Sec. 6.1.5: 


Snwz = St fate dt dr 1- (34l x 0,1) . (18.20) 


Here the unit vector 1 along the orbital momentum of Cooper pairs substitutes 
the unit vector m of spin magnetization in ferromagnets, while the role of the 
spin momentum M is played by the angular momentum 


h X 
Lanomalous = —5 Col . (18.21) 


For the vortex ‘center of mass’ moving along the trajectory r(t, T) the vortex 
texture has the form I(r,t,7) = I(r — ri (t,7)), and the action for the rectilinear 
vortex of length L becomes 


See -Q fex i. (a al ) fa dr 8,0%,0,24, (18.22) 


- xX —— 
Ox}, Oxt, 
= —nn,CoLeiyna® f at dr dizi A, a}, = Tm Coben" fat vial . (18.23) 
Here we used eqn (16.8) for the mapping of the cross-section of the vortex to the 
sphere of unit vector l. Variation of the vortex-skyrmion action in eqn (18.23) 
over the vortex-skyrmion coordinate x(t) (with v_ = xL) gives the spectral- 
flow force acting on the vortex in eqn (18.17): Fst = —ôSNwz/ÔXL. 
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18.3.5 Dynamics of Fermi points and vortices 


The Novikov-Wess—Zumino action (18.23) is the product of two volumes in p- 
and r-space (Volovik 19938): 


(18.24) 


The quantity (27h)*n1Co represents the volume within the surface in the p- 
space spanned by Fermi points. The integral (L/2)e;;,2* f dt vix? represents 
the volume inside the surface swept by the vortex line in r-space; it is written for 
the rectilinear vortex, but the expression in terms of the volume is valid for any 
shape of the vortex line (see Sec. 26.4.2 and eqn (26.12)). This demonstrates the 
close connection and similarity between Fermi points in p-space and vortices in 
r-space. 

The action (18.24) in terms of the volume of the phase space spanned by 
Fermi points describes the general dynamics of the Fermi points of co-dimension 
de = 3, which is applicable even far outside the relativistic domain of the effective 
RQFT. This may show the route to the possible generalization of RQFT based 
on the physics of the Fermi points. Returning to the relativistic domain, one 
finds that in this low-energy limit, eqn (18.20) or (18.24) gives the action, whose 
variation represents the anomalous current in RQFT (see the book by Volovik 
1992a). For, say, the hypermagnetic field this variation is 


1 
dSnwz = str (YPN) env if d'sr dt AgO,AvdAa . (18.25) 


In the Standard Model the prefactor is zero due to anomaly cancellation (see 
eqn (12.17)). 


18.3.6 Vortex texture as a mediator of momentum exchange. Magnus force 


The spectral-flow Kopnin force Fr is thus robust against any deformation of 
the l-texture which does not change its asymptote, i.e. the topological charge 
of the vortex — its winding number nı. In this respect the spectral-flow force 
between the vortex texture and the bath of quasiparticles, which appears when 
the texture is moving with respect to the ‘matter’, resembles another force — 
the Magnus lifting force. The Magnus force describes the momentum exchange 
between the texture and the superfluid vacuum, the second and third terms in 
eqn (18.12), see Fig. 18.3. It acts on the vortex or vortex-skyrmion moving with 
respect to the superfluid vacuum: 


Fm = thnynz x (vu — vs(co)) , (18.26) 


where again n is the particle density, the number density of He atoms; v,(oo) 
is the uniform velocity of the superfluid vacuum far from the vortex. Here we 
marked by (co) the external flow of the superfluid vacuum to distinguish it from 
the local circulating superflow around the vortex, but in future this mark will be 
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omitted. In conventional notation used in canonical hydrodynamics, the Magnus 
force is 
Fm = PRZ x (VL = Viiquid) 5 (18.27) 


where p is the mass density of the liquid and « is the circulation of its velocity 
around the vortex. In our case p = mn and & = niko, with ko = mh/m in 
superfluid 7He and ko = 27h/m in superfluid *He. 

Let us recall that the vortex texture (or quantized vortex in U(1) super- 
fluids) serves as mediator (intermediate object) for the momentum exchange 
between the superfluid vacuum moving with vs and the fermionic heat bath of 
quasiparticles (normal component or ‘matter’) moving with vn. The momentum 
is transferred in two steps: first it is transferred from the vacuum to texture 
moving with velocity vg. This is described by the Magnus force acting on the 
vortex texture from the superfluid vacuum which depends on the relative veloc- 
ity vL —vs. Then the momentum is transferred from the texture to the ‘matter’. 
With a minus sign this is the spectral-flow force in eqn (18.17) which depends on 
the relative velocity v, — vn. In this respect the texture (or vortex) corresponds 
to the sphaleron (Sec. 26.3.2) or to the cosmic string in relativistic theories which 
also mediate the exchange of fermionic charges between the quantum vacuum 
and the matter. 

If the other processes are ignored then in the steady state these two forces 
acting on the texture, from the vacuum and from the ‘matter’, must compensate 
each other: Fm + Fst = 0. From this balance of the two forces one obtains that 
the vortex must move with the constant velocity determined by the velocities vs 
and vn of the vacuum and ‘matter’ respectively: vg = (nvs — CoVn)/(n — Co). 
Note that in the Bose liquid, where the fermionic spectral flow is absent and thus 
Co = 0, this leads to the requirement that the vortex moves with the superfluid 
velocity. 

However, this is valid only under special conditions. First, the dissipative 
friction must be taken into account. It comes in particular from the retardation 
of the spectral-flow process. The retardation also modifies the non-dissipative 
spectral-flow force as we shall see in the example of the 3He-B vortex in Sec. 
25.2. Second, the analogy with gravity shows that there is one more force of 
topological origin — the so-called Iordanskii (1964, 1966) force, see Fig. 18.3. It 
comes from the gravitational analog of the Aharonov-Bohm effect experienced 
by (quasi)particles moving in the presence of the spinning cosmic string and 
exists in the Bose liquid too (see Sec. 31.3.4). 


18.4 Experimental check of Adler—Bell—Jackiw equation in *He-A 


The spectral-flow force (the Kopnin force) acting on the vortex-skyrmion has 
been measured in experiments on vortex dynamics in *He-A by Bevan et al. 
(1997a,6). In such experiments a uniform array of vortices is produced by rotat- 
ing the whole cryostat. In equilibrium the vortices and the normal component of 
the fluid (heat bath of quasiparticles) rotate together with the cryostat. An elec- 
trostatically driven vibrating diaphragm in Fig. 18.5 left produces an oscillating 
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Fic. 18.5. Experimental verification of anomaly equation in *He-A. Left: A 
uniform array of vortices is produced by rotating the whole cryostat, and 
oscillatory superflow perpendicular to the rotation axis is produced by a 
vibrating diaphragm, while the normal fluid (thermal excitations) is clamped 
by viscosity, Vn = 0. The velocity v of the vortex array is determined by 
the overall balance of forces acting on the vortices. Right: These vortices 
produce additional dissipation proportional to dj and coupling between two 
orthogonal modes proportional to 1 — d1. (After Bevan et al. 1997a). 


superflow, which via the Magnus force acting on vortices from the superfluid ve- 
locity field vs generates the vortex motion. The normal component of the liquid 
remains clamped in the container frame due to the high viscosity of the system 
of quasiparticles in 3He. Thus vortices move with respect to both the heat bath 
(‘matter’) and the superfluid vacuum. The vortex velocity vy, is determined by 
the overall balance of forces acting on the vortices. This includes the spectral- 
flow force Fst in eqn (18.17); the Magnus force Fm in eqn (18.26); the friction 
force Ffr in eqn (18.19); and the Iordanskii force in eqn (31.25): 


F jordanskii = mn AnyZ x (Vs T Vn) . (18.28) 


For the steady state motion of vortices the sum of all forces acting on the vortex 
must be zero: 
Fu ate Fst + F Jordanskii + Fir =0 ; (18.29) 


From this force balance equation one has the following equation for vz: 


ZX (VL — Vs) + d2 x (vn — VL) +dj(vn —vi) =0 , (18.30) 
where c 
n — Uo Y 
di = 1- ——, d, = ———— 18.31 
= ns(T) ’ l mns(T) ( ) 


Measurement of the damping of the diaphragm resonance and of the coupling 
between different eigenmodes of vibrations enables both dimensionless parame- 
ters, dı and d) in eqn (18.31), to be deduced (Fig. 18.5 right). The most im- 
portant for us is the parameter dı, which gives information on the spectral-flow 
parameter Co. The effect of the chiral anomaly is crucial for Co: if there is no 
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anomaly then Co = 0 and d1 = n,(T)/ns(T); if the anomaly is fully realized 
the parameter Co has its maximal value, Co = p?,/3m?h®, which coincides with 
the particle density of liquid ?He in the normal state, eqn (8.6). The difference 
between the particle density of liquid He in the normal state Co and the particle 
density of liquid 3He in superfluid *He-A state n at the same chemical poten- 
tial is determined by the tiny effect of superfluid correlations on the particle 
density and is extremely small: n — Co ~ n(Ao/vrpr)”? = n(c1/cy)? ~ 107°; 
in this case one must have d, ~ 1 for all practical temperatures, even including 
the region close to Te, where the superfluid density ns(T) ~ n(1 — T?/T?) is 
small. 3He-A experiments, made in the entire temperature range where *He-A is 
stable, gave precisely this value within experimental uncertainty, |1—d_| < 0.005 
(Bevan et al. 19970; see also Fig. 18.5). 

This means that the chiral anomaly is fully realized in the dynamics of the L 
texture and provides an experimental verification of the Adler—Bell-Jackiw axial 
anomaly equation (18.5), applied to 7He-A. This supports the idea that baryonic 
charge (as well as leptonic charge) can be generated by electroweak gauge fields 
through the anomaly. 

In the same experiments with the *He-B vortices the effect analogous to the 
axial anomaly is temperature dependent and one has the crossover from the 
regime of maximal spectral flow with dy ~ 1 at high T to the regime of fully 
suppressed spectral flow with d1 = n»(T)/ns(T) at low T (see Sec. 25.2.4 and 
Fig. 25.1). The reason for this is that eqn (18.5) for the axial anomaly and the 
corresponding equation (18.14) for the momentum production are valid only in 
the limit of continuous spectrum, i.e. when the distance wo between the energy 
levels of fermions in the texture is much smaller than the inverse quasiparticle 
lifetime: wot < 1. The spectral flow completely disappears in the opposite case 
WoT >> 1, because the spectrum becomes effectively discrete. As a result, the 
force acting on a vortex texture differs by several orders of magnitude for the 
cases woT < 1 and wot > 1. The parameter wo7 is regulated by temperature. 
This will be discussed in detail in Chapter 25. 

In the case of *He-A the vortices are continuous, the size of the soft core of 
the vortex is large and thus the distance wo between the quasiparticle levels in 
the soft core is extremely small compared to 1/7. This means that the spectral 
flow in *He-A vortices is maximally possible and the Adler—Bell—Jackiw anomaly 
equation is applicable there at all practical temperatures. This was confirmed 
experimentally. 

Note in conclusion of this section that the spectral flow realized by the moving 
vortex can be considered as the exchange of fermionic charge between systems 
of different dimension: the 3+1 fermionic system outside the vortex core and 
the 1+1 fermions living in the vortex core (Volovik 19936; Stone 1996; see also 
Chapter 25). In RQFT this corresponds to the Callan—Harvey (1985) process 
of anomaly cancellation in which also two systems with different dimension are 
involved. 


19 


ANOMALOUS CURRENTS 


19.1 Helicity in parity-violating systems 

Parity violation, the asymmetry between left and right, is one of the fundamental 
properties of the quantum vacuum of the Standard Model (see Sec. 12.2). This 
effect is strong at high energy on the order of the electroweak scale, but is 
almost imperceptible in low-energy condensed matter physics. At this scale the 
left and right particles are hybridized and only the left-right symmetric charges 
survive: electric charge Q and the charges of the color group SU(3)c. Leggett’s 
(1977a) suggestion to observe the macroscopic effect of parity violation using 
such a macroscopically coherent atomic system as superfluid *He-B is still very 
far from realization (Vollhardt and Wolfle 1990). On the other hand, an analog of 
parity violation exists in superfluid 3He-A alongside related phenomena, such as 
the chiral anomaly which we discussed in the previous section and macroscopic 
chiral currents. So, if we cannot investigate the macroscopic parity-violating 
effects directly we can simulate analogous physics in ?He-A. 

Most of the macroscopic parity-violating phenomena are related to helicity: 
the energy of the system in which the parity is broken contains the helicity 
term AA - (V x A), where A is the relevant collective vector field. To have 
such terms the parity P must be violated together with all the combinations 
containing other discrete symmetries, such as CP, PT, CPT, PU2 (where U2 is 
the rotation by 7), etc. Since they contain the first-order derivative of the order 
parameter, such terms sometimes cause instability of the vacuum toward the 
spatially inhomogeneous state, the so-called helical instability. In nematic liquid 
crystals, for example, the excess of the chiral molecules of one preferred chirality 
leads to the helicity term, Añ- (V x ñ), for the nematic vector (director) field ñ. 
This leads to formation of the cholesteric structure, the helix. 

The same phenomenon occurs in superfluid *He-A. The velocity w = vn — Vs 
of the counterflow plays the role of the difference in chemical potentials between 
the left-handed and right-handed quasiparticles (Sec. 10.3.2). By creating the 
counterflow in the rotating vessel, one can generate an excess of quasiparticles of 
a given chirality and test experimentally the suggestion by Joyce and Shaposh- 
nikov (1997) and Giovannini and Shaposhnikov (1998) that it exhibits helical 
instability. According to Joyce and Shaposhnikov, the system with an excess of 
right-handed electrons is unstable toward formation of the helical hypermagnetic 
field By. Below the electroweak transition, the formed field By is transformed 
to the electromagnetic magnetic field B(= Bg). Thus the helical instability can 
serve as a source of formation of primordial cosmological magnetic fields (see 
also the recent review paper on cosmic magnetic fields by Tornkvist (2000) and 
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Fic. 19.1. Formation of magnetic field due to helical instability. The fermionic 
charge of right-handed particles minus that of left-handed ones is conserved 
at the classical level but not if quantum properties of the physical vacuum 
are taken into account. This charge can be transferred to the inhomogeneity 
of the vacuum via the axial anomaly in the process of helical instability. The 
inhomogeneity which absorbs the fermionic charge arises as a hypermagnetic 
field configuration in the Standard Model (top) and as the L-texture in 2He-A, 
which is analogous to the magnetic field (bottom). 


references therein). In Sec. 19.3 we show that the mechanism of formation of the 
hypermagnetic field in the relativistic plasma of right-handed electrons has a di- 
rect parallel with the formation of the helical Î-texture ina rotating vessel. They 
are described by the same effective action, which contains the Chern—Simons 
helical term (Fig. 19.1). 


19.2 Chern—Simons energy term 
19.2.1 Chern—Simons term in Standard Model 


Due to the axial anomaly, fermionic charge, say baryonic or leptonic, can be 
transferred to the ‘inhomogeneity’ of the vacuum. As a result the topologically 
non-trivial vacuum can acquire the fermionic charge. In particular, a monopole 
can acquire spin 1/2 due to fermion zero modes (Jackiw and Rebbi 1976a, 1984); 
in some theories of strong interactions protons and neutrons emerge as topolog- 
ical defects — skyrmions (Skyrme 1961) — whose baryonic charge and spin 1/2 
are provided by the rearrangement of the fermionic vacuum in the presence of 
the defect (see the recent review by Gisiger and Paranjape 1998). 
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In the Standard Model the typical inhomogeneity of the Bose fields, which 
absorbs the fermionic charge, is a helix of a magnetic field configuration, say, of 
hypermagnetic field. According to the axial anomaly equation (18.6), the fermi- 
onic charge density B absorbed by the hypermagnetic field is 


y 1 z 
B{Ay} = =zAr (V x Ay) tr (BY) (19.1) 
T 
Let us recall that for the non-interacting relativistic fermions this equations reads 


z 1 2 
B{Ay}= any (Vx Ay) X CuBaY? , (19.2) 


where again a marks the fermionic species; Ca = +1 is the chirality of the 
fermion; Y, and Ba are correspondingly the hypercharge of the a-th fermion 
and its relevant fermionic charge, whose absorption by the hyperfield is under 
discussion. 

The fermionic charge which we are interested in here is Ba = 3Ba + La, 
where Ba and La are baryonic and leptonic numbers, i.e. B, = +1 for quarks and 
leptons and Ba = —1 for antiquarks and antileptons. Both baryonic and leptonic 
numbers are extremely well conserved in our low-energy world at temperatures 
below the electroweak phase transition. But above the the electroweak transition 
separate conservations of B and L are violated by axial anomaly, while the 
combination B — L is conserved (Sec. 12.2). For each quark and lepton in the 
Standard Model the charge Ba = 1; thus the number of chiral fermionic species 
in the Standard Model is 5°, B, = 16.N,, where N, is the number of fermionic 
families. 

If fermionic species do not interact with each other then the number Na = 
ae B, of the a-th fermionic particles is conserved separately, and one can intro- 
duce chemical potential 4a for each species. Then the energy functional has the 
following term (compare with eqn (3.2)): 


-X 7 aa - (19.3) 


However, due to the chiral anomaly the charge Ba can be distributed and re- 
distributed between fermionic particles and the Bose field. As a result the total 
fermionic charge Na has two contributions 


tad 1 
Na = fè: C + gyal aYa Ay (Vx Ay)) . (19.4) 


Here na is the number density of the a-th fermionic particles; the second term is 
the fermionic charge stored by the helix in the U(1)y gauge field in eqn (19.2). 
This term gives the following contribution to the energy in eqn (19.3): 


~ 1 
Fos{Ay} = -$m | PxB {Ay} = -E Ca¥? | dzAv-(VxAv) 7 


(19.5) 
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It describes the interaction of the helicity of hypermagnetic field with the chem- 
ical potentials 4a of fermions and represents the Chern—Simons energy of the 
hypercharge U(1)y field. It is non-zero because the parity is violated by non- 
zero values of chemical potentials 4a. The corresponding Lagrangian is not gauge 
invariant, but the action is if w_ are constant in space and time. The latter is 
natural since Ha are Lagrange multipliers. 

As an example let us consider the unification energy scale, where all the 
fermions have the same chemical potential u, since they can transform to each 
other at this scale. From the generating function for the Standard Model in eqn 
(12.12) one has >, Ca Y2 = tr (YPN) = 2N, and thus the Chern-Simons energy 
of the hypercharge field at high energy becomes 


Fos{Ay} = = -4s fdaay (V x Ay) : (19.6) 


When u = 0 the CP and CPT symmetries of the Standard Model are restored, 
and the helicity term becomes forbidden (emergence of the Chern—Simons term 
in quantum phase transition at which CPT symmetry is broken due to splitting of 
Fermi points in Standard Model is discussed by Klinkhamer and Volovik (2005a); 
see also review (Volovik 2007a)). 


19.2.2 Chern-Simons energy in *He-A 


Let us now consider the 73He-A counterpart of the Chern—Simons term. It arises in 
the L-texture in the presence of the homogeneous counterflow w = Vn — Vs = wz 
of the normal component with respect to the superfluid vacuum. As is clear, 
say, from eqn (10.32), the counterflow orients the Î-vector along the counterflow, 
so that the equilibrium orientations of the Lfield are lo = +4. Since Î is a unit 
vector, its variation 61 L Ip. In the gauge field analogy, in which the effective 
vector potential is A = ppél, this corresponds to the gauge choice A, = 0. 

The relevant fermionic charge in 3He- A exhibiting the Abelian anomaly is 
the momentum of quasiparticles along Îo, i.e. p = —Cyp rio. According to eqn 
(19.2), where the fermionic charge Ba is specified as p( and the hypercharge is 
substituted by the charge qa = —C, of quasiparticles, the helicity of the effective 
gauge field A = p ~ carries the following linear momentum: 


3 A A A 
P{A} = =A (V x A) ee pq = -2E io (ai (Vx 5) (19.7) 
4T 
The total linear momentum density stored both in the heat bath of quasi- 
particles (‘matter’) and in the texture (‘hyperfield’) is thus 
P = X p™ fa(p) + P{6l} = P? + P{A}. (19.8) 
This is in agreement with eqn (10.15) for the total current. Because of the 


Mermin-—Ho relation between the superfluid velocity vs and the L-texture, the L 
texture induces the nmv, contribution to the momentum which is also quadratic 
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in ôl. That is why, instead of the parameter Co in the anomalous current in eqn 
(10.11), one has Co + n/2 ~ 3Co/2, and one obtains the factor 1/47? in eqn 
(19.7) instead of the expected factor 1/67°. 

The kinetic energy of the liquid, which is stored in the counterflow, is 


—w:-P=-w-) pf(p)—w-P{A} + -w: P" —w-P{A}. (19.9) 


The second term on the rhs of this equation is the analog of the Chern-Simons 
energy in eqn (19.5), which is now the energy stored in the I-field in the presence 
of the counterflow: 


X 1 3 z x 
Fos {51} = -7A (VxA) J) Capat? = -2E ow) Q (Vx 6i)) . (19.10) 


This term was earlier calculated in 3He-A using the quasiclassical approach: it is 
the fourth term in eqn (7.210) of the book by Vollhardt and Wolfle (1990). The 
quasiclassical method is applicable in the energy range Ag > T > A?/urpr, 
which is well above the first Planck scale Epjanck 1 = AŽ /vrpr and thus outside 
the relativistic domain. In the present derivation we used RQFT well below 
Epianck 1, where the effect was discussed in terms of the Abelian anomaly. The 
results of the two approaches coincide indicating that the phenomenon of the 
anomaly is not restricted by the relativistic domain. 


19.3 Helical instability and ‘magnetogenesis’ due to chiral fermions 
19.3.1 Relevant energy terms 


The Chern-Simons term in eqn (19.5) for the Standard Model and eqn (19.10) 
for ?He-A is odd under spatial parity transformation, if the chemical potential 
and correspondingly the counterflow are fixed. Thus it can have a negative sign 
for properly chosen perturbations of the field or texture. This means that one can 
have an energy gain from the transformation of the fermionic charge from matter 
(quasiparticles) to the U(1) gauge field (I-texture). This is the essence of the 
Joyce-Shaposhnikov (1997) scenario for the generation of primordial magnetic 
field starting from the homogeneous bath of chiral fermions. In *He-A language, 
the excess of the chiral fermions, i.e. the non-zero chemical potential pa for 
fermions, corresponds to non-zero counterflow: Ha = —Caprw-| (Sec. 10.3). 
Thus the Joyce-Shaposhnikov effect corresponds to the collapse of the flow of the 
normal component with respect to the superfluid vacuum toward the formation 
of L-texture — the analog of hypermagnetic field. The momentum carried by the 
flowing quasiparticles (the fermionic charge PF) is transferred to the momentum 
P{6l} carried by the texture. Such a collapse of quasiparticle momentum toward 
Î-texture has been investigated experimentally in the rotating cryostat (see Fig. 
19.2 below) by Ruutu et al. (19960, 1997) and was interpreted as an analog of 
magnetogenesis by Volovik (19986). 
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Now let us write all the relevant energy terms in the Standard Model (thermal 
energy of fermions, Chern—Simons term and the energy of the hypermagnetic 
field) and their counterparts in ?He-A: 


W = W(T, u) + Fos + o , (19.11) 


Tr? ~ 
W(T, p) = we are , (19.12) 


Fos == Eis (V x Ay) ) 2, CatteYe Y? ’ (19.13) 


87 2 


1 E 
Fhypermagn = Joza” ( “hase VZgg" 9" Fimy Feny >, yY? . (19.14) 


Equation (19.14) is the energy of the hypermagnetic field. In the logarithmically 
running coupling we left only the contribution of fermions to the polarization of 
the vacuum. This is what we need for application to 7He-A, where only fermions 
are fundamental. Equation (19.12) is the thermodynamic energy of the gas of the 
relativistic quasiparticles at non-zero chemical potential, |u| < T. This energy 
is irrelevant in the Joyce-Shaposhnikov scenario, since it does not contain the 
field Ay. But in ĉHe-A it is important because it gives rise to the mass of the 
hyperphoton. 


19.3.2 Mass of hyperphoton due to excess of chiral fermions (counterflow) 


In ?He-A the chemical potential in eqn (19.12) depends on the Lvector: ua = 
—Caprw-l. The unit vector must be expanded up to second order in deviations: 
1 = 1p + 61 — (1/2)lo(61)? . (19.15) 
Inserting this into eqn (19.12) and neglecting the terms which do not contain 
the dl-field, one obtains the energy whose translation to relativistic language 
represents the mass term for the U(1)y gauge field (in 7He-A Ay = ppôl): 


1 ee ee 
Funass = qin yw (41 -6l) = z V799" Aiy Any Mip l (19.16) 


1 T? 
Me = ~-——— SY? uv? e Eptanck 2 = Ao - 19.17 
hp 6 E2 se F 2 a Ha ’ Pl k 2 0 ( ) 


In ?He-A the mass Mnp ~ Tu/Epianck = Tprw/Ao of the ‘hyperphoton’ is 
physical and important for the dynamics of the Î-vector. It determines the gap 
in the spectrum of orbital waves in eqn (9.24) — propagating oscillations of 61 
(Leggett and Takagi 1978) — which play the role of electromagnetic waves. This 
hyperphoton mass appears due to the presence of the counterflow, which orients 
1 and thus provides the restoring force for oscillations of él. 

In principle, a similar mass can exist for the real hyperphoton. If the Standard 
Model is an effective theory, the local U(1)y symmetry arises only in the low- 
energy corner and thus is approximate. It can be violated (not spontaneously but 
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gradually) by the higher-order terms, which contain the Planck energy cut-off; 
in ?He-A it is the second Planck scale Epjanck 2. Equation (19.17) suggests that 
the mass of the hyperphoton could arise if both the temperature T and the 
chemical potential 4a are finite. This mass disappears in the limit of an infinite 
cut-off parameter or is negligibly small, if the cut-off is of Planck scale Epjanck. 
The *He-A example thus provides an illustration of how the non-renormalizable 
terms are suppressed by the small ratio of the energy to the fundamental energy 
scale of the theory (Weinberg 1999) and how the terms of order (T'/Epianck)? 
appear in the effective quantum field theory (Jegerlehner 1998). 


19.3.3 Helical instability condition 

In ?He-A eqns (19.11-19.14) give the following quadratic form of the energy in 
terms of the deviations ôl L lp = @ from the state with homogeneous counterflow 
along the axis 2: 


127? 


2 
PPUF 


K X A 2 Z TT? a 

W{o6l} = (8-0) n — 3m*wo0l- (@ x 0,61) + T? (m*w)? zz). (19.18) 
0 
Since the Chern—Simons term depends only on the z-derivative, in the ‘hyper- 
magnetic’ energy only the derivative along z are left. After the rescaling of the 
coordinates Z = zm*w/h one obtains 
-, 4W{dl A 
gy - AW o 


z x % T? 
a (82 5])2]J yp — (6 x 2 2 
= Cae (0:61)"In T 36l - (2 x 0:61) +r iy (dl)” . (19.19) 


In Fourier components 61 = > d a,c’ (with a, L Ê) this reads 

z Eog Ao T2 ; 

W = 2 a a, (Ge + =) oi — sige : (19.20) 
where 7 = 1,2 and e;; is the 2D antisymmetric tensor. 


The quadratic form in eqn (19.20) becomes negative and thus the uniform 
counterflow becomes unstable toward the nucleation of the l-texture if 


T? Ay 9 
Se ee, 19.21 
RT ae ey) 


If this condition is fulfilled, the instability occurs for any value w of the counter- 
flow. 

In relativistic theories, where the temperature is always smaller than the 
Planck cut-off, the condition corresponding to eqn (19.21) is always fulfilled. 
Thus the excess of the fermionic charge is always unstable toward nucleation of 
the hypermagnetic field, if the fermions are massless, i.e. above the electroweak 
transition. In the scenario of magnetogenesis developed by Joyce and Shaposh- 
nikov (1997) and Giovannini and Shaposhnikov (1998), this instability is re- 
sponsible for the genesis of the hypermagnetic field well above the electroweak 
transition. The role of the subsequent electroweak transition is to transform this 
hypermagnetic field to the conventional (electromagnetic U(1)g) magnetic field 
due to the electroweak symmetry breaking. 
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Fic. 19.2. Experimental ‘magnetogenesis’ in ?He-A. Left: Initial vortex-free 
state in the rotating vessel contains a counterflow, w = Vn — Vs = Q x r Æ 0, 
since the average velocity of quasiparticles (the normal component) is 
Vn = Q x r, while the superfluid vacuum is at rest, vs = 0. The counter- 
flow produces what would be a chemical potential in RQFT: wr = p r(Îo -w) 
for right-handed particles, and wy = —ppR, and quasiparticles have a net 
momentum P = mn,w, analogous to the excess of the leptonic charge of 
right-handed electrons. Middle: When w reaches the critical value an abrupt 
jump of the intensity of the NMR satellite peak from zero signals the appear- 
ance of the L-texture, playing the part of the magnetic field (after Ruutu et 
al. 1996b, 1997). Right: The final result of the helical instability is an array 
of vortex-skyrmions (top). Vortices simulating the solid-body rotation of su- 
perfluid vacuum with (vs) = Q x r reduce the counterflow. This means that 
the fermionic charge PF has been transformed into ‘hypermagnetic’ field. 


19.3.4 Mass of hyperphoton due to symmetry-violating interaction 


In *He-A the helical instability is suppressed by another mass of the ‘hyperpho- 
ton’, which comes from the symmetry-violating spin-orbit interaction —gp(1-d)? 
in eqn (16.1). This gives an additional restoring force acting on 1, and thus the 
additional mass to the gauge field. Using eqn (19.15) one obtains the following 
mass term: 


a. 4K 1 7 1 ; 
—gp(l ; d)? = —gp(lo 5 d)? + 590 (0)? = constant + 3V gM g" Aiy Aky ; 
(19.22) 
and the mass of the gauge boson induced by the symmetry-violating interaction 
is 
v hv 2 
u 3A0 . 


Mhp = 
sp PF D 


(19.23) 
This is much bigger than the Dirac mass E? /EPianck 2 of a fermionic quasipar- 
ticle in the planar state induced by the same spin-orbit interaction, eqn (12.5). 

As distinct from the mass of the ‘gauge boson’ in eqn (19.17), the mass in 
eqn (19.23) is independent of the counterflow (the chemical potential pa). As a 
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result the helical instability occurs only if the counterflow exceeds the critical 
threshold wp ~ Ep/pr determined by the spin-orbit mass of the hyperphoton. 


19.3.5 Experimental ‘magnetogenesis’ in 3 He-A 


This threshold has been observed experimentally by Ruutu et al. (19966, 1997) 
(see Fig. 19.2). The initial state in the rotating *He-A is vortex-free. It contains 
a counterflow which simulates the fermionic charge stored in the heat bath of 
chiral quasiparticles. When the counterflow in the rotating vessel exceeds wp, 
the intensive formation of the L-texture by helical instability is detected by NMR 
(Fig. 19.2 middle). This, according to our analogy, corresponds to the formation 
of the hypermagnetic field which stores the fermionic charge. There is no coun- 
terflow in the final state. Thus all the fermionic charge has been transferred from 
the fermions to the magnetic field. 

The only difference from the Joyce-Shaposhnikov scenario is that the mass of 
the ‘hyperphoton’ provides the threshold for the helical instability. In principle, 
however, the similar threshold can appear in the Standard Model if there is a 
small non-renormalizable mass of the hyperphoton, Mhp, which does not depend 
on the chemical potential. In this case the decay of the fermionic charge stops 
when the chemical potential of fermions becomes comparable to Mnp. This leads 
to another scenario of baryonic asymmetry of the Universe. Suppose that the 
early Universe was leptonic asymmetric. Then the excess of the leptonic charge 
transforms to the hypermagnetic field until the mass of the hyperphoton prevents 
this process. After that the excess of leptonic (and thus baryonic) charge is no 
longer washed out. The observed baryonic asymmetry would be achieved if the 
initial mass of the hyperhoton at the electroweak temperature, T ~ Eew, were 
Mnp ~ 107° Eew- 
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MACROSCOPIC PARITY-VIOLATING EFFECTS 


20.1 Mixed axial—gravitational Chern—Simons term 
20.1.1 Parity-violating current 


The chiral anomaly phenomenon in RQFT can also be mapped to the angular 
momentum paradox in *He-A, which has possibly a common origin with the 
anomaly in the spin structure of hadrons as was suggested by Troshin and Tyurin 
(1997). 

To relate the chiral anomaly and angular momentum paradox in ?He-A let 
us consider the parity effects which occur for the system of chiral fermions under 
rotation. The macroscopic parity-violating effects in a rotating system with chiral 
fermions were first discussed by Vilenkin (1979, 1980a,b) The angular velocity of 
rotation Q defines the preferred direction of spin polarization, and right-handed 
fermions move in the direction of their spin. As a result, such fermions develop 
a current parallel to Q. Assuming thermal equilibrium at temperature T and 
chemical potential of the fermions p, one obtains the following correction to the 
particle distribution function due to interaction of the particle spin with rotation: 


— pL — (h/2)Q-0\~" 
f= (1+ eo iii f (20.1) 
T 
Here L is the lepton number, which is L = 1 for the lepton and L = —1 for its 
antiparticle. For right-handed fermions the current is given by 


sil he 1 TA 
j= L ae aa CERD E Tic? (G+H)o . (20.2) 


The current j is a polar vector, while the angular velocity Q is an axial vector, and 
thus eqn (20.2) represents the macroscopic violation of the reflectional symmetry. 
Similarly, left-handed fermions develop a particle current antiparallel to Q. If the 
number of left-handed and right-handed particles coincides, parity is restored and 
the odd current disappears. 

If particles have charges qq interacting with gauge field A, then the particle 
current (20.2) is accompanied by the charge current, and the Lagrangian density 
acquires the term corresponding to the coupling of the current with the gauge 
field: 


1 T? 1 
L= —— 2-A | — ala + — One |. 20. 
mta (PEt uc) s) 
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20.1.2 Parity-violating action in terms of gravimagnetic field 


The above equation contains the ‘material parameter’ — the speed of light c — 
and thus it cannot be applied to ?He-A with anisotropic ‘speed of light’. The 
necessary step is to represent eqn (20.3) in the covariant form applicable to any 
systems of the Fermi point universality class. This is achieved by expressing the 
rotation in terms of the metric field. Let us consider ?He-A in the reference frame 
rotating with the container. In this frame all the fields including the effective 
metric are stationary in a global equilibrium. In this rotating frame the velocity 
of the normal component v» = 0, while the superfluid velocity in this frame is 
vs = —Q x r. According to the relation (9.13) between the superfluid velocity 
and the effective metric one obtains the mixed components of the metric tensor: 
g% = (Q x r);. In general relativity the vector G = go; represents the vector 
potential of the gravimagnetic field, and we obtain the familiar result that the 
rotation is equivalent to the gravimagnetic field. 

_ Let us consider the axisymmetric situation when the orbital momentum axis 
l is directed along 2, and thus the superfluid velocity is perpendicular to 1. Then 
the relevant ‘speed of light’ is c,, and the effective gravimagnetic field is 

Usi 


Q 
B,=VxG=2 , Gi = Joi = —>- (20.4) 


A C 
When the rotation is expressed in terms of the gravimagnetic field eqn (20.3) 
becomes 


1 T? 1 2 
L= a2 a -A (5 2 qaCa + z2 2 cs) : (20.5) 


Now it does not explicitly contain the speeds of light, or any other material 
parameters of the system, such as the bare mass m of the 3He atom or the 
renormalized mass m*. Thus it is equally applicable to both systems: the Stan- 
dard Model and *He-A. Equation (20.5) represents the mixed axial-gravitational 
Chern-Simons term, since instead of the conventional product B- A it contains 
the product of the magnetic and gravimagnetic fields (Volovik and Vilenkin 
2000). Equation (20.5) is not Lorentz invariant, because the existence of a heat 
bath of fermions violates Lorentz invariance, since it provides a distinguished 
reference frame. 

Finally let us write the mixed axial-gravitational Chern—Simons action in 
terms of the momentum space topological invariant: 


T? 1 
Simixed = (sot (QN) + gape (anew) ) ftB, -A ; (20.6) 
where M is the matrix of the chemical potentials 4a, and Q is the matrix of 
charges qa interacting with the field A. If all the fermions can transform to each 
other, the chemical potential becomes the same for all fermions, and the mixed 
term is determined by only one topological invariant tr (QM). In the Standard 
Model it is zero because of anomaly cancellation. 
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20.2 Orbital angular momentum in *He-A 


Equation (20.5) is linear in the angular velocity Q, and thus its variation over 
Q represents some angular momentum of the system which does not depend on 
the rotation velocity — the spontaneous angular momentum. In the Standard 
Model this angular momentum is proportional to the vector potential of the 
gauge field: L(T) — L(T = 0) = —dSiixea/dQ x A, which at first glance vio- 
lates the gauge invariance. However, the total angular momentum, obtained by 
integration over the whole space, remains gauge invariant. Let us now proceed 
to the quantum liquid where what we found corresponds to the contributions to 
the spontaneous angular momentum of the liquid from thermal quasiparticles at 
non-zero temperature T and from the non-zero counterflow, which plays the role 
of the chemical potential. Let us consider first the temperature correction to the 
spontaneous angular momentum. Introducing the gauge field A = p Fl and the 
proper charges qa = —C, of the chiral fermions in ?He-A, one obtains 


S mixed Stn: prT? i 
bQ PE 


L(T) — L(T = 0) = — (20.7) 


Comparing this with eqns (10.29) and (10.42) one obtains that the prefactor can 
be expressed in terms of the longitudinal density of the normal component of 
the liquid 


The total value of the angular momentum of *He-A has been the subject of 
a long-standing controversy (for a review see the books by Vollhardt and Wélfle 
(1990) and by Volovik (1992a). Different methods for calculating the angular 
momentum give results that differ by many orders of magnitude. The result is 
also sensitive to the boundary conditions, since the angular momentum in the 
liquid is not necessarily a local quantity, and to whether the state is strictly 
stationary or has a small but finite frequency. This is often referred to as the 
angular momentum paradox. The paradox is related to the axial anomaly induced 
by chiral fermions and is now reasonably well understood. 

At T = 0 the total angular momentum of the stationary homogeneous liquid 
with homogeneous 1 = % can be found from the following consideration. Accord- 
ing to eqn (7.53), L, — (1/2)N is the generator of the symmetry of the vacuum 
state in He-A. Applying this to the vacuum state (L; — N/2)|vac) = 0, one 
obtains that the angular momentum of a homogeneous vacuum state is 


h 
(vac|Lz|vac) = aN A (20.9) 
where N is the number of particles in the vacuum. The physical meaning of the 
total angular momentum of *He-A is simple: each Cooper pair carries the angular 
momentum fA in the direction of the quantization axis 1 (let us recall that the 
Cooper pairs in *He-A have quantum numbers L = 1, and L, = 1, where L; is 
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the projection of the orbital angular momentum onto the quantization axis 1). 
This implies that the angular momentum density of the liquid at T = 0 is 


-h 
LIP =0)=i5n, (20.10) 


where n, as before, is the density of “He atoms. As distinct from the thermal 
correction, this vacuum term has no analog in effective field theory and can 
be calculated only within the microscopic (high-energy) physics. Adding the 
contribution to the momentum from fermionic quasiparticles in eqn (20.8), one 
may conclude that at non-zero temperature the spontaneous angular momentum 


is 
h 

2 
Such a value of the angular momentum density agrees with that obtained by Kita 
(1998) in a microscopic theory. This suggests that the non-renormalized value of 
the superfluid component density, ng (T) /2, is the effective number density of 
the ‘superfluid’ Cooper pairs which contribute to the angular momentum. 

Equations (20.11) and (20.10) are, however, valid only for the static angular 
momentum. The dynamical angular momentum is much smaller, and is reduced 
by the value of the anomalous angular momentum in eqn (18.21) which comes 
from the spectral flow: Layn(T = 0) = L(T = 0) — Lanomalous = Ë 1 (n — Co). 
Let us recall that (n — Co)/n ~ c /cì ~ 1075, and thus the reduction is really 
substantial. The presence of the anomaly parameter Co in this almost complete 
cancellation of the dynamical angular momentum reflects the same crucial role 
of the axial anomaly as in the ‘baryogenesis’ by a moving texture discussed in 
Chapter 18. The dynamics of the L-vector is accompanied by the spectral flow 
which leads to the production of the angular momentum from the vacuum and 
to the history dependent total angular momentum of the sample (Volovik 1995c; 
Stone and Anduaga 2008). 


L(T) =1 n9 (T) , nT) =n- nd) (7) . (20.11) 


20.3 Odd current in ?He-A 


The parity-violating currents (20.2) could be induced in turbulent cosmic plas- 
mas and could play a role in the origin of cosmic magnetic fields (Vilenkin and 
Leahy 1982). The corresponding *He-A effects are less dramatic but may in 
principle be observable. 

Let us discuss the effect related to the second (temperature-independent) 
term in the mixed axial-gravitational Chern—Simons action in eqn (20.5). Ac- 
cording to eqn (10.19) the counterpart of the chemical potentials ju, of relativistic 
chiral fermions is the superfluid-normal counterflow velocity in ?He-A. The rele- 
vant counterflow, which does not violate the symmetry and the thermodynamic 
equilibrium condition of the system, can be produced by superflow along the 
axis of the rotating container. Note that we approach the T — 0 limit in such 
a way that the rotating reference frame is still active and determines the local 
equilibrium states. In the case of a rotating container this is always valid be- 
cause of the interaction of the liquid with the container walls. For the relativistic 
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counterpart we must assume that there is still a non-vanishing rotating thermal 
bath of fermionic excitations. This corresponds to the case when the condition 
wT <1 remains valid, despite the divergence of the collision time 7 at T — 0. 
This is one of numerous subtle issues related to the anomaly, when the proper 
order of imposing limits is crucial. 

We also assume that, in spite of rotation of the vessel, there are no vortices 
in the container. This is typical of superfluid ?He-B, where the critical velocity 
for nucleation of vortices is comparable to the pair-breaking velocity Upandau = 
Ao/pr as was measured by Parts et al. (19956; see Sec. 26.3.3). The critical 
velocity in 7He-A, even in the geometry when the L-vector is not fixed, can reach 
0.5 rad s~! as was observed by Ruutu et al. (1996, 1997). For the geometry with 
fixed 1, it should be comparableto the critical velocity in *He-B. In addition, we 
assume that Qr < cı everywhere in the vessel, i.e. the counterflow velocity Vn —Vs 
is smaller than the pair-breaking critical velocity c} = Ao/pr (the transverse 
‘speed of light’). This means that there is no region in the vessel where particles 
can have negative energy (ergoregion). The case when Qr can exceed c} and 
effects caused by the ergoregion in rotating superfluids (Calogeracos and Volovik 
1999a) will be discussed below in Chapter 31. 

Although the mixed Chern—Simons terms have the same form in relativistic 
theories and in ?He-A, their physical manifestations are not identical. In the 
relativistic case, the electric current of chiral fermions is obtained by variation 
with respect to A, while in the ?He-A case the observable effects are obtained 
by variation of the same term but with respect to ?He-A observables. For exam- 
ple, the expression for the momentum carried by quasiparticles is obtained by 
variation of eqn (20.5) over the counterflow velocity w. This leads to an extra 
fermionic charge carried by quasiparticles, which is odd in Q: 


APF (2) = -mE i (i- w) Â- 9). (20.12) 


From eqn (20.12) it follows that there is an odd contribution to the normal 
component density at T — 0 in 3He-A: 


APF(Q ps 1-2 
Any) (Q) = BEY ae (20.13) 
Mwy) mh? mc 


The sensitivity of the normal density to the direction of rotation is the counter- 
part of the parity-violating effects in relativistic theories with chiral fermions. 
It should be noted though that, since Î is an axial vector, the right-hand sides 
of (20.12) and (20.13) transform, respectively, as a polar vector and a scalar, 
and thus (of course) there is no real parity violation in 7He-A. However, a non- 
zero expectation value of the axial vector of the orbital angular momentum 
L = (ħ/ 2)n9 (mÀ does indicate a spontaneously broken reflectional symmetry, 
and an inner observer living in 3He-A would consider this effect as parity violat- 
ing. 
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The contribution (20.13) to the normal component density can have arbitrary 
sign depending on the sense of rotation with respect to Î. T his, however, does 
not violate the general rule that the overall normal component density must 
be positive: the rotation-dependent momentum APF(Q) was calculated as a 
correction to the rotation-independent current in eqn (10.33). This means that 
we used the condition AQ << mw? « mc’. Under this condition the overall 
normal density, given by the sum of (20.13) and (10.34), remains positive. 

The ‘parity’ effect in eqn (20.13) is not very small. The rotational contribution 
to the normal component density normalized to the density of the 3He atoms 
is Anyy/n = 39/mcł, which is ~1074 for Q ~ 3 rad s~'. This is within the 
resolution of the vibrating wire detectors in superfluid ?He-A. 

We finally mention a possible application of these results to the supercon- 
ducting Sr2RuOz if they really belong to the chiral superconductors as suggested 
by Rice (1998) and Ishida et al. (1998). An advantage of using superconductors 
is that the mass current AP in eqn (20.12) is accompanied by the electric cur- 
rent (e/m)AP rp, and can be measured directly. An observation in Sr2RuO, of the 
analog of the parity-violating effect that we discussed here (or of the other effects 
coming from the induced Chern—Simons terms (Goryo and Ishikawa 1999; Ivanov 
2001) would be unquestionable evidence of the chirality of this superconductor. 

In RQFT the Chern—Simons-type terms are usually discussed in relation to 
possible violation of Lorentz and CPT symmetries (Jackiw 2000; Perez-Victoria 
2001). In our case it is the non-zero chemical potential of ‘matter’ which violates 
these symmetries. Consideration of the Chern-Simons terms in RQFT (Jackiw 
2000; Perez-Victoria 2001) demonstrates that the factor in front of them is am- 
biguous within the effective theory. Quantum liquids provide an example of the 
finite high-energy system where the ambiguity in the relativistic corner is re- 
solved by the underlying ‘trans-Planckian’ microscopic physics (Volovik 20010). 
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QUANTIZATION OF PHYSICAL PARAMETERS 


The dimensional reduction of the 3+1 system with Fermi points brings the anom- 
aly to the (2+1)-dimensional systems with fully gapped fermionic spectrum. The 
most pronounced phenomena in these systems are related to the quantization of 
physical parameters, and to the fermionic charges of the topological objects 
— skyrmions. Here we consider both these effects. They are determined by the 
momentum space topological invariant N3 in eqn (11.1). While its ancestor N3 
describes topological defects (singularities of the fermionic propagator) in the 
4-momentum space, N3 describes systems without momentum space defects and 
it characterizes the global topology of the fermionic propagator in the whole 3- 
momentum space (pz, Py, Po). Ns is thus responsible for the global properties of 
the fermionic vacuum, and it enters the linear response of the vacuum state to 
some special perturbations. 


21.1 Spin and statistics of skyrmions in 2+1 systems 

21.1.1 Chern-Simons term as Hopf invariant 

Let us start with a thin film of *He-A. If the thickness a of the film is finite, the 
transverse motion of fermions — along the normal ĉ to the film — is quantized. 
As a result the fermionic propagator G not only is the matrix in the spin and 
Bogoliubov-Nambu spin spaces, but also acquires the indices of the transverse 
levels. This allows us to obtain different values of the invariant N3 in eqn (11.1) 
by varying the thickness of the film. The Chern—Simons action, which is respon- 
sible for the spin and statistics of skyrmions in the d-field in 3He-A film, is the 
following functional of d (Volovik and Yakovenko 1989): 


4 ~- À 
Scs{d} = Mi fee dt e^ A Fon - (21.1) 


Here A,, is the auxiliary gauge field whose field strength is expressed through 
the d-vector in the following way: 


By =ð, A- ðA, =å. (a4 x ad) (21.2) 
The field strength Fp) is related to the density of the topological invariant in 


the coordinate spacetime which describes the skyrmions. The topological charge 
of the d-skyrmion is (compare with eqn (16.12)) 


S.A 1 o ee 
no{d} = E | Para = ifa dy å- (asà x aà) (21.3) 
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Let us recall the simplest anzats for a skyrmion with n2{d} = +1: 
d = cos 3(p) + psin B(p) , (21.4) 


where (0) = 0 and G(co) = 7. 
The Chern-Simons action in eqn (21.1) is the product of the invariants in the 
momentum—frequency space (pz, Py, Po) and in the coordinate spacetime (x, y, t): 


Ses {a} = Nang {a} , (21.5) 


where 


r 1 
na{d(zx, y, t)} = Hf = aa fe dt e^ A, Fyn (21.6) 


is the topological invariant — the Hopf invariant — which describes the mapping 
S? — S?. Here $° is the compactified 2+1 spacetime (we assume that at infinity 
the d-vector is constant, say d(0o) = %, and thus the whole infinity is represented 
by a single point), while S? is the sphere of the unit vector d. This is the famous 
Hopf map 73($7) = Z. The geometrical interpretation of the Hopf number is 
the linking number of two world lines d(x,y, t) = dı and d(x, y, t) = dz, each 
corresponding to the constant value of d. In 3D space (x, y, z) the configurations 
described by the Hopf invariant n3{I(«,y, z)} (hopfions) have been investigated 
in 3He-A experimentally by Ruutu et al. (1994) and theoretically by Makhlin 
and Misirpashaev (1995). 


21.1.2 Quantum statistics of skyrmions 


The quantum statistics of the d-skyrmions depends on how the wave func- 
tion of the system with a single skyrmion behaves under adiabatic 27 rotation: 
WU (27) = Y(0)e®? (Wilczek and Zee 1983). If 0 equals an odd number of 7, then 
the skyrmion must be a fermion; correspondingly if 0 equals an even number 
of 7, it is a boson. Since the phase of the wave function is S/h, and only the 
Chern-Simons term in the action S is sensitive to the adiabatic 27 rotation, it is 
this term in eqn (21.5) which determines the quantum statistics of d-skyrmions. 
The process of the adiabatic 27 rotation of the d-skyrmion with no{d} = +1 in 
eqn (21.4) is given by 


d(p, ¢,t) = &cos 3(p) + sin B(p) (pcos a(t) + ọsin a(t)) : (21.7) 


where a(t) slowly changes from 0 to 27. Substituting this time-dependent field 
into the action (21.5), one obtains that the action changes by the value AScs = 
rh /2, ie. the -factor AS/h for the skyrmion is determined by the p-space 
topology of the vacuum: 

0 = 5 Ñs. (21.8) 


Note that our system does not need to be relativistic, that is why eqn (21.9) 
is more general than the result based on the index of the Dirac operators in 
relativistic theories (Atiyah and Singer 1968, 1971; Atiyah et al. 1976, 1980). 
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N3 A-phase film 


N: 3 = 4 
skyrmion skyrmion , skyrmion 
is fermion is boson | is fermion 


j j j film thickness 


quantum phase transitions 


N3=10 
— skyrmion 
— as chain of 5 elementary skyrmions 
— in thin film of layered material 


Fic. 21.1. Integer topological invariant N3 as a function of the film thickness. 
Points where N3 changes abruptly are quantum phase transitions at which 
the quantum statistics of d-skyrmions changes. Curves show the minimum 
of the quasiparticle energy spectrum. The spectrum becomes gapless at the 
quantum transition. Bottom: In layered materials, a skyrmion is a linear 
object consisting of elementary fermionic skyrmions. In a thin film consisting 
of 5 atomic layers with the total topological charge N3 = 10, a skyrmion is a 
fermion. 


Equation (21.9) means that the spin of the d-skyrmion with winding number 
no{d} = +1 is 
ho oh - 


In *He-A films, the invariant N3 is always even because of the spin degeneracy. 
That is why the spin of a skyrmion can be either integer or half an odd integer, i.e. 
a Skyrmion is either the fermion or the boson depending on the thickness a of the 
film in Fig. 21.1. Roughly speaking, the invariant Ñ; is proportional to the num- 
ber transverse Of the occupied transverse levels (see the book by Volovik 1992a). 
In the BCS model of the weakly interacting Fermi gas one has Ns = 2Nransvetse: 
The number of the occupied levels ntransverse is proportional to the thickness 
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of the film. When the film grows the quantum transitions occur successively, 
at which the momentum space invariant N3 and thus the quantum statistics of 
fermions abruptly change. 

The change of the quantum statistics can be easily understood in an example 
of the layered systems in superconductors or semiconductors. If each layer of 
a thin film is characterized by an elementary topological charge N3 = 2, the 
d-skyrmion in this film can be represented as a chain of elementary skyrmions, 
which are fermions (Fig. 21.1 bottom). Depending on the number of layers, the 
skyrmion as a whole contains an odd or even number of elementary fermionic 
skyrmions and thus is either the fermion or the boson. 

As we discussed in Sec. 11.4, the quantum (Lifshitz) transitions between the 
states with different N3 occur through the intermediate gapless regimes where 
Ñ; is not well defined. Figure 21.1 shows that the quasiparticle energy spectrum 
becomes gapless at the transition. In principle, the intermediate gapless state 
between two plateaus can occupy a finite range of thicknesses. 


21.2 Quantized response 
21.2.1 Quantization of Hall conductivity 


The topological invariants of the type in eqn (11.1) are also responsible for quanti- 
zation of physical parameters of the systems, such as Hall conductivity (Ishikawa 
and Matsuyama 1986, 1987; Matsuyama 1987; Volovik 1988) and spin Hall con- 
ductivity (Volovik and Yakovenko 1989; Senthil et al. 1999; Read and Green 
2000). Let us start with the (2+1)-dimensional semiconductor, whose valence 
band has the non-zero value of the topological invariant N3, i.e. the integration 
in eqn (11.1) over the valence band gives N3 Æ 0. Then there is the Chern-Simons 
term for the real electromagnetic field A, (Volovik 1988): 


Scs = N3 


€ à 2 
leah eb” fe x dt AyFL . (21.10) 
Variation of this term over A, gives the current density along x, which is pro- 
portional to the transverse electric field: 


e2 


4rħ 
The electric current transverse to the applied electric field demonstrates that such 
a system exhibits the anomalous Hall effect, i.e. the Hall effect occurs without an 
external magnetic field. The Hall conductivity is quantized and this quantization 
is determined by the momentum space topological invariant: 


je = Ns— Ey . (21.11) 


e2 


zy = N3— . 21.12 
Ory 3 ah ( ) 
The conditions for the quantized anomalous Hall effect are: 

(i) The presence of the valence band separated by the gap from the conduction 
band. Only for the fully gapped system the quantization is exact. 
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(ii) This valence band must have the non-trivial momentum space topology, 
ie. N3 # 0. Let us recall that the non-zero value of Ñ means that the time 
reversal symmetry is broken (see Sec. 11.2.2). In other words, the system must 
have the ferromagnetic moment along the normal to the film. 

(iii) Also what has been used in the derivation is that the gauge field can be in- 
troduced to the fermionic Lagrangian through the long derivative: p, —> py—eAp. 
This implies that gauge invariance is not violated, and this rules out (completely 
or partially) from consideration the systems exhibiting superconductivity (or 
superfluidity in electrically neutral systems). In superfluid/superconducting sys- 
tems quantization is not exact and the spontaneous Hall current is not universal 
(Volovik 1988; Furusaki et al. 2001). 

(iv) Finally, when the liquid state is considered, it is assumed that the Hall 
conductivity is measured in a static limit, i.e. the w — 0 limit is taken first, and 
only after that the wave vector q — 0. The q Æ 0 perturbations violate Galilean 
invariance, which prescribes that oz, = 0. This is another example of when the 
order of limits is crucial, as was discussed in the introduction to Chapter 18. For 
crystalline systems, Galilean invariance is violated by the crystal lattice. 


21.2.2 Quantization of spin Hall conductivity 


Let us consider again the semiconductor with Ñ # 0, and introduce an ex- 
ternal magnetic field H(z, y, t), which interacts with electronic spins only. This 
interaction adds the Pauli term igo -H to the Hamiltonian in the Theory of 
Everything, where y is the gyromagnetic ratio for the particle spin (or for nu- 
clear spin in liquid *He). As a result the Green function contains the long time 
derivative which contains spin: 


1 


demonstrating that for the electrically neutral systems the magnetic field is 
equivalent to the A}, component of the external SU(2) gauge field, see recent 
review by Leurs et al. (2008): 

Ay =7H. (21.14) 


The corresponding fermionic charge interacting with this non-Abelian gauge field 
is the particle spin s = 1/2. Let us now introduce the space components, A; and 
Ag, of the SU(2) gauge field. These are auxiliary fields, which are useful for 
calculation of the spin current density. As a natural generalization of eqn (21.10) 
to the non-Abelian case, one obtains the Chern—Simons action (Deser et al. 1982, 
Jackiw 2005), which is induced by the auxiliary field A}: 


N387h 1 
Scs = — fe dt eur (5A, A (A, x Ay) T Au i Fis) x (21.15) 


Here 
Fav = OvAv — OLA, — Ay XA, (21.16) 
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is the field strength of the non-Abelian SU(2) gauge field, and the prefactor is 
expressed in terms of the topological charge N3. Derivation of this effective ac- 
tion does not require the relativistic invariance. Topological actions are robust 
to deformations, and thus are applicable both to relativistic and non-relativistic 
systems. That is why, being derived for the system highly deviated from rela- 
tivistic, eqn (21.15) retains its relativistic form. 

The chiral spin current is obtained as the response of the action to auxiliary 
space components A; of the SU(2) gauge field in the limit A; — 0 while the 
physical field Ao is retained intact: 


= E cixFon = To (21.17) 


ji _ (2s) = N382h yN , OH 
' A;=0 
Equation (21.17) means that the spin conductance is quantized in terms of ele- 


mentary quantum h/87: 


h 
=Ñ 21.1 
T (21.18) 


Here N3 is an even number because of spin degeneracy. 


21.2.3 Induced Chern-Simons action in other systems 


In electrically neutral systems, such as 3He-A film, there is also an analog of the 
Hall conductivity, if instead of electric current one considers the mass (or parti- 
cle) current. However, in 3He-A the U(1)n symmetry is spontaneously broken, 
and thus the condition (iii) in Sec. 21.2.1 is violated. This leads to extra terms 
in action, as a result quantization of the Hall conductivity is not exact (Volovik 
1988; Furusaki et al. 2001; Roy and Kallin 2008). The same occurs for the spin 
Hall conductivity in ?He-A films with one exception. The spin rotational sym- 
metry SO(3)s is not completely broken in 3He-A: there is still the symmetry 
under spin rotations about axis d. Thus, if d is homogeneous, d= Z, equation 
(21.18) is applicable for longitudinal spins, and the current of the Kend 
spin (oriented along d) is quantized: 


Ns, ðH” 


=e; ei ; 21.19 
16r Ok = Ton Bek (eL 


The same can also be applied to the triplet superconductors discussed in Sec. 
11.2.1, where N3 = +2 per atomic layer. 

For spin-singlet superconductors (i.e. for the superconductors where the spin 
of Cooper pairs is zero, s = 0), the SO(3)s group of spin rotations is not broken; 
thus eqn (21.18) is always applicable. In particular, for the spin-singlet d,2_,2 + 
idzy superconductor, the topological invariant is Ñ; = +4 per corresponding 
atomic layer (Sec. 11.2.3), and eqn (21.18) coincides with eqn (21) of Senthil et 
al. (1999). 

We considered here the dimensional reduction of the invariant N3 describing 
the Fermi points in 3+1 systems to the invariant Ñs describing fully gapped 
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2+1 fermionic systems. In Sec. 12.3.1 we discussed the Fermi points in 3+1 
systems with zero topological invariant N3 which are protected by symmetry. 
If the corresponding symmetry is parity P these systems are described by the 
symmetry-protected invariants tr(PM). The dimensional reduction of these in- 
variants to the 2+1 systems, tr(PN ), leads to quantization of other fermionic 
charges of skyrmions, in particular, of the electric charge of a skyrmion. The 
corresponding invariants and charges were discussed by Yakovenko (1989). The 
symmetry-protected invariants can be apllied if there are several Abelian gauge 
fields Al; the corresponding induced Chern—Simons term is 


1 
16ah © 


Scs =o tr (QQN) KKA j: Pax dt ALFA . (21.20) 
IJ 


Here Qz is the matrix of the charge I interacting with the gauge field A}. Such 
action has been used in the effective theory of the fractional quantum Hall effect 
(see e.g. Wen (2000) and references therein). 


Part V 


Fermions on topological objects 
and brane world 


This page intentionally left blank 


22 


EDGE STATES AND FERMION ZERO MODES ON SOLITON 


The idea that our Universe lives on a brane embedded in higher-dimensional 
space (Rubakov and Shaposhnikov 1983; Akama 1982) is popular at the moment 
(see the review by Forste 2002). It is the further development of an old idea 
of extra compact dimensions introduced by Kaluza (1921) and Klein (1926). In 
the new approach the compactification occurs because the low-energy physics 
is concentrated within the brane; for example, in a flat 4D brane embedded 
in a 5D anti-de Sitter space with a negative cosmological constant (Randall 
and Sundrum 1999). Branes can be represented by topological defects, such as 
domain walls — membranes — (Rubakov and Shaposhnikov 1983) and cosmic 
strings (Abrikosov—Nielsen—Olesen vortices) (Akama 1983). It is supposed that 
we live inside the core of such a defect. Our 3+1 spacetime spans the extended 
coordinates of the brane, while the other (extra) dimensions are of the order 
of the core size. This new twist in the idea of extra dimensions is fashionable 
because by accommodatiing the core size one can bring the gravitational Planck 
energy scale close to the TeV range. That is why there is hope that the deviations 
from the Newton law can become observable at the distance of order 1 mm. At 
the moment the Newton law has been tested for distances > 0.2 mm by Hoyle 
et al. (2001). 

The popular mechanism of why matter is localized on the brane is that the 
fermionic matter is represented by fermion zero modes, whose wave function is 
concentrated in the core region. Outside the core the fermions are massive and 
thus are frozen out at low T. Such an example of topologically induced Kaluza-— 
Klein compactification of multi-dimensional space is provided by the condensed 
matter analogs of branes, namely domain walls and vortices. These topological 
defects contain fermion zero modes which can live only within the core of defects. 
These fermions form the 2+1 world within the domain wall and the 1+1 world 
in the core of the vortex. The modification of these condensed matter branes to 
higher dimensions is illuminating. The fermion zero modes in the 3+1 domain 
wall separating the 4+1 vacua of quantum liquid with different momentum space 
topology have Fermi points (see Sec. 22.2.4). Due to these Fermi points the 
chiral fermions, gauge and gravitational fields emerge in the same manner as 
was discussed in Sec. 8.2. As distinct from modern relativistic theories (Randall 
and Sundrum 1999), this scenario does not require the existence of 4+1 gravity 
in the bulk. 

Another aspect of the interplay of fermion zero modes and topological defects 
is related to the drastic change of the fermionic vacuum in the presence of the 
topological defect. Because of this the defect itself in some cases acquires fermi- 
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onic charge and half-integer spin; even the quantum statistics of the defect is 
reversed: it becomes a fermion (Jackiw and Rebbi 1976a, 1984), as we discussed 
in Sec. 21.1.2. 


22.1 Index theorem for fermion zero modes on soliton 
22.1.1 Chiral edge state — 1D Fermi surface 


The p-space topology is also instrumental for investigating the response of the 
fermionic system to the non-trivial topological background in r-space. Here we 
consider the 2+1 system where the non-trivial topological background is provided 
by a domain wall (more specifically by a domain line, since a wall in 2D space 
is a linear object). We assume that each of the two vacua separated by the wall 
is fully gapped. Such vacua are described by the topological charges N3, which 
are N3(right) and N3(left) for the vacua on the left and right sides of the wall 
respectively. Though the spectrum of quasiparticles is fully gapped outside the 
domain wall, it can be gapless inside this topological object; such mid-gap states 
in 1+1 systems have been analyzed by Su et al. (1979), see also the review 
paper by Heeger et al. (1988). Because of the gap in the bulk material all the 
low-temperature physics is determined by the gapless excitations living inside 
the topological object. 

Inside the domain wall (the domain line) only the linear momentum pj, which 
is along the line, is a good quantum number. The fermion zero modes, by defi- 
nition, are the branches of the quasiparticle spectrum F,(p)) that as functions 
of pj cross the zero-energy level. Close to zero energy the spectrum of the a-th 
fermion zero mode is linear: 


Ea(p)) = ca (P — Pa) - (22.1) 


The points pa are zeros of co-dimension de = 1, and thus belong to the uni- 
versality class of Fermi surfaces, described by the momentum space topological 
charge Nj in eqn (8.3) for the Green function G~' = ipo — Eq(p)). In our case the 
Nj, invariant coincides with the sign of the slope cg of the fermionic spectrum: 
Nia = Sign Ca. 

Let us introduce the algebraic number of the fermion zero modes in the core 
of the domain wall defined by the difference between the number of modes with 
positive and negative slopes: 


v= S > Ma = So sign ca. (22.2) 


We shall see that this total topological charge of fermion zero modes in the wall 
is determined by the difference of the topological charges N3 of the vacua on the 
two sides of the interface: 


v = Ng(right) — N(left) . (22.3) 


This illustrates the topology of dimensional reduction in momentum space: the 
momentum space topological invariant N3 of the bulk 2+1 system gives rise 
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to the 1+1 fermion zero modes described by the momentum space topological 
invariant N1. This relation is similar to the Atiyah-Singer index theorem, which 
relates the number of fermion zero modes (actually the difference of the number 
of left-handed and right-handed modes) to the topological charge of the gauge 
field configuration (Atiyah and Singer 1968, 1971; Atiyah et al. 1976, 1980). In 
our consideration this is a topological property which does not depend on the 
precise form of the Hamiltonian, and it does not require relativistic invariance. 

In systems exhibiting the quantum Hall effect, whose vacuum states are also 
described by the invariant N3 (Ishikawa and Matsuyama 1986, 1987; Matsuyama 
1987), such fermion zero modes are called chiral edge states (Halperin 1982; Wen 
1990a; Stone 1990). For modes on the boundary of the system eqn (22.3) is also 


applicable, with N3 = 0 on one side. 


22.1.2 Fermi points in combined (p,r) space 


As an illustration and also to derive the index theorem let us discuss the fermion 
zero modes in the domain wall between the vacua with N3 = +1: for exam- 
ple, the domain wall in a thin film of 3He-A separating domains with Î= 2 
and Î = —%. The vacuum states in 2+1 systems with N3 = +1 have been dis- 
cussed in Sec. 11.2.1. Let us introduce the coordinate y along the wall (line), 
the coordinate x normal to the line, and the operator Py = —i0, of the momen- 
tum transverse to the wall; the momentum p, remains a good quantum number. 
Then the Hamiltonian for the fermions in the presence of the wall is given by 
the following modification of eqn (11.2): 


Fin? 
H=7olp) , g= HB u, g= E (e(e)Pe + Pacla)) ; g2 = copy - 

(22.4) 

In ĉHe-A film the parameter co = c1 . The function c(x) changes sign across the 

wall reflecting the change of orientation of 1 = +2 across the wall. As a result the 


topological invariant N3 of the vacuum state also changes from N3(a% = +00) = 
+1 to N3(a = —oo) = —1 (Fig. 22.1 top left). 

Since the topology of the spectrum of fermion zero modes does not depend 
on the details of the function c(x), one may choose any function which reverses 
sign across the wall, c(x = Foo) = Fco: for example, 


c(x) = co tanh Z ; (22.5) 


where d is the thickness of the domain wall. Later we shall use this example to 
discuss surfaces with infinite red shift: in this example the speed of light c(x) 
becomes zero at the center of the wall (at z = 0). 

Let us first consider the classical limit, where p, and x are considered as 
independent coordinates: 


ey ae 
+ = 
Hac = = + pac(a)t* + copy? . (22.6) 
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Fic. 22.1. Fermion zero modes on domain walls separating 2+1 vacua with 
different topological charge N3. The domain wall in chiral p-wave supercon- 
ductor separating vacua with N3 = 1 and Ñ; = —1 (top left) gives rise to 
two fermion zero modes (bottom left), or four if the spin degrees of freedom 
are taken into account. The domain wall in chiral d-wave superconductor 
separating vacua with Ñs = 2 and Ñ; = —2 (top right) gives rise to four 
fermion zero modes (bottom right), or eight for two spin components. The 
asymmetry of the energy spectrum leads to the net momentum carried by 
occupied negative energy levels and thus to net mass and/or electric current 
in the y direction inside the domain wall discussed by Ho et al. (1984) for 
3He-A texture. 


In the combined 3D space (£, pz, py) the classical Hamiltonian contains two Fermi 
points, where |g| = 0: at (a, Pra, Pya) = (0, +pr,0). These two points are de- 
scribed by the non-zero topological invariant N3 = +1 in eqn (8.13) where now 
the integral is over the 2D surface surrounding the Fermi point at (£a, Pra, Pya). 
This again illustrates the universality of the manifolds of zeros of co-dimension 
de = 3 — the Fermi points. The non-zero value of the invariant N3 for the clas- 
sical Hamiltonian gives rise to the fermion zero mode in the exact quantum 
mechanical spectrum. 


22.1.3 Spectral asymmetry index 


In the exact quantum mechanical problem in eqn (22.4) there is only one con- 
served quantum number, namely the momentum projection py = pj along the 
wall. We are interested in fermion zero modes and we want to know how many 
branches E,(p,), if any, cross the zero-energy level. The algebraic sum v of the 
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branches of the gapless fermions is defined by the index of the spectral asymme- 
try v(py) of the Bogoliubov operator H in eqn (22.4). This integer-valued index 
gives the difference between the numbers of positive and negative eigenvalues 
Eq(py) of H at given momentum py; if the index v(p,) abruptly changes by 
unity at some Pya this means that at this p,q one of the energy levels E,(p,) 
crosses zero energy. The spectral asymmetry index v(p,) can be expressed in 
terms of the Green function, G~! = ipo — H: 


v(py) = Tr T2 dPoga g-! (22.7) 


dpo dpo 
=T | 2g ——1 Qa ee 5 san (py). (22.8) 


Here Tr means the summation over all the states with given p,. The algebraic 
sum of branches crossing zero as functions of py is 


=p (py = +œ) — v(py = —00) . (22.9) 


Note the apparent relation of v(py) in eqn (22.7) to the momentum space invari- 
ant Nı in eqn (8.3) which is responsible for the topological stability of the Fermi 
surface. Indeed, according to eqn (22.2), the index v in eqn (22.9) is the number 
of Fermi surfaces in the 1D momentum space py. 


22.1.4 Index theorem 


Now let us relate the index v in eqn (22.9) for the exact Hamiltonian H to the 
topological invariant N3 of the Fermi points in the quasiclassical Hamiltonian 
Hac. Since the core size d is of order of the coherence length d ~ € = h/m*co 
and therefore is much larger than the wavelength pr of the excitations, one 
may use the gradient expansion for the Green function. The gradient expansion 
is a procedure in which the exact Green function G(po, py, —102,2) = (ipo — 
H)! is expanded in terms of the Green function in the quasiclassical limit 
Gac (Po, Py, Px, £) = (ipo a Peel 


G(po, Py, —iðr, x) — Gac (Po; Py, Px, L) 
t 5GacOr. Gae GO Gee Gac — OxGoe GocOpeGae Gac) + ++ (22.10) 


Substituting this expansion into the spectral asymmetry index in eqn (22.7) one 
obtains 


1 ; 
v(py) = 5 ae tr ih IV Gac0j Gage Gack Ge GacAGge - (22.11) 


Here tr means trace only for matrix indices, and dV = dpodp,dz. This equation is 
well-defined only if the Green function has no singularities, which is fulfilled if the 
Fermi point in the quasiclassical Hamiltonian is not in the region of integration. 
For that it is necessary that py A Pya- 
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Fic. 22.2. The derivation of the index theorem for fermion zero modes on 
domain walls separating 2+1 vacua with different topological charge N3. 
Left: The spectral asymmetry index v(py) of the fermionic levels can be 
represented in terms of the 3D integral over (x, po, Px) at given py (thick 
horizontal lines; axes po and py are not shown). The difference of the in- 
tegrals, v(py > 0) — v(py < 0), represents the integral around the Fermi 
points in 4D space (£, Py, Po, Px) which equals the topological charge N3 of 
the Fermi points. Right: The same charge N3 can be expressed in terms 
of the difference of two 3D integrals over (po, Px, py) at given x (thick ver- 
tical lines; axes po and py are not shown). Each of the integrals repre- 
sents the topological charge N3 of the 2+1 vacuum state of domains out- 
side the wall. As a result one obtains the index theorem for the number 
of fermion zero modes in terms of the topological charges of two vacua: 
v = v(py > 0) — v(py < 0) = N3(a > 0) — N3(a < 0). 


Now the index theorem, eqn (22.3), which relates the number of fermion zero 
modes living within the domain wall to the topological charges of vacua on both 
sides of the interface comes from the following chain of equations 


v = v(py = +œ) — (py = =œ) (22.12) 


J. a-f £ a) (Gac (po, £, Pz)OGze (Po, £, Pz) (22.13) 
Py=+00 Py=—00 E 

7 (a d [ av) (Gac(Do, Pe, Py)OGge (Po, Pr Py))? (22.14) 

B n = N3(a = +00) — N3(a = —o0) . (22.15) 


In eqns (22.13) and (22.14) the abbreviation (Gag) stands for the 3-form 
in eqn (22.11). Integration regions in these two equations are different: in eqn 
(22.13) dV = dpodprdx (Fig. 22.2 left) and in eqn (22.14) dV = dpodpzdpy 
(Fig. 22.2 right), but both surround Fermi points in the 4D combined space 
(Po, £, Px, Py), and thus the integrals are equal to the total charge N3 of the 
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Fermi points. As a result the the spectral asymmetry index in eqn (22.12) is 
determined by the momentum space topology of the 2+1 vacua in the bulk, at 
x = +00, in eqn (22.15). 

This proof can be applied to any kind of domain wall (zero modes at kinks 
in bilayer graphene were discussed by Martin et al. (2008)). We shall see in the 
following Chapter 23 that the same kind of index theorem exists for fermion 
zero modes living in the core of vortices, whose spectrum was first calculated by 
Caroli et al. (1964) in microscopic theory. 


22.1.5 Spectrum of fermion zero modes 


From the index theorem (22.3) it follows that within the interface separating 
vacua with opposite orientations of the l-vector in Sec. 22.1.2 (Fig. 22.1 top left) 
there must be v = 2 (or —2) gapless branches. Let us now calculate the spectrum 
of these two fermion zero modes explicitly, i.e. let us find the phenomenological 
parameters Ca and pa in eqn (22.1). The parameters Ca represent the ‘speeds of 
light’ of the 1+1 low-energy fermions; their signs represent the ‘helicity’ of the 
fermions; the shift of the zero from the origin pa = €aAy introduces the vector 
potential A, of the effective gauge field; and ea = +1 corresponds to the electric 
charge of the fermions. We shall use the quasiclassical approximation, which is 
valid if the size of the domain wall, d ~ €, is much larger than the characteristic 
wavelength A ~ pr of quasiparticles. The same approximation will be used for 
the calculation of the fermion zero modes in vortices in Chapter 23. 

The lowest-energy states are concentrated in the vicinity of the Fermi points 
characterizing the classical energy spectrum in eqn (22.6), Pra = qaPF, Pya = 9, 
where qa = +1 is another fermionic charge. Near each of the two points one can 
expand the z-component of momentum 


P X qapr — iO; , (22.16) 
using the transformation of the wave function x(x) > x(x) exp(tqaprx). Leaving 


only the first-order term in 70, and taking into account that m*co < pr, one 
obtains the Hamiltonian in the vicinity of each of the two points: 


= -iqa E t ða + qapre(x)t! + copyř? . (22.17) 


To find the fermion zero modes let us consider first the case when py is just 
at its Fermi point value, i.e. at py = 0: 


L1. 3 
alpy = Ope = tpr) = gape (iO. + olor") (2218) 


This Hamiltonian is supersymmetric since (i) there is an operator anticommuting 
with H, i.e. H7g = —72H; and (ii) the potential c(x) has a different sign at 
x — +00. Thus at py = 0 each of the two Hamiltonians in eqn (22.18) must 
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contain an eigenstate with exactly zero energy. These two eigenstates have the 


form y 
XalPy = 0, £) Sree e exp (- / a'o(w’)) : (22.19) 


These wave functions are normalizable just because c(x) has a different sign at 
x — +00. 

Now we can consider the case of non-zero py. When py is small the third term 
in eqn (22.17) can be considered as a perturbation and its average over the wave 
function in eqn (22.19) gives the energy levels in terms of p,. For both charges 
da One obtains 


Ba (by) = —coPy sign(e(o0) — e(—00)) . (22.20) 


These are two anomalous branches of 1+1 fermions living in the domain wall. 
Their energy spectrum crosses zero energy as a function of the momentum p, = 
Pip in the considered case at py = 0 (Fig. 22.1 bottom left). For the given structure 
of the wall the energy spectrum appears to be doubly degenerate. Close to the 
crossing point these fermions are similar to relativistic chiral (left- or right- 
moving) fermions. 


22.1.6 Current inside the domain wall 


In general, the domain walls separating vacua with opposite orientations of the 
Î-vector are current carrying (see e.g. the discussion in Volovik and Gor‘kov 1985) 
This can be viewed in an example of 3°He-A where according to eqn (10.8) there 
is a mass (or particle) current proportional to V x 1. This automatically leads 
to the mass current in the y direction inside the wall separating vacua with 
1 = +2 and 1 = —%, since V x 1 = —2fô(x). A particular contribution to this 
edge current is provided by fermion zero modes due to their spectral asymmetry 
as was discussed by Ho et al. (1984) for ?He-A texture. The occupied negative 
energy levels in Fig. 22.1 left bottom are not symmetric with respect to the parity 
transformation py > —py, that is why they carry momentum and thus the mass 
current in superfluids and the electric current in superconductors along the y 
direction. 

The edge currents exist in most of the domain walls separating vacua with 
different N3. The currents are forbidden by time reversal symmetry T and by 
parity. In our case T is violated by non-zero value of Ns, while the proper parity 
is violated for the general orientation of the domain wall with respect to crystal 
axes. 


22.1.7 Edge states in d-wave superconductor with broken T 


Let us consider another example illustrating the topological rule in eqn (22.3), 
namely fermion zero modes within the domain wall in a d-wave superconductor 
with broken time reversal symmetry T discussed in Sec. 11.2.3. The supercon- 
ducting state with broken T is fully gapped, and thus the gapless fermions can 
live only within the brane. Since the wall separates domains with topological 
charges N3 = —2 and N3 = +2 per spin (Fig. 22.1 top right), from the index 
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theorem in eqn (22.3) it follows that the index v = 4 (or —4), i.e. there must be 
four branches of fermion zero modes per spin per layer which cross zero energy 
as a function of py. 

Let us find these modes explicitly. The relevant Bogoliubov-Nambu Hamil- 
tonian is given by eqn (11.7). Since the topological structure of fermion zero 
modes does not depend on the detailed structure of the order parameter within 
the wall, we shall choose the ansatz for the wall with d,,,(x) changing sign, while 
dz2_y2 is constant (Fig. 22.1 top right): 


2 2 2 


H TE KP aa + (P? p i , Pai 
(22.21) 
The (quasi)classical limit of this Hamiltonian, 
Doug Pond 
Dy + Py — Pr. 3 Š 
Hac = IE o + DyPeday(x)T + (p2 — Dy )dq2—y2t? ; (22.22) 
has four Fermi points in (£, Pz, py) space situated at x = 0, |Pra| = |Pyal = 
pr/V2. Using the transformation of the wave function x(x) > x(x) exp(iprax) 
we can expand the momentum P in the vicinity of these points, P = tpr/V2— 
i0,, and eqn (22.21) acquires the following form: 
Ha = iH, + PraPyadey(x)t + c(py —Pya)F?sign(Dya) , C= V2ppdy2—y2 : 
(22.23) 


This is similar to eqn (22.18) and thus the same procedure can be applied as 
in Sec. 22.1.5 to find the energy spectrum. It gives four branches of the energy 
spectrum in Fig. 22.1 bottom right: 


Ea(py) = Ca(Py “3 Pya)sign(dzy(oo) a dizy(—oo)) > Ca = V2prd,2_42 , (22.24) 


which cross zero as a function of py = py. As distinct from eqn (22.20) the 


crossing points are now split: Pya = €aAy, where ea = +1 and Ay = pr/ V2 play 
the role of the electric charge and the vector potential of effective electromagnetic 
field respectively. 


22.2 3+1 world of fermion zero modes 


The dimensional reduction discussed in Sec. 22.1 can be generalized to higher 
dimensions. We shall start from a quantum liquid in 5+1 spacetime and obtain 
a 3+1 world with Fermi points and thus with all their attributes at low energy: 
chiral relativistic fermions, gauge fields and gravity. The dimensional reduction 
from 5+1 to 3+1 can be made in two steps, as in the case of the reduction from 
3+1 to 1+1. First we consider a thin film in 5D space, which effectively reduces 
the space dimension to 4, and then consider the domain wall in this space. 
Fermions living within this wall form the effective 3+1 world. An alternative 
way from 5+1 to 3+1, which gives similar results, is to obtain the 3+1 world 
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of fermion zero modes living in the core of a vortex. In relativistic theories the 
latter approach was developed by Akama (1983). However, in both cases it is 
not necessary to start with the relativistic theory in the original 5+1 spacetime. 
The only input is the momentum space topology of vacua on both sides of the 
interface, due to which RQFT emergently arises in the world of the fermion zero 
modes living within the brane. 


22.2.1 Fermi points of co-dimension 5 


In 5+1 spacetime a new topologically stable manifold of zeros in the quasiparticle 
energy spectrum can exist: zeros of co-dimension de = 5. Let us recall that co- 
dimension is the dimension of p-space minus the dimension of the manifold of 
zeros in the energy spectrum. In 5D momentum space the zeros of co-dimension 
de = 5 are points. The relativistic example of the propagator with topologically 
non-trivial zeros of co-dimension de = 5 is provided by G~! = ipo — H, where the 
Hamiltonian in 5D space is H = Se T”pn, and T173 are 4 x 4 Dirac matrices 
satisfying the Clifford algebra {r¢,T?} = 26%. We can choose these matrices as 
MS Peel = 64 Page el at Ss 


Hs = Ta"; + T pa + TDs ) t= 1, 2,3, H? = E? = p’ 3 (22.25) 


In this example the Fermi point with de = 5 is at p = 0. The topological stability 
of this point is provided by the integer-valued topological invariant 


N; = Ostr | GSH? Gap, G Gap, 0 Gp G Gp 9 Gp 0! . (22.26) 


The integral here is over the 5D surface in 6D space p, = (po,pi1—s) around 
the point (po = 0,p = 0); the prefactor Cs is a normalization factor, so that 
Ns = +1 for the particles obeying eqn (22.25). As in the case of 3+1 spacetime, 
if the vacuum has a Fermi point with N5 = +1, then in the vicinity of this Fermi 
point, after rescaling and rotations, the Hamiltonian acquires the relativistic form 
of eqn (22.25). In other words, it is the topological invariant Ns which gives rise 
to the low-energy chiral relativistic fermions in 5+1 spacetime. 


22.2.2 Chiral 5+1 particle in magnetic field 


Let us first consider the dimensional reduction produced by a magnetic field. We 
know that the motion of particles in the plane perpendicular to the magnetic field 
is quantized into the Landau levels. The free motion is thus effectively reduced to 
the rest dimensions, where the particles — fermion zero modes — are again chiral, 
but are described by the reduced topological invariant. Let us consider particles 
with charge q in the magnetic field Fy; = 0As/Ox* — 0A4/0x° = constant. The 
Hamiltonian in this field becomes 

Hs = r’otpi + T! (pa — 4 Fisz") +7? (ps + Trisz") . (22.27) 
After Landau quantization one obtains the fermion zero mode — the massless 
branch on the first Landau level with the ‘isospin’ projection rT? = sign Fis, 
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Hs = otp; sign (qFus), i=1,2,3. (22.28) 


These modes represent chiral particles in 3 + 1 spacetime, whose spectrum con- 
tains fermion zero modes of co-dimension de = 3. Their chirality depends on 
the direction of the magnetic field. 

Thus the magnetic field reduces the Fermi point with de = 5 in 5+ 1 
momentum-—energy space with topological charge N5 to the Fermi point of co- 
dimension de = 3 with charge N3 in 3+ 1 momentum-—energy space. Simultane- 
ously the dimension of the effective coordinate space in the low-energy corner, 
i.e. at energies Æ? < |F45|, is reduced from 5 to 3. However, there is still the 
degeneracy of the fermion zero modes with respect to the position of orbits in the 
magnetic field. As a result the total number of fermion zero modes is determined 
by the number of flux quanta v = ®/®o9, where ® = f dx4dzs F45. 


22.2.3 Higher-dimensional anomaly 


Adding magnetic field Fiz in another two directions one obtains a further di- 
mensional reduction and 1 + 1 fermions in the lowest Landau level in this field. 
The energy of 1+1 fermions is Hı = (sign F45)(sign Fi2)pz. The Fermi point at 
pz = 0is the 1D Fermi surface — the manifold of zeros of co-dimension de = 1. If 
now an electric field is introduced along the remaining space direction, E3 = Fs, 
the chiral anomaly phenomenon arises — the chiral particles are produced from 
the vacuum due to spectral flow. The number of chiral particles produced per 
unit time and unit volume is proportional to the force qFo3 acting on the 1+1 
mode, and to the number of fermion zero modes |qFi2L1L2/27| - |qFus L405 /27, 
which comes from the degeneracy of the levels in magnetic fields Fy5 and Fi 
(see eqn (18.2)). As a result one obtains the (5+1)-dimensional version of the 
Adler—Bell-Jackiw equation for the particle production due to the chiral anomaly 


3 
; q 
= N5; -—— Fog Fas Fiz = 
n 5 (2r)? 03 F45 £712 
where Ns; is the integer-valued momentum space topological invariant for the 
Fermi point in 5+1 dimensions in eqn (22.26). Finally, in the general case of sev- 
eral fermionic species with electric charges g, and some other fermionic charges 
Ba, the production of charge B per unit time per unit volume is given by 


q aßyuv 
Ng- HY Fog By Fop 22.2 
5720n BA yu P ( 9) 


1 : 
B= 0m (BQ? Ns) °°? Fag Fy Fup , (22.30) 


where Ns is the matrix of the topological invariant analogous to eqn (12.9) for 
3+1 systems. 


22.2.4 Quasiparticle world within domain wall in 4+1 film 


Let us now discuss the alternative way of compactification. We start with a thin 
film of a quantum liquid in 5D space. If the motion normal to the film is quan- 
tized, there remains only the 4D momentum space along the film (p1, p2, p3, pa). 
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The gapless quasiparticle spectrum becomes fully gapped in the film because 
of the transverse quantization. In the simplest case of one transverse level the 
Hamiltonian (22.25) becomes 


4 
H= MI" + X T’pa = Mr? +7%o'p trips, 1=1,2,3. (22.31) 


n=1 


The vacuum of the fully gapped quantum liquid is characterized by non-trivial 
momentum space topology described by the invariant Ñs — an analog of N3. It 
can be obtained by dimensional reduction from the invariant N5 in eqn (22.26) 
of the 5+1 system (analog of N3): 


Ns = Ostr ‘| GSO? Gap, Gr Cogg Gp G Gap 9 Gp 9t . (22.32) 


Here the integral is over the whole 4+1 momentum-frequency space. 

Now we introduce the 3+1 domain wall (brane), which separates two do- 
mains, each with fully gapped fermions. Then everything can be obtained from 
the case of the quantum liquid in 2+1 spacetime just by adding the number 2 
to all dimensions involved. In particular, the difference Ñs(right) — Ñs (left) of 
invariants on both sides of the brane (the analog of N3(right) — N3(left)) gives 
rise to the 3+1 fermion zero modes within the domain wall. These fermion zero 
modes are described by the momentum space topological invariant N3 (the ana- 
log of Ny) and thus have Fermi points — fermion zero modes of co-dimension 
de = 3. In the same manner as in eqns (22.2) and (22.3) which relate the num- 
ber of fermion zero modes to the topological invariants in bulk 2+1 domains, 
the total topological charge of Fermi points within the domain wall is expressed 
through the difference of the topological invariants in bulk 4+1 domains: 


N; = Ns(right) — Ñs (left) . (22.33) 


Close to the a-th Fermi point the fermion zero modes represent 3+1 chiral 
fermions, whose propagator has the general form expressed in terms of the tetrad 
field in eqn (8.18). The quantities ef () and p, which enter the fermionic spec- 
trum, are dynamical variables. These are the low-energy collective bosonic modes 
which play the part of effective gravitational and gauge fields. The source of such 
emergent phenomena is the non-zero value of Ñ; of vacuua in bulk. T hus, the 
brane separating the 4+1 vacua with different Ñ; gives rise to the Fermi point 
universality class of quantum vacua, whose properties are dictated by momen- 
tum space topology. In principle, all the ingredients of the Standard Model can be 
obtained within the brane as emergent phenomena without postulating gravity 
and RQFT in the original 4+1 spacetime. 

In a similar manner the gauge and gravity fields can arise as collective modes 
on the boundary of the 4+1 system exhibiting the quantum Hall effect as dis- 
cussed by Zhang and Hu (2001). Both systems have similar topology. In the 
Zhang—Hu model the non-trivial topology is provided by the external field, while 
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in our case it is provided by the non-zero topological charge Ns of the vacua 
in the bulk. The difference is the same as in the 2+1 systems, where the QHE 
occurs in the external magnetic field, while the anomalous QHE is provided by 
the nontrivial topological invariant Ng of the vacuum. 

However, as we know, the non-trivial topology alone does not guarantee that 
the effective gravitational field will obey the Einstein equations: the proper 
(maybe discrete) symmetry and the proper relations between different Planck 
scales in the underlying fermionic system are required. The energy scale which 
provides the natural ultraviolet cut-off must be much smaller than the energy 
scale at which Lorentz invariance is violated. We hope that within this univer- 
sality class one can obtain such the required hierarchy of Planck scales. 


23 


FERMION ZERO MODES ON VORTICES 


23.1 Anomalous branch of chiral fermions 
23.1.1 Minigap in energy spectrum 


We shall start with the simplest axisymmetric vortex in a conventional isotropic 
superconductor, whose scalar order parameter asymptote is given by eqn (14.16). 
The spectrum of the low-energy bound states in the core of the vortex with wind- 
ing number nı = +1 was obtained in microscopic theory by Caroli et al. (1964). 
The quantum numbers which characterize the energy spectrum of fermionic ex- 
citations living on the line are the linear and angular momenta along the string, 
pz and L,. In the case of a vortex line the angular momentum must be modified, 
since the correct symmetry of the vacuum in the presence of the vortex is deter- 
mined by the combination of rotation and global gauge transformation, whose 
generator Q is given by eqn (14.19): Q = L; — =N, where for quasiparticles the 
generator N = 7%. Caroli et al. (1964) found that the energy spectrum of the 
bound states with lowest energy has the following form: 


E(Q, pz) = —n1wo(pz)Q . (23.1) 


This spectrum is two-fold degenerate due to spin degrees of freedom; the gen- 
eralized angular momentum Q of the fermions in the core was found to be a 
half-odd integer, Q = n+ 1/2 (Fig. 23.1 top right). The level spacing wo(pz) 
is small compared to the energy gap of the quasiparticles outside the core, 
wo(pz) ~ Aĝ/vrpr « Ao, but is nowhere zero. Its value at p, = 0 is called 
the minigap, because w9(0)/2 is the minimal energy of quasiparticles in the core, 
corresponding to Q = +1/2. 

Strictly speaking, the spectrum in the Caroli-de Gennes—Matricon equation 
(23.1) does not contain fermion zero modes. However, since the interlevel spacing 
is small, in many physical cases, say when temperature T >> wo, the discreteness 
of the quantum number Q can be ignored and in the quasiclassical approxima- 
tion one can consider Q as continuous. Then from eqn (23.1) it follows that 
the spectrum as a function of continuous parameter Q contains an anomalous 
branch, which crosses zero energy at Q = 0 (Fig. 23.1 top right). The point 
Q = 0 represents the Fermi surface — the manifold of co-dimension de = 1 — 
in the 1D space of the angular momentum Q. The fermions in this 1D ‘Fermi 
liquid’ are chiral: positive energy fermions have a definite sign of the generalized 
angular momentum Q. These fermion zero modes exist only in the quasiclassical 
approximation, and we call them the pseudo-zero modes. 


ANOMALOUS BRANCH OF CHIRAL FERMIONS 289 


Electrons in n|=1 vortex 


Quarks in cosmic strings 
in s-wave superconductors 
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Fic. 23.1. Bound states of fermions on cosmic strings and vortices. In super- 
conductors and Fermi superfluids the spectrum of bound states contains 
pseudo-zero modes — anomalous branches which as functions of the discrete 
quantum number Q cross the zero-energy level. The true fermion zero modes 
whose spectrum crosses zero energy as a function of p, exist in the core of 
cosmic strings and ?He-B vortices. The ?He-A vortex with nı = 1 contains 
the branch with exactly zero energy for all pz. 


We shall see that for arbitrary winding number nı, the number of fermion 
pseudo-zero modes, i.e. the number of branches crossing zero energy as a func- 
tion of Q, equals —2n1 (Volovik 1993a). This is similar to the index theorem for 
fermion zero modes in domain walls (Chapter 22) and in cosmic strings in RQFT 
in Fig. 15.1 (Jackiw and Rossi 1981; see also Davis et al. (1997) and references 
therein). The main difference is that in strings and domain walls the spectrum 
of relativistic fermions crosses zero energy as a function of the linear momentum 
p\ (= pz) (Fig. 23.1 top left), and the index theorem discriminates between left- 
moving and right-moving fermions. In condensed matter vortices the spectrum 
crosses zero energy as a function of the generalized angular momentum Q, and 
the index theorem discriminates between clockwise and counterclockwise rotat- 
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ing fermions: in quasiclassical approximation the quantity wo in the Caroli-de 
Gennes—Matricon equation is the angular velocity. 


23.1.2 Integer vs half-odd integer angular momentum of fermion zero modes 


The topological properties of the spectrum E(Q) and E(p,) of fermion zero 
modes in the vortex core and string core are universal and do not depend on 
the detailed structure of the core. Both modes belong to the universality class 
of Fermi surface — the manifold of co-dimension de = 1 either in momentum 
pz-space and or in angular momentum Q-space. ) If we proceed to non-s-wave 
superfluid or superconducting states, we find that the situation does not change 
so long as the quantum number Q is considered as continuous. 

However, at a discrete level of description one finds the following observation: 
in some systems (such as nı = 1 vortex in s-wave superconductors) the quantum 
number Q is half-odd integer, while in others it is integer. In the latter vortices 
there is an anomalous fermion zero mode: at Q = 0 the quasiparticle energy in 
the Caroli-de Gennes—Matricon equation (23.1) is exactly zero for any p; (Fig. 
23.1 bottom right). Such anomalous, highly degenerate zero-energy bound states 
were first calculated in a microscopic theory by Kopnin and Salomaa (1991) for 
the nı = £1 vortex in ?He-A. These fermion zero modes are zeros of co-dimension 
de = 0 and thus are topologically unstable. That is why such a degeneracy can be 
lifted off if it is not protected by symmetry: for example, in *He-B vortices in Fig. 
23.1 bottom left two anomalous branches corresponding to two spin projections 
split leaving the zero-energy state at p = 0 only. As a result one obtains the 
same situation as in cosmic strings in Fig. 23.1 top left, i.e. with the spectrum 
of fermion zero modes crossing zero as a function of pz. 

The difference between the two types of fermionic spectrum, with half-odd 
integer and integer Q, becomes important at low temperature T < wo. We con- 
sider here representatives of these two types of vortices: the traditional ny = +1 
vortex in an s-wave superconductor (Fig. 23.1 top right) and the simplest form 
of the nı = +1 vortex in *He-A with Î directed along the vortex axis (Fig. 23.1 
bottom right). Their order parameters are 


U(r) = Aole? , fax -Vs = Nınrh/m , (23.2) 


epi = Ao(p)e*™?S,, (ĉi + iĝi) , fax ‘Vs = Nınrh/m , (23.3) 


where z, p, ¢ are the coordinates of the cylindrical system with the z axis along 
the vortex line; and Ao(p) is the profile of the order parameter amplitude in the 
vortex core with Ag(p = 0) = 0. Actually the core structure of the vortex is 
more complicated, and there are even some components which are non-zero at 
p = 0 (see the review by Salomaa and Volovik 1987). But since the structure of 
the spectrum of the fermion zero modes does not depend on such details as the 
profile of the order parameter in the core, we do not consider this complication. 
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23.1.3 Bogoliubov-Nambu Hamiltonian for fermions in the core 


Let us consider first 2+1 superconductors and superfluids — thin films of *He or 
superconductors in layered systems. In such systems the motion along z is quan- 
tized, and thus there is no dependence of the energy spectrum on the momentum 
pz. Also in both systems the energy spectrum is fully gapped when the vortex 
is absent, and the vacua of homogeneous 2+1 systems are characterized by the 
momentum space invariant N3. It is given by eqn (11.1) in general, or by eqn 
(11.6) in the simplest case described by the 2 x 2 Hamiltonian. The invariant 
N3 = 0 for the 2+1 superfluid/ superconductor with s-wave pairing; N3 = 1 per 
spin per transverse level for the 3He-A film; N3 = 1 per spin per crystal layer of 
Sr2RuOy, superconductor if it is really a chiral superconductor; and Ñ; = 2 per 
spin per layer for d-wave high-temperature superconductors, if for some reason 
time reversal symmetry T is broken there and the order parameter component 
dzy £ 0. 

In the 2D systems the vortex is a point defect. Since the topological consider- 
ation is robust to the deformation of the order parameter, we choose the simplest 
one — axisymmetric in real and momentum space. For each of the two spin com- 
ponents, the Bogoliubov-Nambu Hamiltonian for quasiparticles in the presence 
of a point vortex with winding number n; in the vacuum with topological charge 
N3 can be written as 


M(p) Ao(p)e™? Co 


PF 


H= F'glp,r) = , Ng 
Ao(p)enims6 (2=tPs ) —M(p) 
(23.4) 
Here, as before, M(p) = (p? + p} — pẸ})/2m* ~ up(p — pr). 
Introducing the angle 0 in momentum (pz, py) space, eqn (23.4) can be rewrit- 
ten in the form 


Ñs : 
M(p) Ao(p) (4) a 
H= i . (23.5) 


Ñs . 
Ao(p) (4) oil d+.Ns8) _~M(p) 


PF 


This form emphasizes the interplay between real space and momentum space 
topologies: non-trivial momentum space topology of the ground state (vacuum) 
enters the off-diagonal terms — the order parameter — in the same way as the 
topologically non-trivial background — the vortex. This is more pronounced if 
one takes into account that near the vortex axis Ao(p) x Ao(oo)(p/€)™. The 
difference between space and momentum dependence is in the diagonal elements 
M(p). We shall discuss how the real space, momentum space and combined space 
topology determine and influence the fermion zero modes in the vortex core. We 
shall find that in the quasiclassical description the topology of fermion zero modes 
is completely determined by the real space topological charge nı. However, the 
fine structure of the fermion zero modes, i.e. the two types of the fermion zero 
modes, with integer and half-odd integer Q, are determined by the combined real 
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space and momentum space topology. These two classes have different parity 
(see below) 
W= (11), (23.6) 


which is constructed from the topological charges in real and momentum spaces 
(Volovik 1999b). 


23.1.4 Fermi points of co-dimension 3 in vortex core 


Since outside the core the fermionic spectrum is fully gapped, fermion zero modes 
are the only low-energy fermions in the discussed 2+1 systems. To understand 
the origin of fermion zero modes, we start with the classical description of the 
fermionic spectrum, in which the commutators between coordinates (x,y) and 
momenta (Pr, py) are neglected, and all four variables can be considered as in- 
dependent coordinates of the combined 4D space (2, Y, Px, Py). This is justified 
since the characteristic size € of the vortex core is much larger than the wave- 
length À = 2r /pr of a quasiparticle: pr ~ vrpr/Ao > 1 and the quasiclassical 
approximation makes sense. The quasiparticle energy spectrum in this classical 
limit is given by E?(z, y, px, Py) = |g(r, p)|? = M?(p) + Az(p), where it is taken 
into account that p is concentrated in the vicinity of pr. This energy spectrum 
is zero when simultaneously p? + p? = pẹ (so that M(p) = 0) and z = y = 0 
(so that Ao(p) = 0) (Fig. 23.2 left). This is a line of zeros in the combined 4D 
space and thus a manifold of co-dimension de = 3. So we must find out what is 
the topological charge N3 of this manifold. 

It is easy to check that this charge is solely determined by the vortex wind- 
ing number: N3 = nı for each spin projection, irrespective of the value of the 
momentum space charge Ñ; of the vacuum state. Let us surround an element of 
the line by the closed 2D surface o (which is depicted as a closed contour in Fig. 
23.2). Then the image õ of this surface in the space of the Hamiltonian matrix is 
the sphere of unit vector g = g/|g| in eqn (23.4). Thus o encloses a topological 
defect, a g-hedgehog. The winding number of this hedgehog is N3 = ni. Thus 
each point on the circumference of zeros is described by the same topological 
invariant N3, eqn (8.15), as the topologically non-trivial Fermi point describing 
the chiral particles. Figure 23.2 shows the case of a vortex with winding number 
nı = 1, for which hedgehogs have unit topological charge: N3 = 1. Thus in the 
classical description the fermion zero modes on vortices are zeros of co-dimension 
de = 3 in the combined (p,r) space. 


23.1.5 Andreev reflection and Fermi point in the core 


To make the situation clearer let us remove one of the four ‘coordinates’, which 
is not relevant for the quasiclassical description of bound states. We shall exploit 
the fact that the characteristic size € of the vortex core is much larger than 
the wavelength of quasiparticle ~ pr- Due to this the classical trajectories 
of quasiparticles propagating through the core are almost straight lines. Such 
trajectories are characterized by the direction of the quasiparticle momentum 
p and the impact parameter b (Fig. 23.3 left). If the core is axisymmetric, the 
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%Y line of Fermi points 
E=0 
or hedgehogs in g-field 


Fic. 23.2. In the core of the vortex with winding number nı the classical en- 
ergy of a quasiparticle E(x, Y, Px, py) is zero on a closed line in 4D space 
(X,Y, Px, Py). Each point on this line is described by the topological invariant 
N3 = nı for each spin projection. The 2D surface o surrounding the element 
of the line is mapped to the 2D surface o in the space of the matrix H — the 
sphere of unit vector § = g/|g|. This is shown for the vortex with nı = 1, 
in which the singularity in the Hamiltonian represents the line of hedgehogs 
with N3 = 1. 


quasiparticle spectrum does not depend on the direction of the momentum, and 
we choose p along the y axis. Then the impact parameter b coincides with the 
coordinate x of the quasiparticle, and one has M(p) ~ ur(py — pr). Thus pz 
drops out of the Hamiltonian, and the classical spectrum E?(p,,b, y) = v? (py — 
pr)” + A2(p) with p = yb? + y? is determined in the momentum—coordinate 
continuum (py, b, y). 

During the motion of the quasiparticle in the vortex environment its energy 
is conserved. If the quasiparticle energy E is less than the maximum value of the 
gap, Aj(oo), the quasiparticle moves back and forth along the trajectory in the 
potential well formed by the vortex core, being reflected at points y = +yo, where 
E = Ao(/b? + yĝ) (Fig. 23.3 right). The main property of such a reflection 
is that the momentum of a quasiparticle remains the same, py ~ pr, while 
its velocity vy = dE/dp, = v? (py — pr)/E changes sign after reflection. In 
condensed matter physics this is called an Andreev reflection. The Caroli—de 
Gennes—Matricon bound states are obtained by quantization of this periodic 
motion of a quasiparticle (see Sec. 23.2 below). 

One can check that the function g(b, y, py) has a hedgehog at the point py = 
pr, b = 0, y = 0 with the topological charge N3 = nı. Thus we have a Fermi 
point of co-dimension de = 3 in a mixed space (b, y, py), which is the counterpart 
of a Fermi point in momentum space (pz, Py, pz) describing a chiral particle. 
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trajectory 


vortex core 


p — linear momentum 
of quasiparticle 


impact 


parameter, 0 = angle of p 


Fic. 23.3. Classical motion of quasiparticles in the (z,y) plane of the vor- 
tex core. Left: In the classical description the quasiparticle trajectories are 
straight lines. Right: Bound states of quasiparticles in the vortex core cor- 
respond to periodic motion along the straight lines with Andreev reflection 
from the walls of the potential well formed by the vortex core. After an An- 
dreev reflection the momentum p of the quasiparticle did not change while 
its velocity v changed sign. 


23.1.6 From Fermi point to fermion zero mode 


Let us demonstrate how the quantization leads to dimensional reduction from 
the classical fermion zero modes of co-dimension de = 3 to the pseudo-zero modes 
of co-dimension de = 1 in Q space. 

The first step to quantization is to take into account that the momentum 
py and the ‘momentum’ y do not commute. But this is just what happens with 
the chiral particles in a magnetic field, where the components of the generalized 
moment, Ppr — By and py, do not commute. Thus we arrive at the problem 
of a chiral particle in a magnetic field, with the effective magnetic field being 
parallel to the b axis. From this problem (see Secs 18.1.2 and 22.2.2) we know 
that the magnetic field realizes dimensional reduction: the Fermi point of co- 
dimension de = 3 described by the invariant N3 gives rise to the Fermi point 
of co-dimension de = 1 described by the invariant N; representing 1D Fermi 
surfaces in p, space. Since the role of the momentum p, is played by the impact 
parameter b, the fermion zero mode with de = 1 is the branch of the energy 
spectrum E,(b) = kab, which as a function of the coordinate b crosses zero. 

The impact parameter b can be expressed in terms of the angular momentum, 
b = L,/pr. Since in the quasiclassical approximation the momentum L, coincides 
with the quantum number Q, one obtains that close to the crossing point the 
spectrum of the a-th fermion zero mode must be E,(Q) = waQ. Thus from the 
general topological arguments we obtained the form of the spectrum of fermion 
zero modes, which is the continuous limit of the Caroli-de Gennes—Matricon 
equation (23.1). In principle, the crossing point of the energy spectrum can be 
shifted from the origin, and the anomalous branch has the following general form: 


Ea(Q) = WalQ = Qa) 5 (23.7) 


The algebraic number of such branches is Nı = N3 = nı for each spin projection. 
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Thus the effective theory of fermion pseudo-zero modes is characterized by 
two sets of phenomenological parameters: slopes wa (effective speeds of light in 
the limit of continuous Q or minigaps in the case of discrete Q) and shifts of 
zeros Qa (effective electromagnetic field). Let us now calculate the parameter wa 
for the simplest axisymmetric vortices with nı = +1. 


23.2 Fermion zero modes in quasiclassical description 
23.2.1 Hamiltonian in terms of quasiclassical trajectories 


Let us consider the quasiclassical quantization of the Andreev bound states whose 
classical motion is shown in Fig. 23.3. The low-energy trajectories through the 
vortex core are characterized by the direction 6 of the trajectory (of the quasi- 
particle momentum p) and the impact parameter b (Fig. 23.3). The magnitude 
of p is close to pr, and thus for each 0 the momentum p is close to the value 


p = pr(xXcos6+ysin8) ; (23.8) 


its group velocity velocity is close to ve = p/m*; and the Bogoliubov-Nambu 
Hamiltonian is 


-( M(pa; py) | a (23.9) 
Ao(pje +N) —M (pr, Py) 


Substituting y —> e’P?y and p —> p — iV, and expanding in small V, one 
obtains the quasiclassical Hamiltonian for the fixed trajectory (p, b): 


Hp» = —i7*vp-V + Ao(p) (# cos(N30 + nid) — #2 sin(N30 + m6)) . (23.10) 


Since the coordinates p and ¢ are related by the equation psin(¢ — 0) = b, the 
only argument is the coordinate along the trajectory s = pcos(¢ — 0) and thus 
the Hamiltonian in eqn (23.10) has the form 


Hp,» = —ivpř 0: + 7'Ao(p) cos (nid + (n+ Na)6) 
- #Ao(p) sin (mid + (nı + N3)6) l (23.11) 
where d = ġ — 0 and p are expressed in terms of the coordinate s as 
o=$-86, tanġ= , p= VPH. (23.12) 


The dependence of the Hamiltonian on the direction 0 of the trajectory can 
be removed by the following transformation: 


x= ei(m+Na)7°0/25, (23.13) 


; Ta) x3 ; EEE 
Hp, = eini +N3)F 8/244 ei(m1+N3)F 0/2 


= ~ivpt?0, + Ao( Vs? + b?) (r cosm 6 — 72 sin md) . (23.14) 


The Hamiltonian in eqn (23.14) does not depend on the angle 0 and on the 
topological charge N3 and thus is the same for s-wave, p-wave and other pairing 
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states. The dependence on Ñ; enters only through the boundary condition for 
the wave function, which according to eqn (23.13) is 


Z(O + 2m) = (—1)™ +t K() . (23.15) 


With respect to this boundary condition, there are two classes of systems: with 
odd and even nı + Ñz. The parity W = (— 1)m+Ns in eqn (23.6) is thus instru- 
mental for the fermionic spectrum in the vortex core. 


23.2.2 Quasiclassical low-energy states on anomalous branch 


In the quasiclassical approximation the quasiparticle state with the lowest energy 
corresponds to a trajectory which crosses the center of the vortex, i.e. with the 
impact parameter b = 0. Along this trajectory one has sing = 0 and cos¢ = 
sign s. So eqn (23.14) becomes 


Ho=0,p = —ivr7°0, + 7 Ao((|s|)sign s . (23.16) 


This Hamiltonian is supersymmetric since (i) there is an operator anticommut- 
ing with H, i.e. Hr. = —72H; and (ii) the potential U(s) = Ao(|s|)sign s has 
opposite signs at s — +00. We have already discussed such a supersymmetric 
Hamiltonian for fermion zero modes in eqn (22.18). Supersymmetry dictates that 
the Hamiltonian contains an eigenstate with exactly zero energy. Let us write 
the corresponding eigenfunction including all the transformations made before: 


Xo,b=0(S) = eiPFs ei(ni+Ns)F90/2 Ea xols) š (23.17) 
s A 1 
Xo(s) = exp (- / as OD si s) : (23.18) 
F 


Now we turn to the non-zero but small impact parameter b < €, when the 
third term in eqn (23.14) can be considered as a perturbation. Its average over 
the zero-order wave function in eqn (23.17) gives the energy levels in terms of b 
and thus in terms of the continuous angular momentum Q ~ ppb: 


SE p$ exp (-2 ff dp’Ao(o')) 


E(Q, 0) = —m1 Quo , wo = 
Jo dpexp (-2 Se: dp’ Ao(p")) 


(23.19) 


Thus we obtain the parameter wo in eqn (23.1) — the minigap — which originally 
was calculated using a microscopic theory by Caroli et al. (1964). From eqn 
(23.19) it follows that the minigap is of order wo ~ Ao/(prR) where R is the 
core radius. For singular vortices R is on the order of the coherence length 
= vr/Ao and the minigap is wo ~ A?/(prur) < Ao. In a large temperature 
region AZ/(prur) < T <« Ao these bound fermionic states can be considered 
as fermion zero modes whose energy as a function of the continuous parameter 
Q crosses zero energy. 
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Below we shall extend this derivation to discrete values of Q, and also to the 
case of non-axisymmetric vortices, where the quasiclassical energy depends also 
on the direction of the trajectory (on the angle 0 in Fig. 23.3 left). In the latter 
case the microscopic theory becomes extremely complicated, but the effective 
theory of the low-energy fermion zero modes works well. This effective theory of 
fermionic quasiparticles living in the vortex core is determined by the universality 
class again originating from the topology. 


23.2.3 Quantum low-energy states and W -parity 


In exact quantum mechanical problems the generalized angular momentum Q 
has discrete eigenvalues. Following Stone (1996) and Kopnin and Volovik (1997), 
to find the quantized energy levels we must take into account that the two degrees 
of freedom describing the low-energy fermions, the angle 0 of the trajectory and 
the generalized angular momentum Q, are canonically conjugate variables. That 
is why the next step is the quantization of motion in the (0, Q) plane. It can be 
obtained using the quasiclassical energy E(0,Q) in eqn (23.19) as an effective 
Hamiltonian for fermion zero modes, with Q being an operator Q = —i0g. For 
the axisymmetric vortex, this Hamiltonian does not depend on 0 


H= in wo09 ; (23.20) 
and has the eigenfunctions e~*”8/"1~0 (we consider here a single vortiex with 
nı = +1; fermion zero modes on multivortex configurations are discussed by 
Melnikov et al. (2008)). The boundary condition for these functions, eqn (23.15), 
gives two different spectra of quantized energy levels, which depend on the W- 
parity in eqn (23.6): 


E(Q) = —11Quo , (23.21) 
Q=n, W=41; (23.22) 
Q= (n+5) , W=-l1, (23.23) 


where n is integer. 

The phase (nı + Ñ3)r30/2 in eqn (23.13) plays the part of a Berry phase (see 
also March-Russel et al. 1992). It shows how the wave function of a quasiparticle 
changes when the trajectory in Fig. 23.3 is adiabatically rotated by angle 6. This 
Berry phase is instrumental for the Bohr-Sommerfeld quantization of fermion 
zero modes in the vortex core. It chooses between the only two possible quanti- 
zations consistent with the ‘CPT-symmetry’ of the energy levels: E = nwo and 
E = (n+ 1/2)wo. In both cases for each positive energy level E one can find 
another level with the energy —E. That is why the above quantization is ap- 
plicable even to non-axisymmetric vortices, though the quantum number n is no 
longer the angular momentum, since the angular momentum of quasiparticles is 
not conserved in the non-axisymmetric environment. 
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23.2.4 Fermions on asymmetric vortices 


Most vortices in condensed matter are not axisymmetric. In superconductors the 
rotational symmetry is violated by the crystal lattice. In superfluid 3He-B the 
SO(2) rotational symmetry of the core is spontaneously broken in one of the two 
nı = 1 vortices (Sec. 14.2) as was demonstrated by Kondo et al. (1991). In super- 
fluid 2He-A the axisymmetry of vortices is violated due to A-phase anisotropy: far 
from the core there is a preferred orientation of the Î-vector in the cross-sectional 
plane (Fig. 16.6). 

Equation (23.7) describing the low-energy fermionic spectrum in the ax- 
isymmetric vortex in the limit of continuous Q can be generalized to the non- 
axisymmetric case (Kopnin and Volovik 1997, 1998a): 


Ea(Q, 0) = wa(9)(Q — Qa(9)) - (23.24) 


For given 6 the spectrum crosses zero energy at some Q = Q,(6). This form is 
provided by the topology of the vortex, which dictates the number of fermion 
zero modes. The energy levels can be obtained using the Bohr—-Sommerfeld 
quantization of the adiabatic invariant I = $ Q(0, E) d0 = 2rħ(n + y), where 
Q(0, E) is the solution of equation wa(0)(Q — Qa(0)) = E (Kopnin and Volovik 
1997, 1998a). The parameter y ~ 1 (analog of the Maslov index) is not de- 
termined in this quasiclassical scheme, so we proceed further introducing the 
effective Hamiltonian for fermion zero modes. 

The ‘CPT’-symmetry of the Bogoliubov-Nambu Hamiltonian requires that 
if E.(Q, 6) is the energy of the bound state fermion, then —Ea(—Q,0 + 7) also 
corresponds to the energy of a quasiparticle in the core. Let us consider one pair 
of the conjugated branches related by the ‘CPT’-symmetry. One can introduce 
the common effective gauge field Ag(6,t) and the ‘electric’ charges ea = +1, so 
that Qa = €q Ag. Then the effective Hamiltonian for fermion zero modes becomes 


Ha =—-— { wald) , (2 Š ea40(0)) } l (23.25) 


where { , } is the anticommutator. The Schrödinger equation for the fermions 
on the a-th branch is 
5 (Boe) Va(8) + Wa(0) (i09 + ea A(0)) Va(0) = nı EV, (A) . (23.26) 


The normalized eigenfunctions are 


V,(0) = a a (y do! eee tenate) . 


(23.27) 


Here the angular brackets mean the averaging over the angle 0. 
For a single self-conjugated branch, according to the CPT-theorem one has 
- dð A(0) = 0. Then using the boundary conditions in eqn (23.15) one obtains 
the equidistant energy levels: 
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a 1-W 
En = -nı (n+ 7) wo j w= (y) ’ ae ee (23.28) 


where n is integer, and W is the parity introduced in eqn (23.6). Thus in spite of 
the fact that the angular momentum Q is not a good quantum number, the spec- 
trum of of fermion zero modes on non-axisymmetric vortices is the same as in 
eqns (23.21-23.23) for axisymmetric vortices, i.e. the spectrum is not disturbed 
by non-axisymmetric perturbations of the vortex core structure. The proper- 
ties of the spectrum (chirality, equidistant levels and W-parity) are dictated by 
real and momentum space topology and are robust to perturbations. The non- 
axisymmetric perturbations lead only to renormalization of the minigap wo. 


23.2.5 Majorana fermion with E =0 on half-quantum vortex 


In the 2D case, point vortices with parity W = 1 have fermion zero mode with 
exactly zero energy, En=0 = 0. This mode is doubly degenerates due to spin, 
and this degeneracy can be lifted off by the spin-orbit coupling. The spin-orbit 
interaction splits the zero level in a symmetric way, i.e. without violation of the 
CPT-symmetry. This, however, does not happen for the half-quantum vortex, 
whose E = 0 state is not degenerate. Because of the CPT-symmetry, this level 
cannot be moved from its E = 0 position by any perturbation. Thus this exact 
fermion zero mode is robust to any perturbation which does not destroy the 
halfquantum vortex or the superconductivity. If there is another half-quantum 
vortex in the system, there are two zero levels, one per vortex. In this case the 
interaction between vortices and tunneling of quasiparticles between the two zero 
levels will split these levels. 

Let us consider such a point-like Alice string in 2D *He-A. The order para- 
meter outside the core is given by eqn (15.18): 


Cui = Aod, (Mi + iñi) = Ao @ cos £ + Op sin 2) (ĉi + iĝi) ett/2 


(ĉi + ipi) (Eu — iĝu)? + (êp + t9y)) . (23.29) 


Nl rR 


For fermions with spin s, = —1/2 the winding number of the order parameter is 
nı = 1, while for fermions with s, = +1/2 the vacuum is vortex-free: its winding 
number is trivial, nı = 0. In this simplest realization, the Alice string is the 
nı = 1 vortex for a single spin population, and thus there is only one energy 
level with E = 0 in the Alice string. 

There are many interesting properties related to this Æ = 0 level. Since the 
E = 0 level can be either filled or empty, there is a fractional entropy (1/2)In 2 
per layer per vortex. The factor (1/2) appears because in the pair-correlated 
superfluids/superconductors one must take into account that in the Bogoliubov— 
Nambu scheme we artificially doubled the number of fermions introducing both 
particles and holes. The quasiparticle excitation living at the E = 0 level coin- 
cides with its anti-quasiparticle, i.e. such a quasiparticle is a Majorana fermion 
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(Read and Green 2000). Majorana fermions at the E = 0 level lead to non- 
Abelian quantum statistics of half-quantum vortices, as was found by Ivanov 
(2001, 2002): the interchange of two vortices becomes an identical operation (up 
to an overall phase) only on being repeated four times (see also Lo and Preskill 
1993). It was suggested by Bravyi and Kitaev (2000) that this property of qua- 
siparticles could be used for quantum computing. More on Majorana fermions 
see in (Horava 2005) and (Kitaev 2006). 

Also the spin of the vortex in a chiral superconductor can be fractional, as 
well as the electric charge per layer per vortex (Goryo and Ishikawa 1999), but 
this is still not conclusive. The problem with fractional charge, spin and statistics 
related to topological defects in chiral superconductors is still open. 


23.3 Interplay of p- and r-topologies in vortex core 
23.3.1 Fermions on a vortex line in 8D systems 


The above consideration can now be extended to 3D systems, where the energy 
levels of the vortex-core fermions depend on quantum number pz, the linear mo- 
mentum along the vortex line. The generalization of the quasiclassical spectrum 
in eqn (23.19) to excitations living in the vortex line is straightforward. The 
magnitude of the momentum of a quasiparticle along the trajectory is close to 


Pi = \/pp — p2(Xcosb + ysin8) , (23.30) 


and its the velocity is close to |p, |/m* = \/p% — p2/m*. One must substitute 
this velocity into eqn (23.19) instead of vp, and also take into account that the 
modified angular momentum is determined by the transverse linear momentum: 
Q ~ |p_|b. Then for vortices in s-wave superconductors one obtains the following 
dependence of the effective angular velocity (minigap) on pz: 


wo(pz) Jv apap ex (2p Jo de” Aole) (23.31) 
OWz) = ae fawn BF bese. Athan. AN sa . . 
JZ dpexp ( -275 J? do! AotP) 


The exact quantum mechanical spectrum of bound states in the n,-vortex in 
s-wave superconductors is shown in Fig. 23.1 top right. For these vortices the 
W-parity in eqn (23.6) is W = —1, and the spectrum has no levels with exactly 
zero energy. 

Figure 23.1 bottom shows the fermionic spectrum in nı = 1 vortices of the 
class characterized by the parity W = 1; this spectrum has levels with exactly 
zero energy. In ?He-B, the otp; interaction of spin degrees of freedom with mo- 
mentum in eqn (7.48) leads to splitting of the doubly degenerate E = 0 levels 
(Misirpashaev and Volovik 1995). The splitting is linear in p, (Fig. 23.1 bottom 
left) and thus one obtains the same topology of the energy spectrum of fermion 
zero modes as in cosmic strings in Fig. 23.1 top left. The most interesting sit- 
uation occurs for the maximum symmetric vortices in 3He-A with nı = +1. 
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The spin degeneracy is not lifted off, if the discrete symmetry is not violated, 
and the doubly degenerate E = 0 level exists for all p, (Fig. 23.1 bottom right). 
This anomalous, highly degenerate branch of fermion zero modes of co-dimension 
de = 0 was first found in a microscopic theory by Kopnin and Salomaa (1991). 

Fermion zero modes of co-dimension de = 1 in Fig. 23.1 originate from the 
non-trivial topology of a manifold of zeros of co-dimension de = 3 in the classical 
spectrum of quasiparticles in the core of a vortex. The same topology character- 
izes the homogeneous vacua in *He-A and Standard Model. This demonstrates 
again the emergency of Fermi points with de = 3 characterized by the invariant 
N3. Let us consider this topological equivalence in more detail. 


23.3.2 Topological equivalence of vacua with Fermi points and with vortex 


Let us consider a straight vortex along the z axis in such superfluids, where 
the states far from the vortex core are fully gapped. We start with the nı = 1 
vortex in s-wave superconductors and the most symmetric nı = 1 vortex in 3He- 
B. As follows from the Hamiltonian in eqn (23.4), the classical energy spectrum 
E(r, p) is zero when simultaneously M (p) = 0 and Ao(p) = 0, which occurs when 
p2 +p, +p? =p} and p = yx? + y? = 0 (Fig. 23.4 top). The latter equations 
determine 3D manifold of zeros in 6D combined space (2, y, Z, Px, Py; Pz): 1D line 
(the z axis) times 2D spherical surface p? + Py + p? = py. Thus the manifold of 
fermion zero modes in the classical spectrum has co-dimension de = 3. From the 
result of Sec. 23.1.4 it follows that this manifold is topologically non-trivial: each 
point on this hypersurface is described by the topological invariant N3 = +1 for 
each spin projection. 

We can now compare this manifold with the manifold of zeros in the homo- 
geneous vacuum of ?He-A, where the quasiparticle energy spectrum in eqn (8.9) 
does not depend on r but becomes zero at two Fermi points in momentum space. 
In the combined 6D space (2, y, 2, Px, Py, pz) the fermion zero modes also form 
the 3D manifold: two Fermi points (ps = py = 0, pz = +pr and py = py = 0, 
pz = —pr) times the whole coordinate space. These fermion zero modes of co- 
dimension de = 3 are described by the 73 topological invariant N3 = +1 for each 
spin projection. 

Thus we obtain that the homogeneous vacuum of ?He-A and the nı = 1 vor- 
tex in s-wave superconductors (or in ?He-B) in Fig. 23.4 top contain manifolds 
of zeros of co-dimension de = 3. In the 6D space the orientation of these 3D 
manifolds is different, but they are described by the same topological invariant 
Ns. This implies that these two vacuum states (homogeneous and inhomoge- 
neous) can be transformed into each other by continuous deformation of the 3D 
manifold (Volovik and Mineev 1982). Below we consider how this transforma- 
tion occurs in the real ?He-B vortex giving rise to a peculiar smooth core of this 
vortex with Fermi points in Fig. 23.4 bottom. 


23.3.3 Smooth core of ?He-B vortex 


Fig. 23.4 shows two structures of the quasiclassical energy spectrum in the core 
of an axisymmetric vortex with winding number nı = 1 in ?He-B. On the top it is 
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Core of 3He-B vortex with Fermi points q 


N3 =+2 
N3=-2 
3He-A on vortex axis axiplanar state planar phase 
p=0 P<Po P=Po 


Fic. 23.4. Top: Singular core of a conventional vortex with nı = 1 in s-wave 


superconductors and of the most symmetric vortex in ?He-B. The order para- 
meter is zero at x = y = 0, ie. there is a normal state with Fermi surface on 
the vortex axis. The classical energy of quasiparticle E(r, p) is zero on a 3D 
manifold p = pr, x = y = 0 in the combined 6D space (2, y, Z, Px, Py, pz) With 
topological invariant N3 = 2. Bottom: The singularity on the vortex axis can 
be dissolved to form a smooth core. This happens in particular for the ?>He-B 
vortex with nı = 1 (Fig. 14.5 top right), where the state very close to 7He-A 
appears on the vortex axis instead of the normal state, and vorticity becomes 
continuous in the core. Four Fermi points, each with N3 = +1, appear in the 
core region, as in the axiplanar state in Fig. 7.3. The directions to the nodes 
are marked by the unit vectors lı and lə. At p = po ~ € the Fermi points 
with opposite N3 annihilate each other, and at p > po the system is fully 
gapped. The manifold of zeros is again the 3D manifold in the combined 6D 
space, which, however, is embedded in a different way. Within the smooth 
core the Fermi points with N3 = +1 sweep a 27 solid angle each, while the 
Fermi points with N3 = —1 sweep —2z each. This satisfies eqn (23.32) which 
connects the p-space and r-space topologies of a vortex. 


the vortex with the maximum possible symmetry in eqn (14.20) (see also Fig. 14.5 
top left). Its structure is similar to that of a vortex in s-wave superconductors. 
The amplitude of the B-phase order parameter Ag(p) becomes zero on the vortex 
axis, which means that superfluidity is completely destroyed and thus the U(1) 7 
symmetry is restored. On the vortex axis one has therefore the normal Fermi 
liquid with a conventional Fermi surface. 
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However, it appears that such embedding of the 3D manifold of zeros in 6D 
space with a naked Fermi surface on the vortex axis is energetically unstable. The 
system prefers to protect the superfluidity everywhere including on the vortex 
axis, and in our case it is possible to reorient the 3D manifold of zeros in 6D 
space in such a way that there is no longer any naked Fermi surface, i.e. the 
U(1)n symmetry is broken everywhere in r-space. The singularity on the vortex 
axis with the naked Fermi surface becomes smoothly distributed throughout a 
finite region p < po inside the vortex core in terms of Fermi points (Fig. 23.4 
bottom). 

On the axis (Fig. 23.4 bottom left), instead of the normal Fermi liquid with the 
Fermi surface, there are two Fermi points with N3 = +2 reflecting the existence of 
the A-phase in the vortex core (see Fig. 14.5 top right). Away from the vortex axis 
the Fermi points with N3 = +2 split into four Fermi ponts with unit topological 
charges, each with N3 = +1 (see Fig. 23.4 bottom middle, where the directions to 
the Fermi points are marked by the unit vectors 1, and 15). Locally the superfluid 
with four nodes is similar to the axiplanar phase in Fig. 7.3. Further from the axis 
the Fermi points with opposite charges attract each other and finally annihilate 
at some distance p = po from the vortex axis (Fig. 23.4 bottom right). Since the 
point nodes exist at any point of r-space within the radius p < po, the manifold 
of zeros is again a 3D manifold in the combined 6D space, but it is embedded in 
a different way. 

This again demonstrates the generic character of fermion zero modes of co- 
dimension de = 3. Moreover, in a given case the Fermi surface on the vortex 
axis appears to be energetically unstable toward the formation of the smooth 
distribution of Fermi points. 


23.3.4 r-space topology of Fermi points in the vortex core 


The interplay of real space and momentum space topologies also dictates the 
behavior of four Fermi points p“ = pr, priz as functions of the space 
coordinates (x, y). In the particular scenario of Fig. 23.4 bottom, the Fermi points 
with N3 = +1 sweep 27 solid angle each, while the Fermi points with N3 = —1 
sweep —27 each. This suggests the general rule: if the a-th Fermi point with 
the momentum space topological charge Nga sweeps the 471, solid angle in the 
smooth or soft core of the vortex with winding number n1, then one has the 
fundamental relation between three types of topological charges, n1, N3q and Va 
(Volovik and Mineev 1982): 


1 
m=3 XO vaNoa - (23.32) 


Let us recall that nı is the mı topological charge of the r-space defect — the 
vortex — while N3, is the 73 topological charge of the p-space defect — the Fermi 
point. These r-space and p-space charges are connected via Va which is the m2 
topological charge characterizing the spatial dependence p (r) of the a-th Fermi 
point in the vortex core 
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1 
SS ES Ala), p (a) fy (a) 
Va >fe dy p (ap x Oyp ) : (23.33) 


Because of the continuous distribution of Fermi points, the vorticity V x vs 
within the smooth core is continuous, as in the case of vortex-skyrmions in ?He-A. 
The Mermin—Ho equation (9.17) relating continuous vorticity and the textures 
of Fermi points has the following general form: 


A Ala ala ala 
VX Vs = Tem 2 Y Noaf! ), (voi ) x vof ) (23.34) 
h n so o ni : 
= Bm “iF (ivi, x Vlik + lai Vloj x Visx) ‘ (23.35) 


Equation (23.35) is applicable to the particular case when two Lvectors are 


involved, lj and Ls In a pure *He-A one has 1, = 1, = l, and the original 
Mermin-Ho relation (9.17) is restored. 


24 


VORTEX MASS 


24.1 Inertia of object moving in superfluid vacuum 
24.1.1 Relativistic and non-relativistic mass 


The mass (inertia) of an object is determined as the response of the momentum 
of the object to its velocity: 
pi = Migo" . (24.1) 


If we are interested in the linear response, then the mass tensor is obtained from 
eqn (24.1) in the limit v — 0. Let us first consider a relativistic particle with 
the spectrum E? = M? + g’*p;pz, where M is the rest energy. Since the velocity 
of the particle is vê = dE /dp;, its mass tensor is Mj, = Egip. In linear response 
theory one obtains the following relation between the mass tensor and the rest 
energy: 

Miz (linear) = M gik . (24.2) 


The same can be applied to the motion of an object in superfluids in the low- 
energy limit when it can be described by the ‘relativistic’ dynamics with an 
effective Lorentzian metric giz (acoustic metric in the case of *He and quasipar- 
ticle metric in superfluid *He-A). 

Note that eqns E? = M? + g‘*p;p, and (24.2) do not contain the speed of 
light c explicitly: the traditional Einstein relation M = mc? between the rest 
energy and the mass of the object (the mass-energy relation) is meaningless 
for the relativistic analog in anisotropic superfluids such as 7He-A. What ‘speed 
of light’ enters the Einstein relation if this speed depends on the direction of 
propagation and is determined by two phenomenological parameters cy and c1? 
Of course, as we discussed above, for an observer living in the liquid the speed 
of light does not depend on the direction of propagation. Such a low-energy 
observer can safely divide the rest energy by his (or her) c?, and obtain what he 
(or she) thinks is the mass of the object. But this mass has no physical meaning 
for the well-informed external observer living in either the trans-Planckian world 
or the Galilean world of the laboratory. 

Here we discuss the inertia of an object moving in the quantum vacuum 
of the Galilean quantum liquid. If it is a foreign object like an atom of *He 
moving in the quantum vacuum of liquid +He, then in addition to its bare mass, 
the object acquires an extra mass since it involves some part of the superfluid 
vacuum into motion. If the object is an excitation of the vacuum, all its mass is 
provided by the liquid. A vortex moving with respect to the superfluid vacuum 
has no bare mass, since it is a topological excitation of the superfluid vacuum 
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and thus does not exist outside of it. We find that there are several contributions 
to the effective mass of the vortex, which suggests different sources of inertia 
produced by distortions of the vacuum caused by the motion of the vortex. Till 
now, in considering the vortex dynamics we have ignored the vortex mass. The 
inertial term MyinQyv}, must be added to the balance of forces acting on the 
vortex in eqn (18.29). But this term contains the time derivative and thus at 
low frequencies of the vortex motion it can be neglected compared to the other 
forces, which depend on the vortex velocity vg. The vortex mass can show up 
at higher frequencies. 

Here we estimate the vortex mass in superconductors and fermionic super- 
fluids and relate it to peculiar phenomena in quantum field theory. But first we 
start with the ‘relativistic’ contribution, which dominates in superfluid 4He. 


24.1.2 ‘Relativistic’ mass of the vortex 


In superfluid *He the velocity field outside the core of a vortex and thus the 
main (logarithmic) part of the vortex energy are determined by the hydrody- 
namic equations. Because of the logarithm, whose infrared cut-off is supplied by 
the length of the vortex loop, the most relevant degrees of freedom have long 
wavelengths. Since the long-wavelength dynamics is governed by the acoustic 
metric (4.16) it is natural to expect that the hydrodynamic energy of a vortex 
(or soliton or other extended configuration of the vacuum fields) moving in a 
superfluid vacuum is connected with the hydrodynamic mass of the vortex by 
the ‘relativistic’ equation (24.2), where gix is the acoustic metric. If we are inter- 
ested in the linear response, we must take the acoustic metric eqn (24.2) at zero 
superfluid velocity vs = 0 to obtain g,,, = diag(—1, c~?, c~?, c~”), where c is the 
speed of sound. Thus in accordance with eqn (24.2), the hydrodynamic mass of 
the vortex loop of length L at T = 0 must be 


Eyöirteg mnk? L L 


ML rel = z2 = Are ln T . (24.3) 


Here Eyortex is the ‘rest energy’ of the vortex — the energy of the vortex when 
it is at rest in the frame comoving with the superfluid vacuum (see e.g. eqn 
(14.7)); n is the particle density in the superfluid vacuum; « is the circulation 
of superfluid velocity Vs around the vortex. The mass-energy relation for the 
vortex in eqn (24.3) is supported by a detailed analysis of the vortex motion in 
compressible superfluids by Duan and Leggett (1992), Duan (1994) and Wexler 
and Thouless (1996). According to eqn(24.3), the ‘relativistic’ mass of a vortex 
is mL rel ~ mna Lln L/€, where ao is the interatomic distance. 

However, we shall see below that in Fermi superfluids this is not the whole 
story. The fermion zero modes attached to the vortex when it moves enhance the 
vortex mass. As a result, as was found by Kopnin (1978) the mass of a vortex 
in Fermi systems is on the order of the whole mass of the liquid concentrated in 
the vortex core 


mik ~mn? L. (24.4) 
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Since the core size is on the order of the coherence length € >> ao, the Kopnin 
mass of a vortex exceeds its ‘relativistic’ mass by several orders of magnitude. 


24.2 Fermion zero modes and vortex mass 


According to the microscopic theory the Kopnin mass comes from the fermions 
trapped in the vortex core (Kopnin 1978, Kopnin and Salomaa 1991; van Otterlo 
et al. 1995; Kopnin and Vinokur 1998). This mass can also be derived using the 
effective theory for these fermion zero modes (Volovik 1997b). This effective 
theory is completely determined by the generic energy spectrum of fermion zero 
modes of co-dimension de = 1, eqn (23.7) for the axisymmetric vortex and eqn 
(23.24) if the axial symmetry is violated. The result does not depend on the 
microscopic details of the system. 


24.2.1 Effective theory of Kopnin mass 


If the axisymmetric vortex moves with velocity vg with respect to the superfluid 
component, the fermionic energy spectrum in the stationary frame of the vortex 
texture is Doppler shifted: E = E(Q,pz) + p- (vs — vz). Due to this shift the 
vacuum — the continuum of the negative energy states — carries the fermionic 
charge, the momentum in eqn (10.35). The linear response of the momentum 
carried by the negative energy states of fermions to vg — vs gives the Kopnin 
mass of the vortex: 


P= )_ pe@(-£) - >) pe(-F) 


Q,pz Q,pz 
= 50 p(p- (vi — vs))5(E(Q, pz) = mk(vi — vs) , (24.5) 
Q,pz 
1 
mk=5 XO pi d(£) . (24.6) 
Q,pz 
Using op. = [dQdp.dz/2nh; pił = py — pz; and the energy spectrum of 
fermion zero modes E(Q, pz) = -Qwo(pz) one obtains 
PF d 2 2 
m= L f Pere Pe (24.7) 
_pp 4th wo(pz) 


For singular vortices, where wo ~ Aĝ/vuppr, the estimation of the magnitude 
of the Kopnin mass gives eqn (24.4). This vortex mass is determined in essen- 
tially the same way as the normal density in the bulk system: Pa"*siPparticles — 
mmnin(vk — vE) in eqn (5.20). Here the role of the normal component is played 
by the fermion zero modes bound to the vortex, while the role of the normal 
component velocity Vn is played by the vortex velocity vg. We know that the 
normal component density can be non-zero even at T = 0. This occurs if the 
density of states (DOS) at zero energy, N(0) = >> 6(E), is non-zero, which is 
typical for systems with a Fermi surface, i.e. for vacua with the fermion zero 
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modes of co-dimension de = 1. An example of a finite DOS due to appearance 
of the Fermi surface has been discussed in Sec. 10.3.6. For fermion pseudo-zero 
modes of co-dimension de = 1 in the vortex core, the DOS is inversely propor- 
tional to the interlevel spacing, N(0) x 1/wo, which is reflected in eqn (24.7) for 
the Kopnin mass. 

Equation (24.7) is valid in the so-called clean limit case, when one can neglect 
the interaction of the fermion zero modes with impuritiesin superconductors or 
with the normal component in the bulk liquid outside the core. This Kopnin 
mass was obtained in the limit of low T. On the other hand, eqn (24.7) is valid 
only in the limit of continuous Q, i.e. the temperature must still be larger than 
the interlevel spacing. In the opposite limit T << wo the Kopnin mass disappears. 


24.2.2 Kopnin mass of smooth vortex: chiral fermions in magnetic field 


To illustrate the general character of eqn (24.7) let us calculate the Kopnin mass 
of a smooth vortex core, where one can use the classical energy spectrum of 
fermion zero modes. A smooth core is the best configuration to understand 
the origin of many effects related to the chiral fermions in the vortex core. Also 
the smooth core can be realized in many different situations. We have already 
seen in the example of ?He-B vortices that the 1/r-singularity of the superfluid 
velocity and the naked Fermi surface on a vortex axis can be removed by in- 
troducing Fermi points in the core region (Fig. 23.4 bottom). As a result the 
superfluid/superconducting state in the vortex core of any system can acquire 
the properties of the A-phase of superfluid *He, i.e. Fermi points of co-dimension 
de = 3 and continuous vorticity. As an example we can consider the continuous 
vortex-skyrmion in ?He-A, but the result can be applicable to any vortex with 
a smooth core. 

For a smooth or continuous vortex the non-zero DOS comes from the vicinity 
of the Fermi points, where the fermions are chiral and the l-textures play the 
role of an effective magnetic field. We know that in the presence of a magnetic 
field the chiral relativistic fermions have finite DOS at zeroth Landau level, eqn 
(18.2). To apply this equations to quasiparticles living in the vicinity of the Fermi 
points one must make the covariant generalization of the DOS by introducing 
the general metric tensor and then replace it by the effective 7He-A metrics. The 
general form of the local DOS of the Weyl fermions in a magnetic field is 


1/2 
vV-g [1 ij 
N(E =0,r) = TU € gM FF) (24.8) 


In systems with Fermi points the effective metric tensor and effective gauge 
field are given by eqns (9.11-9.15). For the smooth core with radius po > & 
the contribution of the velocity field vs can be neglected and one obtains the 
following local DOS at E = 0: 


PF A e 
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This DOS can be inserted in eqn (10.36) to obtain the local density of the 
normal component which comes from the fermions trapped by the vortex at 
T=0: 


mya; (1, T > 0) = Gb; ph N(0,r) . (24.10) 
For the axisymmetric vortex-skyrmion in eqn (16.5) one has 
N(0,p) = — = — sinn |Opal. (24.11) 
2r?ħ CL 


The integral of the normal density tensor over the cross-section of the smooth 
core gives the mass trapped by the vortex 


3 
= 5 | ax ENO p) = EPS fap p sin nlp) [pn] (2412) 
This is the Kopnin mass expressed in terms of the distribution of the Fermi 
points — the Î-field — in the coordinate space. It coincides with the momentum 
representation in eqn (24.7) after the interlevel distance wo(pz) in the core of 
the vortex-skyrmion is expressed in terms of the -texture (Volovik 19976). The 
magnitude of the Kopnin mass of a smooth vortex in eqn (24.12) is mg ~ 
mn&Lpo, where po is the size of the smooth core region (Kopnin 1995). For 
conventional singular vortices, pọ must be substituted by the coherence length £ 
and eqn (24.4) is restored. 

In conclusion of this section, let us mention the relation to the RQFT. The 
local hydrodynamic energy of the normal component trapped by a smooth vortex 
is a3 

F= z rmi (0) (vi —vs)i(VL — Vs); - (24.13) 
This can be rewritten in the following form, which is valid also for the chiral 
fermions in RQFT: 


2 2 

pea EROME En git ght Fy Fi , (24.14) 
8r?ħh 2 

where, as before in eqn (10.19), the chemical potentials of the left- and right- 

handed fermions in ?He-A are expressed in terms of the counterflow: ur = -ur = 

pr(Î-w). Equation (24.14) represents the magnetic energy of the chiral particles 

with finite chemical potential in a strong magnetic field B >> u? at T — 0. 


24.3 Associated hydrodynamic mass of a vortex 
24.3.1 Associated mass of an object 


There are other contributions to the vortex mass, which are related to the defor- 
mation of the vacuum fields due to the motion of the vortex. The most important 
of them is the associated (or induced) hydrodynamic mass, which is also pro- 
portional to the mass of the liquid in the volume of the core. An example of the 
associated mass is provided by an external body moving in an ideal liquid or in a 
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superfluid — the mass of the liquid involved by the body in translational motion. 
This mass depends on the geometry of the body. For a moving cylindrical wire 
of radius R it is the mass of the liquid displaced by the wire: 


ML, associated = mrR? Ln . (24.15) 


This must be added to the bare mass of the cylinder to obtain the total inertial 
mass of the body. The associated mass arises because of the inhomogeneity of 
the density n of the liquid: n(r > R) = n and n(r < R) = 0. When the wire 
moves with respect to the liquid, this produces the backflow around the wire and 
the liquid acquires a finite momentum proportional to the velocity. 

In superfluids, this part of the superfluid vacuum which is involved in the 
motion together with the body can be considered as the normal density. But 
this normal density is produced not by the trapped quasiparticles, but by the 
inhomogeneity of the superflow around the object. Such an inhomogeneity is 
responsible for the normal density in porous materials and in aerogel, where 
some part of the superfluid is hydrodynamically trapped by the pores, and thus 
is removed from the overall superfluid motion. For vortices such an associated 
mass has been discussed by Baym and Chandler (1983) and Sonin et al. (1998). 
Here we estimate this contribution to the vortex mass for two situations. 

First let us consider a vortex trapped by a cylindrical wire of radius R > £, 
such that the vortex core is represented by the wire. In this case eqn (24.15) gives 
the associated vortex mass which results from the backflow of the superfluid 
vacuum around the moving core. For such vortex a with the wire as the core 
this is the dominating mass of the vortex. The Kopnin mass, which can result 
from the normal excitations trapped near the surface of the wire, is considerably 
smaller, in particular because it represents a surface effect. 


24.3.2 Associated mass of smooth-core vortex 


As a second example, let us consider the associated mass of a vortex with a 
smooth core. This mass is also caused by the inhomogeneity of the liquid. In a 
given case it is the inhomogeneity of the superfluid density ns(r) = n — na (r), 
where ny is the non-zero local normal density in eqn (24.10) caused by fermion 
zero modes. Due to the profile of the local superfluid density the external flow 
is disturbed near the core according to the continuity equation. In the reference 
frame moving with the vortex, the texture is stationary and the trapped normal 
component is at rest: Vn = 0. The continuity equation in this frame reads 


V-(nsvs) =0. (24.16) 


If the smooth core is large, po >> €, the DOS of fermion zero modes in eqn (24.9) 
is small, and thus the normal density produced by fermion zero modes in eqn 
(24.10) is small compared to the total density: nn ~ n€/po & n. As a result it 
can be considered as a perturbation. According to continuity equation, the dis- 
turbance dv, = Va of the superflow (the backflow) caused by this perturbation 
is given by 
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nV?a = ~vi VjNnij , (24.17) 


where we take into account that the asymptotic value of the superfluid velocity 
with respect to the vortex is with minus sign the velocity of the vortex, Vso = 
—VL- 

In the simple approximation, when the normal component in eqn (24.10) 
trapped by the vortex is considered as isotropic, one obtains the following kinetic 
energy of the backflow which gives the associated vortex mass: 

2 
imn | x (Va)? = Imi ee » ML associated = Te . 
n 

(24.18) 
Since np ~ n€/po the associated mass is on the order of mné?L and does not 
depend on the core radius po: the large area p2 of integration in eqn (24.18) is 
compensated by a small value of the normal component in the core with large po. 
That is why in the smooth core with po >> € this mass is parametrically smaller 
than the Kopnin mass ~ mn€poL in eqn (24.12). But for conventional singular 
vortices po ~ € and these two contributions are of the same order of magnitude. 

In conclusion, the behavior of the inertial mass of the vortex demonstrates 
that the effective relativistic mass-energy relation m = E/c?, which is valid for 
vortices in Bose superfluids, is violated in Fermi superfluids due to the trans- 
Planckian physics of fermion zero modes and of the back reaction of the vacuum 
to the motion of the vortex. 


25 


SPECTRAL FLOW IN THE VORTEX CORE 


25.1 Analog of Callan—Harvey mechanism of cancellation of 
anomalies 


25.1.1 Analog of baryogenesis by cosmic strings 


In Chapter 18 we discussed how massless chiral fermions — zeros of co-dimension 
de = 3 — influence the dynamics of a continuous vortex-skyrmion due to the effect 
of the chiral anomaly. Such a ‘stringy texture’ (as it is called in RQFT) serves 
as a mediator for the anomalous transfer of the fermionic charge — the linear 
momentum P — from the vacuum to the heat bath of fermions. This anomalous 
transfer is described by the Adler—Bell—Jackiw axial anomaly equation (18.5), 
where the effective U(1) field acting on the Weyl fermions is produced by the 
L-fields. Now we shall discuss the same phenomenon of chiral anomaly when 
the mediator is a conventional singular vortex, while the corresponding massless 
fermions are fermion zero modes in the vortex core. 

In *He-B and in conventional superconductors, fermions are massive out- 
side the core, but they have a gapless (or almost gapless) spectrum of fermion 
(pseudo)zero modes of co-dimension de = 1 in eqn (23.1). These core fermi- 
ons are chiral and they do actually the same job as chiral fermions in vortex- 
skyrmions. However, the spectral flow carried by the fermion zero modes in the 
singular core is not described by the Adler—Bell—Jackiw axial anomaly equation 
(18.5). Instead of the effective RQFT, we must use the effective theory of fermion 
zero modes with de = 1 discussed in Chapter 23. However, we shall see that in 
the limit when the parameter Q of the fermionic spectrum can be considered 
as continuous, the result for the generation of momentum by a vortex with sin- 
gular core exactly coincides with the axial anomaly result (18.17-18.18) for the 
generation of momentum by a moving vortex-skyrmion. 

The process of momentum generation by vortex cores is similar to that of gen- 
eration of baryonic charge by the cores of cosmic strings (Witten 1985; Vachas- 
pati and Field 1994; Garriga and Vachaspati 1995; Barriola 1995; Starkman and 
Vachaspati 1996). Also the axial anomaly is instrumental for baryoproduction 
in the core of cosmic strings, and again the effect cannot be described by the 
the Adler—Bell—Jackiw equation, since the latter was derived using the energy 
spectrum of free fermions in the presence of homogeneous electric and magnetic 
fields. In cosmic strings these fields are no longer homogeneous, and the massless 
fermions exist only in the vortex core as fermion zero modes. Thus both the 
baryoproduction by cosmic strings and the momentogenesis by singular vortices 
must be studied using the effective theory of fermion zero modes of co-dimension 
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de = 1. Let us see how the momentogenesis occurs in the core of a singular vortex. 


25.1.2 Level flow in the core 


Let us consider the spectral-flow force, which arises when a singular vortex moves 
with velocity VL — Vn with respect to the heat bath. In the heat-bath frame the 
order parameter (Higgs) field depends on the spacetime coordinates through the 
combination r — (vy — Vn)t (compare with eqn (18.15) for a moving texture). 
We consider first the limit case when the fermionic quantum number Q can be 
treated as a continuous parameter and coincides with the angular momentum 
of a quasiparticle: Q ~ L,/h. Since L = r x p, in the heat-bath frame the 
parameter Q grows with time, and the energy of the fermion zero mode in the 
moving vortex with winding number nı becomes time dependent: 


E(Q, 0) = —n (2 — iz . ((VL — Vn) X pit) wo . (25.1) 
The quantity i 
E, = zÊ - ((VL — Vn) X p1) (25.2) 


acts on fermions localized in the core in the same way as an electric field E, acts 
on chiral fermions on an anomalous branch in a magnetic field (Sec. 18.1.3) or 
on chiral fermion zero modes localized in a string in RQFT. The only difference 
is that under this ‘electric’ field the spectral flow in the vortex occurs along the 
Q axis (Q = E,) rather than along the direction p, in strings where p, = qEz. 
Since, according to the index theorem, for each quantum number Q there are 
—2n; quasiparticle levels, the fermionic levels cross zero energy at the rate 


f= —2NnQ = -2n, E; (p1) = -2m - ((VL — Vn) X p1). (25.3) 


25.1.3 Momentum transfer by level flow 


When the occupied level crosses zero, a quasiparticle on this level transfers its 
fermionic charges from the vacuum (from the negative energy states) along the 
anomalous branch into the heat bath (‘matter’). For us the important fermionic 
charge is linear momentum. The rate at which the momentum p_ is transferred 
from the vortex to the heat bath due to spectral flow is obtained by integration 
over the remaining variable p, (compare with eqn (24.5)): 


: 1 x Nia 2 

= 5D Pith = — 552 x (VL -Vn) > P4 (25.4) 
Dz Pz 
PF 

oe Le dpz 2 9 

one * (VL vef arh PF ~ Ps) 
ee aa see 
FAM ears ZX (VL — Vn). (25.5) 


The factor 1/2 in eqn (25.4) is introduced to compensate the double counting of 
particles and holes in pair-correlated systems. 
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Thus the spectral-flow force acting on a vortex from the system of quasipar- 
ticles is (per unit length) 


Fst = —74hCoz x (vL — Vn). (25.6) 


This is in agreement with the result in eqn (18.17) obtained for the nı = 2 
continuous vortex-skyrmion using the Adler-Bell-Jackiw equation. We recall 
that the parameter of the axial anomaly is Co = pẹ / 3r?R? = n. 

The first derivation of the spectral-flow force acting on a singular vortex in 
conventional superconductors was made by Kopnin and Kravtsov (1976) who 
used the Gor’kov equations describing the fully microcopic BCS model. It was 
developed further by Kopnin and coauthors to other types of vortices: vortices 
in ?He-B (Kopnin and Salomaa 1991); continuous vortex-skyrmions in ?He-A 
(Kopnin 1993); non-axisymmetric vortices (Kopnin and Volovik 1997, 1998a); 
etc. That is why the spectral-flow force is also called the Kopnin force. Note 
that in all the cases the spectral-flow force can be obtained within the effective 
theory of fermion zero modes living in the vortex core and forming a special 
universality class of Fermi systems — Fermi surface in (Q, 6) space. 

The process of transfer of a linear momentum from the superfluid vacuum 
to the normal motion of fermions within the core is a realization of the Callan— 
Harvey (1985) mechanism for anomaly cancellation. In the case of condensed 
matter vortices the anomalous non-conservation of linear momentum in the 1+1 
world of the vortex core fermions and the anomalous non-conservation of momen- 
tum in the 3+1 world outside the vortex core compensate each other. As distinct 
from °He-A, where this process can be described in terms of Fermi points and 
Adler—Bell-Jackiw equation, the Callan—Harvey effect for singular vortices oc- 
curs in any Fermi superfluid. The anomalous fermionic Q branch, which mediates 
the momentum exchange, exists in any topologically non-trivial singular vortex: 
the chirality of these fermion zero modes and the anomaly are produced by the 
interplay of r-space and p-space topologies associated with the vacuum in the 
presence of a vortex. The effective theory of the Callan—Harvey effect does not 
depend on the detailed structure of the vortex core or even on the type of pair- 
ing, and is determined solely by the vortex winding number n and the anomaly 
parameter Co. 


25.2 Restricted spectral flow in the vortex core 
25.2.1 Condition for free spectral flow 


In the above derivation it was implied that the discrete quantum number @ can 
be considered as continuous, otherwise the spectral flow along Q is impossible. 
To ensure the level flow, the interlevel distance wọ must be small compared 
to the width of the level A/r, where 7 is the lifetime of the fermions on the Q 
levels. The latter is determined by interaction of the fermion zero modes with the 
thermal fermions in the heat bath of the normal component (in superconductors 
the interaction of fermion zero modes with impurities usually dominates). Thus 
eqn (25.6) for the spectral-flow force is valid only in the limit of large scattering 
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rate: woT/h < 1. In the opposite limit wor >> 1 the spectral flow is suppressed 
and the corresponding spectral-flow force becomes exponentially small. This also 
shows the limitation for exploring the macroscopic Adler—Bell—Jackiw anomaly 
equation in the electroweak model and in *He-A. 

Since the spectral flow occurs through the zero energy, it is fully determined 
by the low-energy spectrum. Thus, to derive the spectral-flow force at arbitrary 
value of the parameter woT, one must incorporate the effective theory of fermion 
zero modes of co-dimension de = 1 in the vortex core. Such an effective theory 
is similar to the Landau theory of fermion zero modes in systems of the Fermi 
surface universality class — the Landau theory of Fermi liquid. Let us consider 
the kinetics of the low-energy quasiparticles on an anomalous branch in a vortex 
moving with respect to the heat bath. 


25.2.2 Kinetic equation for fermion zero modes 


We choose the frame of the moving vortex; in the steady-state regime the order 
parameter in this frame is stationary and the energy of quasiparticles is well 
determined. The effective Hamiltonian for quasiparticles in the moving vortex is 
given by 

Ea(Q, 0) = wa(9)(Q — Qa(9)) + (Vs — VL): P , (25.7) 


where the last term comes from the Doppler shift and vy is the velocity of the 
vortex line. For simplicity we discuss the 2+1 case where p = (pr cos 6, pr sin 0), 
and the slope wa (minigap) does not depend on pz. 

According to the condition (ii) of Sec. 5.4 the global equilibrium takes place 
only if in the texture-comoving frame (i.e in the frame comoving with the vortex) 
the velocity of the normal component is zero, i.e. Vn = VL. If the velocity of the 
normal component Vn Æ vz, the motion of a vortex does not correspond to 
the true thermodynamic equilibrium and dissipation must take place, which at 
low T is determined by the kinetics of fermion zero modes. The effective theory 
of fermion zero modes in the vortex core is described in terms of canonically 
conjugated variables AQ and 0. The role of ‘spatial’ coordinate is played by the 
angle 0 in momentum space, i.e. the effective space is circumference U(1). This 
means that the chiral quasiparticles here are left or right moving along U(1). The 
difference between the number of left- and right- moving fermionic species is 2n1 
according to the index theorem. The kinetics of quasiparticles is determined 
by the Boltzmann equation for the distribution function fa(Q,0) (Stone 1996). 
For the simplest case of the nı = +1 axisymmetric vortex with one anomalous 
branch, one has wa(0) = —niwp, Qa(9) = 0, and the Boltzmann equation is 


EQO) = fr(Q.4) | 


ho, f — n1w90ef — Oo((vs — VL): p) Oe f = -A (25.8) 
It is written in the so-called r-approximation, where the collision term on the 
rhs is expressed in terms of the relaxation time 7 due to collisions between 
fermion zero modes in the core and quasiparticles in the heat bath far from the 
core. The equilibrium distribution fy corresponds to the global thermodynamic 
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equilibrium state to which the system relaxes. This is the state where the vortex 
moves together with the heat bath, i.e. where vg = vn: 


—niwoQ + (Vs — Vn): 2) i 


fr(Q,0) = (1+ exp F 


(25.9) 


When vy, Æ vn the equilibrium is violated, and the distribution function evolves 
according to the Boltzmann equation (25.8). 


25.2.3 Solution of Boltzmann equation 


Following Stone (1996) we introduce the new variable l = Q — n1 (Vs — Vn) : p/wo 
and obtain the equation for f(l,0) which contains the velocity of a vortex only 
with respect to the heat bath: 


1,0) — l 
hd, f — niwodef + ol (vL — vn) p) Of = "o ; (25.10) 
Since we are interested in the momentum transfer from the vortex to the heat 
bath, we write the equation for the net momentum of quasiparticles 


do 
P= 5 fa f Creep. (25.11) 
which is 
P- wot xP +1hOo2 x (va—vi)(fr(Ao(T)) — fr(—Ao(T))) = == . (25.12) 


At the moment we consider only bound states below the gap Ao(T) and thus the 
integral f dlôın is limited by Ao(T). That is why the integral gives fr (Ao(T)) — 
fr(—Ao(T)) = —tanh(Ao(T)/2T). The anomaly parameter Co which appears 
in eqn (25.12) is Co = p3,/2rh? in the 2+1 case. As in the 3D case in eqn (18.18), 
Co ~ n in the weak-coupling BCS systems. 

In the steady state of the vortex motion one has P = 0, and the solution for 
the steady state momentum can be easily found (Stone 1996) As a result one 
obtains the following momentum transfer per unit time from the fermion zero 
modes to the normal component when the vortex moves with constant velocity 
with respect to the normal component: 


P ThCo 
Fs bound = — = ————>—s tanh 
EE se 1+ wer? me 


Au) (vL — Vn)woT + n12 x (VL — Vn). 
(25.13) 
This is the contribution to the spectral-flow force due to bound states below 
Ao(T). This equation contains both the non-dissipative (the second term) and 
friction (the first term) forces. Now one must add the contribution of unbound 
states above the gap Ao(T). The spectral flow there is not suppressed, since the 
distance between the levels in the continuous spectrum is wọ = 0. This gives 
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the following spectral-flow contribution from the thermal tail of the continuous 
spectrum: 


Ao(T) 


Fr unbound = —thn Co (1 — tanh =r 


) Ê x (VL — Vn). (25.14) 
Finally the total spectral-flow force (Kopnin force) is the sum of two con- 

tributions, eqns (25.13-25.14). The non-dissipative part of the Kopnin force 

is 

— — ,— tanh 
T+ up OF 


Fst = -rn Co h ZX (VL — Vn), (25.15) 


war? ; SE 
while the contribution of the spectral flow to the friction part of the Kopnin 
force is 
Ao(T) WoT 
2T 1+.uer? 
This result coincides with that obtained by Kopnin in microscopic theory. In the 
limit wot — 0, the friction force disappears, while the spectral-flow force reaches 
its maximum value, eqn (25.6), obtained for a continuous vortex-skyrmion using 
the Adler—Bell—Jackiw anomaly equation. In continuous vortices the interlevel 
spacing is very small, wo ~ h/(m€Reore), and the spectral flow is not suppressed. 


Fy, = —thCo tanh 


(VL — Vn). (25.16) 


25.2.4 Measurement of Callan—Harvey effect in 3 He-B 


Equations (25.15) and (25.16), with the anomaly parameter Co in eqn (18.18), 
can be applied to the dynamics of singular vortices in 3He-B, where the minigap 
wo is comparable to the inverse quasiparticle lifetime and the parameter wo7 is 
regulated by temperature. Adding the missing Magnus and Iordanskii forces one 
obtains the following dimensionless parameters d} and dj in eqn (18.30) for the 
balance of forces acting on a vortex: 


Co n wer Ao(T) Nn 
Ee EN A E T eA 25.1 
EE n ( Ns 1 + wer? m 2T Nns (2e 
Co WoT Ao(T) 
dy = —— tanh ——_. 25.18 
I m For OT en 


The regime of the fully developed axial anomaly occurs when wot < 1. 
This is realized close to Te, since wo vanishes at Te. In this regime dı = (Co — 
Nn)/Ns ~ (Nn — Ny)/Ns = 1. At lower T both wo and 7 increase, and finally 
at T — 0 an opposite regime, woT >> 1, is reached. In this limit the spectral 
flow becomes completely suppressed, the anomaly disappears and one obtains 
di = —n,/ns > 0. This negative contribution to dy comes solely from the 
Tordanskii force. 

Both extreme regimes and the crossover between them at wot ~ 1 have 
been observed in experiments with *He-B vortices by Bevan et al. (1995, 1997), 
1997a) and Hook et al. (1996). The friction force (Fig. 25.1 top) is maximal in 
the crossover region and disappears in the two extreme regimes, woT >> 1 and 
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Fic. 25.1. Experimental momentogenesis by vortex-strings in 3He-B: verifica- 
tion of the Callan—Harvey and gravitational Aharonov-Bohm effects. Solid 
lines are eqns (25.17) and (25.18). The spectral flow transfers the fermionic 
charge — the momentum — from the 1+1 fermions in the core to the 3+1 
bulk superfluid. This is the analog of the Callan—Harvey effect in ?He-B. The 
spectral flow is suppressed at low T but becomes maximal close to Te. The 
negative value of d, at intermediate T demonstrates the Iordanskii force, 
which comes from the analog of the gravitational Aharonov-Bohm effect in 
Sec. 31.3. (After Bevan et al. 1997a.) 


woT < 1. In addition the experimental observation of the negative d, at low T 
(Fig. 25.1 bottom) verifies the existence of the Iordanskii force; thus the analog 
of the gravitational Aharonov-Bohm effect (Sec. 31.3) has also been measured 
in these experiments. 


Part VI 


Nucleation of quasiparticles and 
topological defects 
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26 


LANDAU CRITICAL VELOCITY 


The superfluid vacuum flows with respect to environment (the container walls) 
without friction until the relative velocity becomes so large that the Doppler- 
shifted energy of some excitations (quasiparticles or topological defects) becomes 
negative in the frame of the environment, and these excitations can be created 
from the vacuum. The threshold velocity VLandau at which excitations of a given 
type acquire for the first time the negative energy is called the Landau velocity. 
This definition is applicable only for a single superfluid. When two or several 
superfluid components are involved the criterion will be the same but it cannot 
be expressed in terms of a single Landau velocity. 

This does not mean that the supercritical flow of the vacuum (the flow with 
Us > ULandau) is not possible. If the excitations are macroscopic topological de- 
fects, the process of their creation requires overcoming a huge energy barrier. 
For example, in superfluid 3He the Landau velocity for vortex nucleation can be 
exceeded by several orders of magnitude, and no vortices are created. In some 
cases the flow velocity can exceed the Landau velocity for nucleation of fermionic 
quasiparticles. Quasiparticles are created and fill the negative energy states. If it 
is possible to fill all the negative energy states without destroying the superfluid 
vacuum, then the dissipation stops and the supercritical superflow persists. 


26.1 Landau critical velocity for quasiparticles 
26.1.1 Landau criterion 


Let us start with the Landau critical velocity for nucleation of quasiparticles. 
The energy of a quasiparticle in the reference frame of the environment (the 
container walls) is E(p) = E(p) + p- vs. It becomes negative for the first time 
when the the superfluid velocity with respect to container walls reaches the value 


ULandau = fine) : (26.1) 
P| 


Here pj is the quasiparticle momentum along vs. It is important that at T = 0 
there must be a preferred reference frame of the environment with respect to 
which the superfluid vacuum moves, otherwise quasiparticles do not know that 
they must be created. In superfluids depending on the physical situation such 
a reference frame can be provided by the container walls, by the external body 
moving in the liquid, by impurities forming the normal component, or by the 
texture. At vs > VLandau, nucleation of quasiparticles from the vacuum is allowed 
energetically, and they can be created due to interaction of the supercritically 
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moving vacuum with the environment. The Landau critical velocity marks the 
onset of quantum friction. However, it is possible that the Landau velocity is 
exceeded at a place far from the boundaries, and nucleation of quasiparticles is 
suppressed. Such a situation will be discussed in Sec. 31.4 on quantum rotational 
friction. 

In the anisotropic ?He-A, the Landau critical velocity for nucleation of qua- 
siparticles depends on the orientation of the flow with respect to the Lvector. 
From the quasiparticle spectrum (7.58) in the limit c} < vp it follows that 


ULandau(Vs L 1) =CL, (26.2) 
ULandau (vs 1 # 0) =0. (26.3) 


26.1.2 Supercritical superflow in 3 He-A 


For all orientations of the vector except for the transverse one, the Landau 
critical velocity is simply zero. Before the 3He-A was discovered, it was thought 
that a non-zero value of the Landau velocity is the necessary condition for su- 
perfluidity. However, the 3He-A example shows that this is not so. 7He-A can 
still flow along the channel without friction. The reason for such supercritical 
suparflow is the following. In the process of quantum friction, the created fermi- 
onic quasiparticles fill the negative energy levels in the frame of the environment 
(container) thus transferring the momentum from the vacuum to the container. 
In *He-A, as we discussed in Sec. 10.3.5, it is possible to fill all the negative lev- 
els without completely destroying the superfluid vacuum. After all the negative 
levels are occupied the vacuum flows with the same velocity vs without friction 
but with the reduced momentum: M(N — ny\))vs- The reduction occurs due to 
the formed normal component with density ny « (Vs + 1)? in eqn (10.34) which 
is trapped by the container walls. The only consequence of such a supercritical 
regime is the formation of the Fermi surface which gives the non-zero DOS and 
thus the finite density of the normal component at T = 0. 


26.1.3 Landau velocity as quantum phase transition 


For the transverse orientation of the L-vector, where vs -1 = 0, the situation 
is different: the Landau critical velocity coincides with the transverse ‘speed 
of light’ c} — the maximum attainable velocity of the low-energy ‘relativistic’ 
quasiparticles propagating in the directions perpendicular to 1 

Can the flow velocity with respect to the walls exceed this value? This is not 
clear, since it depends on the behavior at the Planck scale. In the simplest model 
considered by Kopnin and Volovik (19986) the interaction with the boundaries 
leads to the collapse of the supercritical superflow, when vs > c_. 

But this is not the general rule, and in principle there can be two successive 
critical velocities (Fig. 26.1 left). The first one is VLandau: Above this threshold the 
negative energy states appear and are occupied. This leads to the finite density 
of states at zero energy, and as a result this supercritical superflow has the finite 
normal density n,(T = 0) proportional to some power of Us — VLandau: At the 
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Fic. 26.1. Left: Two critical velocities of the superfluid vacuum with respect 
to a container. Above the Landau critical velocity vpandau the vacuum is re- 
constructed due to created quasiparticles but remains superfluid (non-dissi- 
pative) with reduced but non-zero superfluid density 0 < ns < n. There is no 
dissipationless superfluid flow for velocities above the second critical velocity 
Ue. The Landau critical velocity VLandau marks the quantum phase transition 
between vacua with different momentum space topology. Middle: ?He-B at 
low pressure. The two critical velocities coincide. Right: 7He-A with vs J #0 
and d-wave superconductor (Sec. 10.3.6). The Landau critical velocity is zero. 


second threshold ve > VLandau the superfluid density becomes zero, which means 
that superfluidity disappears: the flow becomes dissipative, non-stationary and 
finally turbulent. 

The flow of *He-A, if it is not orthogonal to Î, follows the scenario with 
ULandau = 0 in Fig. 26.1 right. According to Nagai (1984), for the superflow 
along 1, the critical velocity at which ns becomes zero is ve = c1 ye. 

In *He-B both scenarios are possible depending on the range of microscopic 
parameters as was found by Vollhardt et al. (1980). At high external pressure, 
the scenario with two successive critical velocities, VLandau and ve, in (Fig. 26.1 
right) takes place. At low external pressure, the two critical velocities coincide, 
ULandau = Uc, and ns drops from n to zero after the Landau critical velocity is 
reached (Fig. 26.1 middle). 

In the region between the two critical velocities, VLandau < Us < Ve, the 
fermionic vacuum is well determined but it belongs to a different universality 
class — the class of vacua with a Fermi surface. The formation of a Fermi surface 
in ?He-A when it flows with velocity vs > VLandau = 0 has been discussed in 
Sec. 10.3.6. In *He-B, the Fermi surface emerging in the supercritical regime 
can be found from the equation E(p) = 0 with E(p) = E(p) + p ; vs and 
E?(p) = v}.(p — pr)? + AB in eqn (7.50). 

In the region vs < ULandau = Ao/pr, the *He-B vacuum is topologically 
trivial with fully gapped spectrum. Thus in ?He-B, vpandau marks the quantum 
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phase transition at T = 0-— the Lifshitz transition at which with the momentum 
space topology of fermion zero modes of the quantum vacuum changes. The finite 
density of states on the Fermi surface leads to a finite na(T = 0), which thus 
plays the role of the order parameter in this quantum transition. 


26.1.4 Landau velocity, ergoregion and horizon 

Here we avoid discussing the vacuum stability at supercritical flow, simply by 
assuming that the region where the Landau velocity is exceeded is very far from 
the boundaries of the vessel. In this case the interaction with the boundaries can 
be neglected, the reference frame of the boundaries is lost and thus the boundaries 
no longer serve as the environment. Such a situation has a very close relation 
to the horizon problem in general relativity. Since the boundaries are effectively 
removed, the preferred reference frame is provided only by the inhomogeneity of 
the flow: for example, by the L-texture or by a spatial dependence of velocity field 
v;(r). We know that in 3He-A both of these fields simulate the effective gravity 
field. In the region where in the texture-comoving frame (i.e. in the frame where 
the texture is stationary) the superfluid velocity exceeds the Landau criterion, 
us(¥) > VLandau, a quasiparticle can have negative energy. In general relativity 
such a region is called the ergoregion. The surface vs(r) = VLandau Which bounds 
the ergoregion is called the ergosurface. We shall use the terms ergoregion and 
ergosurface in our non-relativistic physics of quantum liquids. 

In the case when the Landau velocity coincides with the ‘speed of light’ c (as 
in eqn (26.2)), the equation for the ergosurface, vs(r) = c, coincides according to 
eqn (4.16) with the equation goo(r) = 0 for the ‘acoustic’ metric. This is just the 
conventional definition of the ergosurface in general relativity. When the velocity 
v;(r) is normal to the ergosurface, such a surface is called a horizon. If v,(r) is 
directed toward the region where vs(r) > c, this imitates the black-hole horizon 
(Unruh 1981, 1995). The low-energy ‘relativistic’ quasiparticles cannot escape 
from the region behind the horizon because their velocity c in the reference 
frame of the superfluid vacuum is less than the ‘frame-dragging’ velocity vs. In 
the more general flow the horizon and the ergosurface are separated from each 
other, as in the case of a rotating black hole (Jacobson and Volovik 1998a; Visser 
1998). 


26.1.5 Landau velocity, ergoregion and horizon in case of superluminal 
dispersion 

The definitions of the horizon and ergosurface must be modified when we leave 

the low-energy domain of relativistic physics and take into account the dispersion 

of the spectrum at higher energy. There are two possible cases: the initially 

relativistic spectrum E(p) bends upward or downward at high energy. We shall 

mostly discuss the first case which is physically more attractive, i.e. 


E(p) = cp(1+ yp? +...) , (26.4) 


with y > 0. Such dispersion is realized for the fermionic quasiparticles in 3He- 
A for the motion in the directions transverse to 1. If one considers p; = pr, 


ANALOG OF PAIR PRODUCTION IN STRONG FIELDS 325 


one obtains from eqn (7.58) the following dispersion of the spectrum: E? (p1) = 
c? p? +(p} /2m*)?. This gives y7! = 8(m*c_)?, which shows that in this particu- 
lar case the role of the Planck momentum, which scales the non-linear correction 
to the spectrum, is played by ppjanck = m*c,. The same expression is obtained 
for a weakly interacting Bose gas, where the quasiparticle spectrum in eqn (3.17) 
is E?(p) = c?p? + (p?/2m)?. 

In this case of positive dispersion parameter y > 0, the group velocity of 
massless quasiparticle is always ‘superluminal’: 


va = dE/dp =c(1+3yp’) >c. (26.5) 


That is why there is no true horizon for quasiparticles: they are allowed to leave 
the black-hole region. It is, hence, a horizon only for quasiparticles living ex- 
clusively in the very low-energy corner p < pplanck; they are not aware of the 
possibility of the ‘superluminal’ motion. Nevertheless, even the mere fact that 
there is a possibility of superluminal propagation at high energy is instrumental 
for an inner observer, who lives deep within the relativistic domain. Some phys- 
ical results arising from the fact that y > 0 do not depend on the value of y (see 
Sec. 30.1.5). 

The Landau critical velocity (26.1) for quasiparticles with spectrum (26.4) co- 
incides with the ‘speed of light’, VLandau = c. Thus the ergosurface is determined 
by the same equation vs(r) = c, as for fully relativistic quasiparticles. 


26.1.6 Landau velocity, ergoregion and horizon in case of subluminal 
dispersion 


In superfluid +He the negative dispersion of the quasiparticle spectrum is realized, 
y < 0, with the group velocity vg = dE/dp < c (we ignore here a possible 
small upturn of the spectrum at low p in Fig. 6.1). In such superfluids the 
‘relativistic’ ergosurface at us(r) = c does not coincide with the true ergosurface, 
at vs(r) = VLandau, Since the Landau velocity is determined by the roton part of 
the spectrum in Fig. 6.1: VLandau © E'(po)/po, where po is the position of the roton 
minimum. vpandau is about four times less than c. In the case of radial flow inward, 
the true ergosphere occurs at vs(r) = VLandau < c. There is also the inner surface 
vs(r) = c, which marks the true horizon, since c is the maximum attainable speed 
for all quasiparticles (Fig. 32.3). This is in contrast to relativistically invariant 
systems, for which the ergosurface for a purely radial gravitational field of the 
chargless non-rotating black hole. 


26.2 Analog of pair production in strong fields 


Different values of the Landau velocity in 3He-A for different orientations of the 1 
vector, eqn (26.2) and eqn (26.3), reflect the double role played by the superfluid 
velocity vs in the effective low-energy theory of Fermi systems. According to 
eqns (9.11-9.15) vs enters both the metric field and the potential of the effective 
electric field: Ag = ppl < Vs. The latter disappears only when the superflow is 
exactly orthogonal to 1. For massless fermions any non-zero value of the potential 
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Ao leads to the formation of fermions from the vacuum, that is why vpandau = 0 
if Î. v, £0. 

An analog of the creation of massive fermions in strong fields is presented by 
3He-B, whose spectrum (7.49-7.50) is fully gapped. The Doppler-shifted energy 
spectrum in the container frame is 


E(p) = +V M?(p) + cp? + p- vs © ty ve (p — pr)? + A3 + pep: vs. (26.6) 


This spectrum is non-relativistic; nevertheless the velocity term acts in a manner 
similar to the potential Ao of an electric field, especially if the direction of the 
momentum p is fixed. The quasiparticles are created when the Landau velocity 
ULandau & Ao/pr is reached somewhere in space. This corresponds to the case 
when the depth of the potential well created by the effective Ag(r) for the massive 
fermions becomes comparable to their rest energy M(= Ag). A superfluid analog 
of the pair creation in a constant electric field — the Schwinger pair production 
— has been discussed by Schopohl and Volovik (1992). 


26.2.1 Pair production in strong fields 


Let us start with relativistic fermions. In nuclear physics a deep potential well can 
be obtained during the collision of two heavy bare nuclei with the total charge 
Z greater than the supercritical Ze, at which the electron bound state enters the 
continuum spectrum in the ‘valence’ band with energy E < —M (Gershtein and 
Zel’dovich 1969) [156]), and the production of electron—positron pairs from the 
vacuum becomes favurable energetically. 

Let us recall the essential features of the Gershtein and Zel’dovich (1969) 
mechanism of pair production in strong fields [156] (see Calogeracos et al. (1996) 
for a detailed review). Consider an electron-attractive potential produced by a 
heavy bare nucleus, which has a vacant discrete level (Fig. 26.2(a)). The potential 
increases in strength when the second nucleus approaches. The level will cross 
E = 0 for some value of the potential, but there is nothing critical happening 
during the crossing. For some greater value the level crosses FE = —M and thus 
merges with the negative energy continuum — the valence band according to 
the terminology of solid-state physics (Fig. 26.2(b)). The vacant state is now 
occupied by an electron from the negative energy continuum, which means that 
the electron vacancy (positron) occupies a scattering state and escapes to infinity 
(Fig. 26.2(c)). When the second nucleus goes away, the potential becomes weak 
again (Fig. 26.2(d)) and the level returns to its original position, but the bound 
state is now filled by an electron. During the whole cycle the total electric charge 
is conserved, since both a positron and an electron are created, with the positron 
escaping to infinity and the electron filling the bound state. 


26.2.2 Experimental pair production 


The production of the electron—positron pairs has an analog in superfluids and 
superconductors, where it is called pair breaking, since it can be described as the 
breaking of a Cooper pair into two quasiparticles. The experiments, in which the 
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Fic. 26.2. Pumping of electron—positron pairs from the Dirac sea using 
draw-well. 


mechanism of the pair production is similar to the Gershtein—Zel’dovich mecha- 
nism, have been conducted by Castelijns et al. (1986) and Carney et al. (1989). 
A cylindrical wire was vibrating in superfluid 3He-B and the pair production was 
observed when the amplitude of the velocity of the wire exceeded some critical 
value. Since the Bogoliubov-Nambu fermions in ?He-B are in many respects sim- 
ilar to Dirac electrons, we can map the quasiparticle radiation by a periodically 
driven wire in a supercritical regime to the particle production in an alternating 
electric field. 

Let us discuss the rough model of how pair creation occurs in 7He-B when 
the wire is oscillating with velocity v = vo cos(wt) (Lambert 1990; Calogeracos 
and Volovik 1999b). There are two features of the energy spectrum which are 
important: the continuous spectrum at |E| > Ap and bound states which appear 
near the surface of the wire, where the gap is reduced providing the potential well 
for quasiparticles in Fig. 26.3 and Fig. 26.4(a). Let Ag—e be the energies of bound 
states in the range Ag > Ag — € > Ao — €o > 0. When the wire is oscillating, in 
the reference frame of the wire which can serve as an environmentthe the energy 
spectrum exhibits the Doppler shift. The velocity field around the wire is non- 
uniform: it equals the velocity of wire v at infinity and reaches the maximal value 
av near the surface of the wire (for a perfect cylindrical wire a = 2). That is why 
in the frame of the wire the continuous spectrum in the bulk and bound state 
energies at the surface are Doppler shifted in a different way, with the maximal 
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Fic. 26.3. Bound states at the surface of the superfluid. Ap — €o is the lowest 
bound state. 


shift Ag > Ao + prlv| and Ao — € — Ao — € + apr|v]| in the bulk and at the 
surface correspondingly (Fig. 26.4(b)). 

When the velocity of the wire increases one can reach the point where the 
unoccupied lowest bound state level with the energy Ap —€9—apr|v| merges with 
the negative energy continuum in the bulk at —Ap + prlv| (Fig. 26.4(c)). Then 
the vacant state is now occupied by a quasiparticle from the negative energy 
continuum, while the quasihole escapes to infinity (Fig. 26.4(d)). After half a 
period the velocity of the wire becomes zero and the energy levels return to their 
original positions in Fig. 26.4(a). But a pair of quasiparticles have been created: 
one of them occupies the bound state at the surface, and the other is radiated 
away. The critical velocity, at which this mechanism of pair breaking occurs, is 
vo = (2A0—€0)/(1+a)pr. The measured pair-breaking critical velocity, at which 
the quasiparticle emission has been observed by Castelijns et al. (1986), Carney 
et al. (1989) and Fisher et al. (2001), appeared to be close to vo = Ag/3pr. This 
corresponds to a perfect cylindrical wire, where a = 2, and a strongly suppressed 
gap at the surface, i.e. Ag — €o = 0. 


26.3 Vortex formation 
26.3.1 Landau criterion for vortices 


Nucleation of vortices remains one of the most important problems in quantum 
liquids, with possible application to the formation of cosmic strings, magnetic 
monopoles and other topological defects in cosmology and quantum field theory. 

From the energy consideration the formation of vortices becomes possible 
when the Landau criterion applied for the energy spectrum of vortices is reached. 
The energy spectrum of the vortex ring at T = 0 can be found from the equations 
for the energy and momentum of the ring in terms of its radius R: 


Ē = E(R)+v.-p(R) , (26.7) 
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Fic. 26.4. The draw-well scenario of pair creation in ?He-B in vibrating wire 
experiments. 


1 
E(R) = zmnn Rin Rew’ (26.8) 
p(R) =amnkR?p . (26.9) 


Here E(R) is the loop energy in the superfluid-comoving frame; E(R)/27R is 
the line tension; Reore is the core radius; E is the loop energy in the reference 
frame of the boundaries of the container (the environment frame) in which the 
normal component velocity is zero in a global equilibrium, v, = 0; the linear 
momentum p(R) of the loop is directed perpendicular to the plane of the vortex 
ring. 

From eqn (26.1) it follows that the Landau critical velocity for nucleation of 
vortex rings VLandau = min[E(R)/p(R)] = 0. For any non-zero velocity vs of the 
flow of the superfluid vacuum with respect to the container, the energy E of the 
vortex ring in the frame of the container becomes negative if the momentum (or 
the radius) of the vortex ring is large enough. A finite value of the Landau velocity 
is obtained if one takes into account the finite dimension of the container which 
provides the infrared cut-off for the Landau velocity: VLandau ~ &/Reontainer- 


330 LANDAU CRITICAL VELOCITY 


sphaleron 


Fic. 26.5. Energy E = E + p- v, of a vortex ring in the laboratory frame in 
the presence of superflow in eqn (26.7). Three states of the vortex loop are 
important. The state with zero radius R = 0 and energy E = 0 is the vor- 
tex-free vacuum state. The vortex ring with radius Rspn (eqn (26.10)) is the 
sphaleron. It is the saddle-point solution. The energy of the sphaleron deter- 
mines the energy barrier and thus the thermal activation rate exp — (Espn /T). 
At low T thermal activation is substituted by quantum tunneling from the 
state with R = 0 to the vortex ring with radius R = Ro given by eqn (26.19), 


whose energy is also zero, E = 0. 


In reality the observed critical velocities for nucleation of singular vortices 
in °He-B are larger by several orders of magnitude (Parts et al. 19956). This 
demonstrates that the energetical advantage for the nucleation of a vortex ring 
does not mean that vortex loops will be really nucleated. The vortex loop of 
large radius must be grown (together with the singularity in the core) from an 
initially smooth configuration. This requires the concentration of a large energy 
within a small region of the size of the core of the defect. Such a process involves 
an energy barrier (see Fig. 26.5), which must be overcome either by quantum 
tunneling or by thermal activation. 


26.3.2 Thermal activation. Sphaleron 


Thermal nucleation of vortices in the presence of counterflow was calculated by 
Iordanskii (1965). 

In general, a thermally activated topological defect, which is the intermediate 
object between two vacuum states with different topological charges, is called a 
sphaleron (see the review paper by Turok 1992). It is the thermodynamically 
ustable, saddle-point stationary solution of, say, Ginzburg-Landau equation or 
other Euler-Lagrange equations. In superfluids, the sphaleron is represented by 
a metastable vortex loop, which, being the saddle-point solution, is stationary 
in the heat-bath frame. It is the critical vortex ring at the top of the barrier 
(Fig. 26.5). It represents the stationary solution of the equations in the presence 
of the counterflow v, — vs, and satisfies the thermal equilibrium conditions. Let 
us recall that in the global equilibrium the normal component velocity Vn must 
be zero in the frame of the container, while all the objects must be stationary in 
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this frame. At the top of the barrier the group velocity of the vortex ring is zero, 
dE /dp = 0, and thus the ring is at rest in the heat-bath frame of the normal 
component. However, this thermal equilibrium state is locally unstable: the ring 
as the saddle-point solution will either shrink or grow. 

The radius and the energy of the sphaleron are 


K Rs h 1 2 Rsph 
Rsph = ———— ee Esph = =Mngk? Rsph In 26.10 
SP 4r|vs jamz Val Reore zR 2 5 re core ( ) 
The energy of the sphaleron determines the thermal activation rate, e` Espn/T 


In a toroidal geometry the sphaleron is shown in Fig. 26.6(d). If the length 
of the toroidal channel is large enough, the intermediate saddle-point solution 
corresponds to a straight vortex line, which has the maximum length and thus the 
maximum energy among all intermediate vortices in Fig. 26.6. If the vortex has 
elementary circulation quantum, « = &o, then the sphaleron is the intermediate 
object between the initial and final vacua with topological charges nı and nı — 1, 
which describe the circulation of the superflow along the channel. 

In superfluid *He-B thermal nucleation is practically impossible, because of 
(i) the low temperature; and (ii) the huge barrier. The vortex ring is well de- 
termined only when its radius exceeds the core radius, which for the singular 
vortex is of order €, and for the continuous vortex-skyrmion is of order of di- 
pole length €p. As a result the maximal activation rate is about exp(—10°) for 
a singular vortex and exp(—10°) for a continuous one. This is too small in any 
units. Thermal activation or quantum tunneling can assist the nucleation only 
in the very closest vicinity of the instability threshold, where the energy barrier 
is highly suppressed. However, in this region external perturbations appear to 
be more effective. 


26.3.3 Hydrodynamic instability as mechanism of vortex formation 


Since thermal activation, and also quantum tunneling, are excluded from consid- 
eration in superfluid ?He, the only remaining mechanism is local hydrodynamic 
instability of the laminar superfluid flow. This means that the threshold of the 
instability is determined not only by the Landau criterion, which marks the ap- 
pearance of the negative energy states, but also by the requirement that the 
energy barrier between the initial vacuum state and the negative energy state 
disappears. 

One can estimate the threshold of instability. According to eqn (26.10) the 
barrier for vortex nucleation in Fig. 26.5 disappears at such velocities where the 
radius of the sphaleron (the critical vortex ring) becomes comparable to the 
core size of the vortex: E 

Ue i (26.11) 
At this velocity topology no longer supports the barrier between the vortex 
and vortex-free states. Let us stress that this is not the general rule for many 
reasons, in particular: (i) though at Rspn ~ Reore the topology no longer provides 
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Fic. 26.6. (a-g) A vortex segment nucleated at the wall of the channel sweeps 
the cross-section of the channel and annihilates at the wall. If the vortex 
winding number is nı = 1, the topological charge of the vacuum — the circu- 
lation along the channel — changes in this process from Kon, to Ko(n1 — 1). 
The vortex serves as an intermediate object in the process of transition be- 
tween vacuum (a) and vacuum (g), which have different topological charges. 
If the transition from (a) to (g) occurs via quantum tunneling, the process 
is called an instanton. If the transition occurs via thermal activation, the 
intermediate saddle-point stationary configuration (d) is called a sphaleron. 
Its energy determines the energy barrier between the two vacua. 


the energy barrier for vortex nucleation, the non-topological barriers are still 
possible; (ii) the vortex formation can start earlier because of the roughness of 
the walls of container where the local superfluid velocity is enhanced. 

Nevertherless the general trend is confirmed by experiments in three different 
liquids with substantially different sizes of the core (Fig. 26.7): in superfluid 
tHe, Roore ~ ao, the interatomic space; in *He-B, Roore ~ €; and in the case 
of continuous vortex-skyrmions in °He-A, Reore ~ €p. The large difference 
in critical velocities for nucleation of singular vortices in *He-B and vortex- 
skyrmions in *He-A allows for the creation of the interface between rotating 
3He-A and stationary ?He-B in Fig. 17.9. 


26.4 Nucleation by macroscopic quantum tunneling 
26.4.1 Instanton in collective coordinate description 


In superfluid “He the typical temperature is three orders of magnitude higher 
than in *He-B, while the minimal radius of the vortex loop is three orders of 
magnitude smaller. That is why the vortex formation by thermal activation and 
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FIG. 26.7. Critical velocity of vortex formation in three different superfluids as 
a function of the size Reore of the core of nucleated vortices (after Parts et 
al. 1995b). Solid line is eqn (26.11). 


even by quantum tunneling is possible. The parameters of high-temperature 
superconductors can also be favorable for this. 

Macroscopic quantum nucleation of extended or topological objects is an in- 
teresting phenomenon not just in condensed matter: in cosmology the quantum 
nucleation of the Universe and black holes is considered; in RQFT the corre- 
sponding object is an instanton (Belavin et al. 1975). Quantum nucleation of 
vortices bears both features of instantons in RQFT. (i) It is the process of quan- 
tum tunneling through a barrier. (ii) It is the tunneling between vacuum states 
with different topology. In the toroidal geometry (Fig. 26.6), in the process of 
tunneling between the flow states with winding numbers nı and nı —1, the vortex 
segment with winding number nı = 1 is nucleated at the wall of the container, 
sweeps the cross-section of the channel, and finally is annihilated at the wall. 

The instanton is usually described by quantum field theory. But in many cases 
one can find the proper collective coordinates, and then the instanton is reduced 
to the process of quantum tunneling of a single effective particle instead of a field. 
Vortex nucleation in superfluid 4He was calculated using both approaches, which 
gave very similar results: using the many-body wave function, which corresponds 
to quantum field theory (Sonin 1973); and in terms of collective coordinates for 
the vortex ring (Volovik 1972). 


26.4.2 Action for vortices and quantization of particle number in quantum 
vacuum 


The tunneling exponent is determined by the classical action for the vortex. This 
action is the same as in a classical perfect liquid: 
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S= fa Eiri} + KpVi{rr} . (26.12) 


E in the first term is the energy of the vortex loop — the total hydrodynamic 
energy f d°r(1/2)pv2 of the superflow generated by the vortex. The energy de- 
pends on the position of the elements of the vortex line ru(t,l), where l is the 
coordinate along the vortex line; p = mn is the mass density of the liquid. In 
the infinite liquid the energy of the vortex loop is given by eqn (26.7). 

The second term is topological, where k = nıko, and Vy, is the volume 
bounded by the area swept by the vortex loop between nucleation and anni- 
hilation (Rasetti and Regge 1975): 


1 
Vi{rL} = 5 fa dl rL: (rL x OWL) ` (26.13) 


The volume law for the topological part of vortex action follows from the general 
laws of vortex dynamics governed by the Magnus force; variation of the volume 
term leads to the classical Magnus force (18.27) acting on the vortex 


OV 


Fy = at es 


= KpOLL X VL, (26.14) 
where vg = ri is the velocity of the vortex line. This force is of topological 
origin and thus depends only on fundamental parameters of the system (see also 
eqn (18.24) for the similar volume law in the anomalous action: the axial anomaly 
is determined by the term in action which is proportional to the volume of the 
extended (r,p) space — the phase space). An inner observer living in the liquid 
who can measure the circulation around the vortex line and the force acting 
on the vortex would know such a fundamental quantity of the ‘trans-Planckian’ 
world as the mass density of the ‘Planck’ liquid. 

The volume law for the topological action is a property of global vortices 
where the field vs generated by a vortex line is not screened by the gauge field. For 
local cosmic strings and for fundamental strings the action is determined by the 
area swept by the string (Polyakov 1981). For vortices, the area law is obtained 
when the kinetic energy term (1/2)M.v? (where My, is the mass of a vortex) 
is larger than the topological term. Vortex formation by quantum tunneling in 
this situation is similar to nucleation of electron—positron pairs in the presence 
of uniform electric field (Davis 1992). 

For a quantized vortex in a quantum liquid, the topological volume term in 
action is related to quantization of the number of original bare particles com- 
prising the vacuum, Nyac = nV, where V is the total volume of the system. This 
relation follows from the multi-valuedness of the topological action: ambiguity 
of the action with respect to the choice of the volume swept by the loop. For 
the closed loop nucleated from a point and then shrunk again to a point, it can 
be the volume Vy, inside the surface swept by the loop, or the complementary 
volume Vg — V outside the surface (we have written Vi, — V instead of V — Vy, 
since the sign of the volume is important). The multi-valuedness of the action 
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has no consequences in classical physics, because the constant term is added to 
the action, when Vg is shifted to Vg — V. But in quantum mechanics this shift 
leads to an extra phase of the wave function of the system. Since the exponent 
e’5/P should not depend on the choice of the volume, the difference between the 
two actions must be a multiple of 27h: 


S(VL) — S(Vi — V) = mkoni Nvac = 2ahp , (26.15) 


where p is integer. In the same manner the Wess—Zumino action for ferromagnets 
in eqn (6.14) leads to the quantization of spin: M = ph/2. 

For He, where ko = 2mh/m, eqn (26.15) suggests that for any winding 
number nı the quantity Nvacnı must be integer, and thus gives an integral value 
of Nyac. Equation (26.15) also gives the relation between the angular momentum 
of the liquid and Nya_ in the presence of a rectilinear vortex with winding number 
Ny: 


h 
Lz = sp = AnNa - (26.16) 


For superfluid 3He-B (or s-wave superfluids), where Cooper pairing takes 
place and thus the mass of the elementary boson — the Cooper pair — is twice the 
mass of the He atom (or electron), the circulation quantum is ko = 27h/2m. 
As a result Nyact1 = 2p, i.e. the same arguments prescribe an even number of 
atoms in the vacuum. This is justified, because with an odd number of atoms 
there is one extra atom that is not paired, and thus instead of the pure vacuum, 
the ground state represents the vacuum plus matter — a quasiparticle with energy 
Ao. The action in eqn (26.12) is applicable to the vacuum state only. Equation 
(26.16) relating angular momentum of the vortex to winding number nı and the 
number of particles in this system becomes L, = (f/2)n1Nyac in agreement with 
eqn (14.19). 

In general, if the mass of the elementary boson is km, where k is integer, 
the number of atoms in the vacuum must be a multiple of k, and the circulation 
quantum is ko = 2xh/km. The topological action for the vortex with winding 
number nı becomes 


Stop = 2AN (26.17) 


where M is the number of atoms in the volume bounded by the area swept by 
the vortex loop between nucleation and annihilation. 


26.4.3 Volume law for vortex instanton 


In quantum tunneling the action along the instanton trajectory contains an imag- 
inary part, which gives the nucleation rate I œ e~?!™5/", For nucleation of vor- 
tices at T = 0 as well as for radiation of quasiparticles from the vacuum, we 
need two competing reference frames. One of them is provided by the superfluid 
vacuum. If only the homogeneous vacuum is present, its motion can be gauged 
away by Galilean transformation to obtain the liquid at rest. Thus we need an- 
other reference frame — the frame of the environment which violates Galilean 
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Fic. 26.8. Left: Two vortex trajectories with E = 0 around the pinning site with 
the shape of a hemisphere. R(z) is the trajectory of the vortex ring with zero 
energy whose radius is close to Ro. R;(z) is the trajectory which corresponds 
to the vortex-free state. The vortex ring has zero radius outside the pinning 
site, while at the pinning site the radius follows the spherical shape of the 
pinning site. Such a trajectory can be obtained as the limit of trajectories with 
E > 0 when E — 0. Two trajectories with E = 0 are separated by the region 
where the vortex has positive energy. The sphaleron saddle-point solution in 
this region is shown by the filled circle. Right: Two vortex trajectories with 
E = 0 meet each other on the imaginary axis z = i¢. The integral along the 
path gives the rate of the macroscopic quantum tunneling of the vortex from 
the initial trajectory R;(z) through the energy barrier to the final trajectory 
Ry(z). The tunneling exponent is proportional to the number of atoms inside 
the surface swept by the vortex ring. 


invariance. It can be provided by an external body, by texture of the order para- 
meter, by the normal component or by boundaries of the vessel. Let us consider 
the quantum nucleation of a vortex line in the simplest geometry of a smooth 
wall with one pinning site on the wall providing the preferred reference frame 
(Volovik 1972). Choosing the pinning site in the form of a hemisphere of radius ro 
(Fig. 26.8 left), one can eliminate the plane boundary by reflection in the plane, 
and the problem becomes equivalent to the superfluid vacuum moving with re- 
spect to the static spherical body with the velocity at infinity vs(o0) = voĉ. The 
superfluid motion is stationary, i.e. time independent in the frame of the body. 

We shall use the collective coordinate description of the tunneling in which all 
the degrees of quantum field theory are reduced to the slowest ones corresponding 
to the bosonic zero mode on a moving vortex loop. Because of the spherical 
symmetry of the impurity the nucleated vortex loop will be in the form of a 
vortex ring whose plane is oriented perpendicular to the flow. The zero mode 
is described by two collective coordinates, the radius of the loop R and the 
position z of the plane of the vortex ring. According to the topological volume 
term in the action in eqns (26.12) and (26.13), these variables can be made 
canonically conjugate, since the momentum of the vortex ring, directed along 
z, is determined by its radius, p; = tpnikoR? (see eqn (26.9)). The topological 
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term in the action in such a simple geometry is the adiabatic invariant 


Stop(VL) = fe Pz. (26.18) 


There are two important trajectories, the initial and final, zi(R) and z¢(R) 
(Fig. 26.8 left). Both have zero energy with respect to the energy of the moving 
liquid. The trajectories are separated by the energy barrier and can be connected 
only if the coordinate z is extended to the complex plane (Fig. 26.8 right). The 
trajectory z;i(R) asymptotically corresponds to the vortex-free vacuum state, 
while zs(R) corresponds to the vortex moving away from the pinning site. Far 
from the pinning center the energy of the vortex loop of radius R (Fig. 26.8 left) 
is given by eqn (26.7). 

The vortex nucleated from the vacuum state must have zero energy, E=0. 
This determines the radius of the nucleated vortex: 

[x] 


Ro = —— ln Ko 
279 ao 


y (26.19) 
where ag is interatomic space which determines the core size in *He. Thus far 
from the pinning center the trajectory in the final state is Re(z) = Ro and does 
not depend on z. 

The initial state trajectory corresponding to the vacuum state can be ap- 
proximated by the vortex loop moving very close to the surface of the spherical 
body, in the layer of atomic size ag. Its trajectory is thus z? + R? = rg, or 
Ri(z) = yr — 27. On the imaginary axis z = i¢, the radius of the vortex on 
such a trajectory can reach the size Ro of the moving vortex, and thus the tra- 
jectory Ri(z) crosses the trajectory R¢(z) = Ro in the complex plane (Fig. 26.8 
right). The tunneling exponent is produced by the change of the action along the 
path on imaginary axis z = iÇ. If Ro >> ro, in the main part of the trajectory one 
has Ri(z) = i¢ and the tunneling exponent is given by the topological action: 


Ro 


2ImS = aim | de(per(2) — pzi(z)) = 4aKonip ; dC (R2—¢*) (26.20) 


8r? 3 
= -y fan ko = 2rħnıNo . (26.21) 


Here we introduced the effective number of atoms No involved in quantum nucle- 
ation of the vortex loop. In the considered limit vo < Kon1/1r9 this number does 
not depend on the size ro of the impurity: No = n(47/3)R8. It is the number of 
atoms within the solid sphere whose radius coincides with the radius Ro of the 
nucleated vortex loop. This reflects the volume law of the topological term in 
the action for vortex dynamics. 

The volume law for the tunneling exponent was also found by Sonin (1973), 
who calculated the tunneling rate I = e~7!™5 as the overlapping integral of two 
many-body wave functions, I = |(W ¢|W;)|?, where the initial state represents the 
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vortex-free vacuum, and the final state is the vacuum with the vortex. The effec- 
tive action ImS' was then minimized with respect to the velocity field around the 
vortex. The extremal trajectory corresponds to the formation of the intermediate 
state of the vortex line with the deformed velocity field around the vortex loop. 
The resulting effective particle number No is logarithmically reduced compared 
to eqn (26.21) obtained in the collective coordinate description, which assumed 
the equilibrium velocity field: 


2 
2ImS/h =27n1No , No= oi Bl ys (26.22) 


rln £0 
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The linear dependence of the tunneling exponent on the number No of parti- 
cles, effectively participating in the tunneling, was also found in other systems. 
For example, it was found by Lifshitz and Kagan (1972) and Iordanskii and 
Finkelstein (1972) for the quantum nucleation of the true vacuum from the false 
one in quantum solids. 

Experiments on vortex nucleation in superfluid *He and their possible inter- 
pretation in terms of quantum tunneling are discussed in the review paper by 
Avenel et al. (1993). The problem of vortex tunneling was revived due to ex- 
periments on vortex creep in superconductors (see the review paper by Blatter 
et al. 1994). For the vortex tunneling in superconductors, and also in fermionic 
superfluids such as ?He-A and *He-B, the situation is more complicated because 
of the fermion zero modes in the vortex core discussed in Part V, which lead 
to the spectral flow. Nucleation of vortices is supplemented by the nucleation 
of fermionic charges, as happens in the instanton process in RQFT. Also the 
entropy of the fermion zero modes is important: it increases the probability of 
quantum nucleation of vortices in the same manner as discussed by Hawking et 
al. (1995) for quantum nucleation of black holes. 


27 


VORTEX FORMATION BY KELVIN-HELMHOLTZ 
INSTABILITY 


In the presence of the flexible surface the critical velocity of the hydrodynamic 
instability becomes substantially lower. The free surface of the superfluid liquid 
or the interface between two superfluids provides the new soft mode which be- 
comes unstable in the presence of the counterflow. This is the Kelvin-Helmholtz 
(KH) type of instability (Helmholtz 1868; Kelvin 1910). It gives the reasonably 
well-understood example of the vortex formation in superfluids, which has been 
later used to study new phenomena related to the turbulence of vortex lines, such 
as velocity independent Reynolds number, vortex front propagation, etc. (Eltsov 
et al. 2006, 2008). We shall modify the result obtained for classical liquids to 
our case of superfluid liquids. In Chapter 32.3 we shall see that there is a close 
relation between the KH instability in superfluids and the physics of black holes 
on the brane between two quantum vacua. 


27.1 Kelvin-Helmholtz instability in classical and quantum liquids 
27.1.1 Classical Kelvin-Helmholtz instability 


Kelvin-Helmholtz instability belongs to a broad class of interfacial instabilities 
in liquids, gases, plasma, etc. (see the review paper by Birkhoff 1962). It refers 
to the dynamic instability of the interface of the discontinuous flow, and may 
be defined as the instability of the vortex sheet. Many natural phenomena have 
been attributed to this instability. The most familiar ones are the generation by 
the wind of waves in water, whose Helmholtz instability was first analyzed by 
Lord Kelvin (1910), and the flapping of sails and flags analyzed by Lord Rayleigh 
(1899). 

Many of the leading ideas in the theory of instability were originally inspired 
by considerations about inviscid flows. The corrugation instability of the inter- 
face between two ideal liquids sliding along each other was investigated by Lord 
Kelvin (1910). The critical relative velocity |v; — v2| for the onset of instability 
toward generation of surface waves (the capillary—gravity waves) is given by 


1 
=_PIP2 yw)? = VoF. (27.1) 


Here ø is the surface tension of the interface between two liquids; pı and p2 are 
their mass densities; and F is related to the external field stabilizing the position 
of the interface: in the case of two liquids it is the gravitational field 


F = g(pi — p2) - (27.2) 


340 VORTEX FORMATION BY KELVIN-HELMHOLTZ INSTABILITY 


The surface mode which is excited first has the wave number corresponding to 


the inverse ‘capillary length’ 
ko = VF/o , (27.3) 


and frequency 


(27.4) 


From eqn (27.4) it follows that the excited surface mode propagates along the 
interface with the phase velocity Uphase = (P1U1 + P2v2)/(p1 + p2). 

However, among the ordinary liquids one cannot find an ideal one. That is 
why in ordinary liquids and gases it is not easy to correlate theory with ex- 
periment. In particular, this is because one cannot properly prepare the initial 
state — the plane vortex sheet is never in equilibrium in a viscous fluid; it is not 
the solution of the hydrodynamic equations. This is why it is not so apparent 
whether one can properly discuss its ‘instability’. 

Superfluids are the only proper ideal objects where these ideas can be im- 
plemented without reservations, and where the criterion of instability does not 
contain viscosity. Recently the first experiment has been performed with two 
sliding superfluids, where the non-dissipative initial state was well determined, 
and the well-defined threshold was reported by Blaauwgeers et al. (2002). The 
initial state is the non-dissipative vortex sheet separating two sliding superfluids 
in Fig. 17.9 bottom. One of the superfluids performs the solid-body-like rotation 
together with the vessel, while in the other one the superfluid component is in 
the so-called Landau state, i.e. it is vortex free and thus is stationary in the in- 
ertial frame. The threshold of the Kelvin-Helmholtz type of instability has been 
marked by the formation of vortices in the vortex-free stationary superfluid: this 
initially stationary superfluid starts to spin up due to the neighboring rotating 
superfluid. 


27.1.2 Kelvin-Helmholtz instabilities in superfluids at low T 


The extension of the consideration of classical KH instability to superfluids adds 
some new physics, which finally leads to the possibility of simulation of the 
black-hole event horizon and ergoregion (Chapter 32.3). First of all, it is now 
the two-fluid hydrodynamics with superfluid and normal components which must 
be incorporated. Let us first consider the limit case of low T, where the fraction 
of the normal component is negligibly small, and thus the complication of the 
two-fluid hydrodynamics is avoided. In this case one may guess that the classical 
result (27.1) obtained for the ideal inviscid liquids is applicable to superfluids too, 
and the only difference is that in the experiments by Blaauwgeers et al. (2002) 
the role of gravity in eqn (27.2) is played by the applied gradient of magnetic 
field H, which stabilizes the position of the interface between *He-A and *He-B 
(see Fig. 27.1): 


F = 1V ((xa—xn)H?) . (27.5) 


Here xa and yp are magnetic susceptibilities of the A- and B-phases respectively. 
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Fic. 27.1. Regulation of the ‘gravity’ field F in experiments by Blaauwgeers 
et al. (2002). The role of gravity is played by the gradient of magnetic field 
in eqn (27.5). The position zo of the interface is determined by the equation 
H (zo) = Hap(T), where H4p(T) marks the first-order phase transition line 
between A- and B-phases in the (H,T) plane (left). When the temperature T 
is varied (or the magnitude of the field regulated by the valve current I) the 
position zo(T) of the interface is shifted changing the field gradient dH /dz at 
the position of the interface. The plane z = z1, where also H(zo) = Hap(T), 
separates the region where the *He-A vacuum is true (z < 2) and false 
(z > 2). The false (metastable) state appears to be extremely stable, and is 
destroyed only by ionizing radiation (see Sec. 28.1.4). 


However, this is not the whole story. The criterion of KH instability in eqn 
(27.1) depends only on the relative velocity of the sliding liquids. However, there 
always exists a preferred reference frame of environment. It is the frame of the 
container, or, if the container walls are far away, the frame where the inhomo- 
geneity of magnetic field H is stationary. Due to interaction of the interface with 
the environment, the instability can start earlier. The energy of the excitations of 
the surface, ripplons (quanta of the capillary-gravity waves), becomes negative 
in the reference frame of environment before the onset of the classical KH in- 
stability. The new criterion, which corresponds to appearance of the ergoregion, 
will depend on the velocities of superfluid vacua with respect to the preferred 
reference frame of environment. Only if this interaction is neglected will the KH 
criterion (27.1) be restored. The latter corresponds to the appearance of the 
metric singularity in general relativity, as will be discussed in Chapter 32.3. 

Let us consider these two criteria. We repeat the same derivation as in the 
case of classical KH instability, assuming the same boundary conditions, but 
with one important modification: in the process of the dynamics of the interface 
one must add the friction force arising when the interface is moving with respect 
to the preferred reference frame of the environment — the frame of container 
walls, which coincides with the frame of the stable position of the interface. The 
instability criterion should not depend on the form and magnitude of the friction 
force; the only requirement is that it is non-zero and thus the interaction with 
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the preferred reference frame of the environment is established in the equations 
of two-fluid dynamics. That is why we choose the simplest form 


Friction = -T (aÅ = Unz) > (27.6) 


where ¢(z,y,¢) is perturbation of the position of the interface in the container 
frame. It is assumed that the z axis is along the normal to the interface (see 
Fig. 27.1), and the normal component velocity is fixed by the container walls, 
Unz) = 0. The friction force in eqn (27.6) is Galilean invariant if the whole 
system — AB-interface and container — are considered. For the interface alone, 
the Galilean invariance is violated if T # 0. This reflects the interaction with 
the environment which provides the preferred reference frame. This symmetry 
violation is the main reason for the essential modification of the KH instability 
in superfluids. 

The parameter I in the friction force has been calculated for the case where 
the interaction between the interface and container is transferred by the remnant 
normal component. In this case the friction occurs due to Andreev scattering of 
ballistic quasiparticles by the interface (Yip and Leggett 1986; Kopnin 1987; 
Leggett and Yip 1990; see Sec. 29.3 and eqn (29.18)). 

The relevant perturbation is 


C(x, t) = asin(ka — wt) , (27.7) 


where the x axis is along the local direction of the velocities. In the rotating 
container the velocities vs; and vs2 of both superfluids are along the wall of 
the container, and thus are parallel to each other. Because of the friction, the 
spectrum of these surface perturbations (ripplons) is modified compared to the 
classical result in the following way: 


w 2 w 2 FEET aw 
pı (= =s v1) + p2 (= — v2) = Z = Gii . (27.8) 
or 
W piv + pvz 1 F+ko Jw Pip2 
ed — — il- U1 — U 2 27.9 
k pi + p2 Vp + p2 k k ear 2) ay 


If [ = 0 the instability occurs when the classical threshold value in eqn (27.1) 
is reached. At this KH threshold the spectrum of ripplons with k = ko in eqn 
(27.3) acquires the imaginary part, Im w(k) 4 0. This imaginary part has both 
signs, and thus above the classical threshold perturbations grow exponentially 
in time. This is the conventional KH instability. 

The frame-fixing parameter I changes the situation completely. Because of 
the friction, the ripplon spectrum always has the imaginary part Im w(k) 4 0 
reflecting the attenuation of the surface waves. At some velocities the imaginary 
part Im w(k) crosses zero and the attenuation transforms to amplification causing 
the instability. This occurs first for ripplons with the same value of the wave 
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Fic. 27.2. Sketch of imaginary and real parts of frequency of critical ripplon 
(with k = ko) at the interface between *He-A and ?He-B under the conditions 
UsA = UnA = Ung = 0, and T — 0, i.e. vy = 0, vo = Usp Æ 0; and p1 = p2 = p. 
The imaginary part crosses zero, and the attenuation of ripplons transforms 
to the amplification, just at the same moment when the real part of the 
ripplon frequency crosses zero. The region where Re w < 0, i.e. where the 
ripplon has negative energy, is called ergoregion. The slope of the imaginary 
part is proportional to the friction parameter I. If I is strictly zero, and 
thus the connection with the frame of the environment is lost, the surface 
instability starts to develop when the classical KH criterion in eqn (27.1) is 
reached. 


vector, as in eqn (27.3) (see Fig. 27.2 for the case when vı = vsa = 0 and 
v2 = Usp #0). The onset of instability is given by 
1 


1 
shut + 5 P23 =VoF. (27.10) 


The group velocity of the critical ripplon is Ugroup = dw/dk = 0, i.e. the critical 
ripplon is stationary in the reference frame of the container. The frequency of 
the critical ripplon is w = 0, i.e. both the real and imaginary parts of the spec- 
trum cross zero at the threshold. The negative value of the real part above the 
threshold means the appearance of the ergoregion in the frame of the environ- 
ment, that is why this instability is the instability in the ergoregion. We call it 
the ergoregion instability. 

The ergoregion instability is important for physics of rotating black holes (see 
Kang 1997 and references therein). As distinct from the Zel’dovich-Starobinsky 
mechanism of the black-hole ergoregion instability which will be discussed in Sec. 
31.4.1, the instability of the ergoregion in the brane world of the AB-interface is 
caused by the interaction with the bulk environment. The relativistic version of 
this mechanism will be discussed in Sec. 32.3. 
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The criterion for the ergoregion instability in eqn (27.10) does not depend on 
the relative velocities of superfluids, but is determined by the velocities of each 
of the two superfluids with respect to the environment (to the container or to 
the remnant normal component). According to this criterion the instability will 
occur even in the following cases. (1) Two liquids have equal densities, p1 = p2, 
and move with the same velocity, vı = v2. This situation is very similar to the 
phenomenon of a flag flapping in the wind, discussed by Rayleigh in terms of 
the KH instability — the instability of the passive deformable membrane between 
two distinct parallel streams having the same density and the same velocity (see 
the latest experiments by Zhang et al. 2000). [556]) In our case the role of the 
flag is played by the interface, while the flagpole which pins the flag serves as the 
reference frame of the environment which violates the Galilean invariance. (2) 
The superfluids are on the same side of the surface, i.e. there is a free surface of a 
superfluid which contains two or more interpenetrating superfluid components, 
say neutron and proton components in neutron stars. (3) There is only a single 
superfluid with a free surface. This situation which corresponds to p2 = 0 was 
discussed by Korshunov (1991; 2002). 

Note that eqn (27.10) does not depend on the frame-fixing parameter I and 
thus is valid for any non-zero T even in the limit IT — 0. But eqn (27.10) does not 
coincide with the classical equation (27.1) obtained when T is exactly zero. Such 
a difference between the limit and exact cases is known in many areas of physics, 
where the gapless bosonic or fermionic modes are involved. Even in classical 
hydrodynamics the normal mode of inviscid theory may not be the limit of a 
normal mode of viscous theory (Lin and Benney 1962). Below we discuss how 
the crossover between the two criteria, (27.10) and (27.1), occurs when T — 0. 


27.1.3 Ergoregion instability and Landau criterion 


Let us first compare both results, (27.10) and (27.1), with the Landau criterion 
in (26.1). The energy E(p) (or w(k)) in this Landau criterion is the quasiparticle 
energy (or the mode frequency) in the superfluid-comoving frame. In our case 
there are two moving superfluids, which is why there is no unique superfluid- 
comoving frame. The latter appears either when instead of the interface one 
considers the surface of a single liquid (i.e. if p2 = 0), or if both supefluids move 
with the same velocity vı = v2. In these particular cases the Landau criterion in 
its simplest form must work. Using the well-known spectrum of capillary—gravity 
waves on the interface between two stationary liquids 


w? (k) 1 F+ko 


= = 27.11 

k2 Pı + p2 k ( ) 
one obtains the following Landau critical velocity: 
2(k 2 

vandan = min — CEEE E r (27.12) 


The Landau criterion coincides with eqn (27.10) for the ergoregion instability 
if vı = ve, or if p2 = 0 (for the case when p2 = 0 see Andreev and Kompaneetz 


KH INSTABILITY IN CLASSICAL AND QUANTUM LIQUIDS 345 


1972). But this does not coincide with the canonical KH result (27.1): there is 
no instability at vı = va in the canonical KH formalism. 

Let us now consider the general case when vı ¥ v2, and the Landau criterion 
in the form of equation (27.12), i.e. for a single superfluid velocity, is no longer 
applicable. For example, in the case of vı = 0, v2 = v, pı = p2 = p one obtains: 


1 = 2 —— 4 —— 
Cee Landau — p Fo , aes = p Fo , uku = p Fo. (27.13) 


Such a criterion agrees neither with the canonical KH criterion for I = 0, nor 
with the ergoregion criterion for IT Æ 0. This demonsrates that in our case of the 
two sliding superfluids the Landau criterion must be used in its more fundamental 
formulation given in the beginning of Chapter 26 : the instability occurs when 
in the frame of the environment the frequency of the surface mode becomes zero 
for the first time: w(k; v1, v2) = 0. This corresponds to the appearance of the 
ergoregion and coincides with the criterion in eqn (27.10). As distinct from 
the Landau criterion in the form of (26.1) valid for a single superfluid velocity, 
where it is enough to know the quasiparticle spectrum in the superfluid-comoving 
frame, in the case of two or several superfluid velocities one must calculate the 
quasiparticle spectrum as a function of all the velocities in the frame of the 
environment. 


27.1.4 Crossover from ergoregion instability to Kelvin-Helmholtz instability 


The difference in the result for the onset of the interface instability in the two 
regimes — with IT = 0 and with IT # 0 — disappears in the case when two su- 
perfluids move in such a way that in the reference frame of the environment 
the combination p1v1 + p2v2 = 0. In this arrangement, according to eqn (27.4), 
the frequency of the critical ripplon created by classical KH instability is zero 
in the container frame. Thus at this special condition the two criteria, original 
KH instability (27.1) and ergoregion instability (27.10), must coincide; and they 
really do. 

If pi1v1 + p2v2e Æ 0, the crossover between the two regimes occurs by varying 
the observation time. Let us consider this in an example of the experimental 
set-up (Blaauwgeers et al. 2002) with the vortex-free B-phase and the vortex- 
full A-phase in the rotating vessel. In the container frame one has vı = vs4 = 
0, v2 = Vsp = —2xr; the densities of the two liquids, 7He-A and °He-B, are the 
same with high accuracy: pa = pp = p = mn. If IT £0 the instability occurs at 
the boundary of the vessel, where the velocity of the 3He-B is maximal, and when 
this maximal velocity reaches the value Vergoregion in eqn (27.13). This velocity 
is smaller by V2 than that given by the classical KH equation: vergoregion = 
vKn/V2. 

From eqn (27.8) it follows that slightly above the threshold ve = Vergoregion 
the increment of the exponential growth of the critical ripplon is 


Tk 3 
Im w(ko) = A (= — 1) , at UsB— Ve K Ve. (27.14) 
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In the limit of vanishing frame-fixing parameter, [ — 0, the increment becomes 
small and the ergoregion instability of the interface has no time to develop if the 
observation time is short enough. The interface becomes unstable only at a higher 
velocity of rotation when the classical threshold of KH instability, vxq in eqn 
(27.1), is reached (see Fig. 27.2). Thus, experimental results in the limit  — 0 
would depend on the observation time — the time one waits for the interface to 
be coupled to the environment and for the instability to develop. For sufficiently 
short time one will measure the classical KH criterion (27.1). For example, in 
experiments with constant acceleration of rotation Q, the classical KH regime is 
achieved if the acceleration is fast enough: Ê >> AT, where A = vey/oR, and R is 
the radius of the vessel. For slow acceleration, Q < AT, the ergoregion instability 
criterion (27.10) will be observed. 


27.2 Interface instability in two-fluid hydrodynamics 
27.2.1 Thermodynamic instability 


Let us now consider the case of non-zero T, where each of the two liquids contain 
superfluid and normal components. In this case the analysis requires the 2 x 2- 
fluid hydrodynamics. This appears to be a rather complicated problem, taking 
into account that in some cases the additional degrees of freedom related to the 
interface itself must also be added. The two-fluid hydrodynamics has been used 
by Korshunov (1991; 2002) to investigate of the instability of the free surface 
of superfluid +He triggered by the relative motion of the normal component of 
the liquid with respect to the superfluid one. We avoid all these complications 
assuming that the viscosity of the normal components of both liquids is high, as 
actually happens in superfluid *He. In this high-viscosity limit we can ignore the 
dynamics of the normal components, which are clamped by the container walls. 
Then the problem is reduced to a problem of the thermodynamic instability of 
the superflow in the presence of the interface. 

We start with the following initial non-dissipative state corresponding to the 
thermal equilibrium in the presence of the interface and superflows. In thermal 
equilibrium the normal component must be at rest in the container frame, vn, = 
Vn2 = 0, while the superfluids can move along the interface with velocities vs; and 
vs2 (here the velocities are in the frame of the container). The onset of instability 
can be found from free energy consideration: when the free energy of static 
perturbations of the interface becomes negative in the frame of the environment 
(the container frame) the initial state becomes thermodynamically unstable. The 
free energy functional for the perturbations of the interface in the reference frame 
of the container contains the potential energy in the ‘gravity’ field, surface energy 
due to surface tension, and kinetic energy of velocity perturbations Vs; = V®1 
and Vs2 = V®2 caused by deformations of the interface: 


oo 

~t ~k ~i ~k 

dzPs1ikUs1 s1 +f dz ps2ik Us s2 
¢ 


(27.15) 
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For generality we discuss anisotropic superfluids, whose superfluid densities ps = 
Mns are tensors. The velocity perturbation fields 0,, = Vk, obeying the conti- 
nuity equation 0;(p!*ts~) = 0, have the following form: 


®ı(z,z <0) = Aie? cos ka , (x, z > 0) = Age *?* cos kx , 
Psizke = Psixk” ; Paz ks = souk? . (27.16) 


The connection between the deformation of the interface, C(x) = asin kz, 
and the velocity perturbations follows from the boundary conditions. Because 
of the large viscosity of the normal component it is clamped by the boundaries 
of the vessel. There are two possible boundary conditions for the superfluid 
velocity: either the mass current across the interface is zero, or the superfluid 
velocity component normal to the interface is zero. In the first case the following 
boundary conditions for perturbations are obtained (Ruokola and Kopu 2005) 


Ps1z0z®1 = PsixVsi OxG ; Ps2z02zP2 = Ps2xVs20xr6 . (27.17) 


Substituting this in the free-energy functional (27.15), one obtains the quadratic 
form of the free energy of the surface modes 


Fi} = D Icel? (r +k’o-—k (y Pari /Pszi¥ay + y Paal Psat) (27-8) 
k 


This energy becomes negative for the first time for the critical ripplon with 
ko = (F/o)!/2 when 


1 
: C j Vka pez) Syer. (27.19) 


The alternative set of boundary conditions leads to 0,8; = v510,¢, 0,82 = 
v3207¢ and gives the following criterion for instability of the interface: 


1 — 
5 (v Pozi Ps1 0A + vV Psr2Psz2V2) =voF. (27.20) 


At T =0, when the normal components of the liquids disappear and one has 
Psxi = Pszi = pı aNd Pero = Psz2 = p2, this transforms to the criterion (27.10) for 
the ergoregion instability. Equation (27.20) reproduces the experimental data 
obtained by Blaauwgeers et al. (2002) without any fitting parameters (see Fig. 
27.3). 


27.2.2 Non-linear stage of instability 


In experiments by Blaauwgeers et al. (2002) the onset of the interface ergoregion 
instability is marked by the appearance of the vortex lines in ?He-B which are 
monitored in NMR measurements. Vortices appear at the non-linear stage of 
the instability. The precise mechanism of the vortex formation is not yet known. 
One may guess that the A-phase vorticity concentrated in the vortex layer at the 
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Fic. 27.3. Critical velocity of KH type of instability of the AB-interface as a 
function of T in experiments by Blaauwgeers et al. (2002). When the temper- 
ature changes the equilibrium position of the interface also changes, together 
with the critical velocity determined by the field gradient at the interface 
playing the role of gravity. The critical velocity of the instability tends to 
zero when the position of the interface approaches minimal or maximal val- 
ues of the magnetic field in the cell, where dH/dz — 0 (see Fig. 27.1). Tem- 
peratures at which dH/dz — 0 are marked by arrows. Three sets of data 
correspond to three different values of the maximum of the applied magnetic 
field, which is regulated by applying different currents Iyajve. Solid curves 
are from the ergoregion instability criterion in eqn (27.20) at the conditions 
Us, = Usp = QR, Vsq = Usa = Una = Une = 0. No fitting parameters were 
used. 


interface (Fig. 17.9) bottom) is pushed by the Magnus force toward the vortex- 
free B-phase region as was suggested by Krusius et al. (1994) to interpret their 
experiments on vortex penetration through the moving AB-interface. When the 
potential well for vortices is formed by the corrugation of the interface (see Fig. 
27.4), the interfacial vortices are pushed there further deepening the potential 
well until it forms the droplet of the A-phase filled by vorticity. The vortex-full 
droplet propagates to the bulk B-phase where such a multiply-quantized vortex 
relaxes to the singly-quantized vortex lines. 

Under the conditions of the experiment, penetration of vortices into the B- 
phase decreases the counterflow there below the instability threshold, and the 
vortex formation is stopped. That is why one may expect that the vortex-full 
droplet is nucleated during the development of the instability from a single seed. 
The size of the seed is about one-half of the wavelength Ay = 27/ko of the 
perturbation. The number of created vortices is found from the circulation of 
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Fic. 27.4. Possible scenario of vortex formation by the surface instability. 


superfluid velocity carried by a piece of the vortex sheet of size 9/2, which 
is determined by the jump of superfluid velocity across the sheet: k = |vsp — 
vsa|Ao/2. Dividing this by the circulation quantum ko of the created B-phase 
vortices, one obtains the number of vortices produced as the result of growth of 
one segment of the perturbation: 


(27.21) 


It is about 10 vortices per event under the conditions of the experiment. This 
is in good agreement with the measured number of vortices created per event 
(Blaauwgeers et al. 2002), which confirms the droplet mechanism of vortex 
penetration. 

Probably, the experiments on surface instability in superfluids will allow the 
solution of the similar problem of the non-linear stage of instability in ordinary 
liquids (see e.g. Kuznetsov and Lushnikov (1995). 

The vortex formation by surface instability is a rather generic phenomenon. 
It occurs in laser-manipulated Bose gases (Madison et al. 2001; Sinha and Castin 
2001). It can be applied to different kinds of interfaces, in particular to the bound- 
ary between the normal and superfluid liquids whose shear flow instability has 
been discussed by Aranson et al. (2001), see Sec. 28.2.4. Such an interface natu- 
rally appears, for example, as a boundary of a gaseous Bose-Einstein condensate, 
or at the rapid phase transition into the superfluid state as will be discussed in 
the next chapter. 

The instability of the free surface of superfluid under the relative flow of 
the normal and superfluid components of the same liquid has been recently 
reexamined by Korshunov (2002), who also obtained two criteria of instability 
depending on the interaction with the environment. In his case, the frame-fixing 
parameter which regulates the interaction with the environment is the viscosity 
n of the normal component of the liquid. For 7 Æ 0 the critical counterflow for 
the onset of surface instability is 7-independent: 


1 
z” (Us — Wm) = vVoF. (27.22) 


It corresponds to eqn (27.20), but as expected it does not coincide with the 
result obtained for exactly zero viscosity. The same eqn (27.22) was obtained by 
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Kagan (1986) and Uwaha and Nozieres (1986) for the threshold of excitation of 
crystallization waves at the solid—liquid interface by the liquid flow 


1 
3Ps (vs — solia)” = VoF . (27.23) 


The environment reference frame here is provided by the crystal lattice. 

One can argue that the formation of the singular-core vortices on the rough 
sample boundary (Parts et al. 1995b) is also an example of surface instability. 
When the Landau criterion for quasiparticles is reached at the sharpest surface 
spike, a bubble of normal liquid is created around this spike. Since the surround- 
ing superfluid moves at a high relative velocity, the normal-superfluid interface 
undergoes the surface instability creating vortices (Fig. 28.6 in Chapter 28). 


28 
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28.1 Vortices and phase transitions 


Let us now return to vortex nucleation in a single superfluid liquid *He-B. The 
threshold ve of the hydrodynamic instability of the flow in ?He-B in Fig. 26.7, 
at which vortices are nucleated, is several orders of magnitude larger than the 
Landau criterion for vortex nucleation. Because of a huge energy barrier for 
vortex nucleation in superfluid He, the energetically metastable superflow with 
Us © VLandau Will persist on a geological time scale if vs < ve. However, Ruutu et 
al. (1996a, 1998) observed that ionizing radiation helps vortices to overcome the 
barrier. They found that under neutron irradiation vortices are formed below 
Ue, in the velocity region Vpeutron < Us < Uc. The new experimental threshold 
Uneutron roughly corresponds to the Landau velocity for formation of vortices in 
the confined region of the size Rp of the fireball formed by a neutron (see Fig. 
28.1), Uneutron ™ Ko/7Rp. 

According to current belief, the vortex formation observed in the subcritical 
regime v < ve under ionizing radiation occurs via the Kibble—Zurek (KZ) mech- 
anism, which was originally developed to describe the phase transitions in the 
early Universe. In this scenario a network of cosmic strings is formed during a 
rapid non-equilibrium second-order phase transition, owing to thermal fluctua- 
tions. Though it is possible that the KZ mechanism never occurred in the early 
Universe, it was exploited in *He-B experiments to study new phenomena of the 
vortex turbulence (Eltsov el. 2006). 

The formation of topological defects in non-equilibrium phase transitions is 
a very generic phenomenon. It is sometimes called the phase ordering, which 
reflects the process of the establishment of the homogeneous order parameter 
state when the defects generated by the transition are decaying. That vortices are 
necessarily produced in non-equilibrium phase transition can be viewed from the 
general consideration of the superfluid phase transition in terms of proliferation 
of vortices (Onsager 1949; Feynman 1955; see Fig. 28.2). The description of the 
broken-symmetry phase transition in terms of topological defects is especially 
useful for such transitions where in the low-T state the order parameter cannot 
be introduced. This happens for example in 2+1 systems where the transition — 
the Berezinskii—Kosterlitz—Thouless transition — is exclusively described in terms 
of the unbinding of vortex pairs and formation of the vortex plasma. 


28.1.1 Vortices in equilibrium phase transitions 


Qualitatively the phase transition with broken U(1) symmetry can be described 
as the topological transition. Let us consider the algebraic sum of the topological 
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Fic. 28.1. Vortex formation in a micro Big-Bang event caused by neutron irra- 
diation in experiments by Ruutu et al. (1996a). 


charges nı(C) of all vortices which cross the surface ø stretched on a big loop C 
as a function of the length of the loop L. 

The disordered state is characterized by an infinite cluster of vortex lines 
—‘a connected tangle throughout the liquid’ according to Onsager (1949). The 
number of positive and negative charges is equal on average, and thus their 
algebraic sum is determined by statistical noise. Below the superfluid transition 
there are finite-size vortex loops instead of the infinite cluster, and thus the 
statistical properties of the topological noise become different. In the case of 2D 
systems the statistical noise of the topological charges above and below the phase 
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FIG. 28.2. Infinite vortex cluster in disordered state is topologically different 
from the array of vortex loops in the ordered state. That is why after the 
quench of the disordered state the infinite cluster persists in the superfluid 
state. 


transition has been discussed by Kosterlitz and Thouless (1978). 

Above the phase transition the isolated point vortices form the plasma state, 
so that the amplitude of the noise is proportional to the square-root of the total 
number of point vortices. Thus the algebraic number of vortices in the disordered 
phase is proportional the square root of area of the surface ø: |n1(L)| ~ y S/E? ~ 
L/€& when L/€ — oo. In the ordered superfluid state, only pairs of vortices are 
present. In this case the statistical noise |nı(L)| is produced by the number of 
pairs cut by the loop C. As a result the topological charge is proportional to the 
square root of the perimeter of the loop, |ni(L)| ~ (L/€)'?. 

Such a difference between the superfluid (ordered) and non-superfluid (dis- 
ordered) states can be expressed in terms of the loop function (see e.g. Toulouse 
1979): 
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g(L) = (erof o l (28.1) 


where «o is the circulation quantum. In the superfluid state of 2D system the loop 
function decays as g(L) ~ e~“/£, while in the normal state the exponent contains 
an area of the loop: g(L) = ee (application to the disordered Larkin-Imry- 
Ma state of ?He-A in aerogel has been discussed in (Volovik 20076)). This can be 
mapped to the quantum phase transitions in gauge theories, if vs is substituted 
by the gauge field; the state with the area law is called the confinement phase, 
because the charges are confined there (see the book by Polyakov 1987). 

The equilibrium phase transition between the area law and the perimeter 
law occurs at the temperature at which the coherence length €(T) in eqn (10.5) 
becomes infinite, E(Te) = co. 


28.1.2 Vortices in non-equilibrium phase transitions 


In the non-equilibrium rapid cooling through the transition, the coherence length 
cannot follow its thermodynamic equilibrium value determined by temperature 
because of the slow-down of processes near the transition point. Thus € does not 
cross infinity, and as a result the infinite cluster of the disordered state inevitably 
persists below Te. This is observed as formation of U(1) vortices after a rapid 
phase transition into the state with broken U(1) symmetry. 

The qualitative theory of defect formation after quench has been put forward 
by Zurek (1985). His theory determines the moment — called Zurek time — at 
which the vortices or strings belonging to the infinite cluster become well defined 
in the low-T state, i.e. when they become resolved from the background thermal 
fluctuations in the ordered phase. The density of vortices in this cluster, which 
starting from this point can be experimentally investigated, is called the initial 
vortex density. It is determined by the interplay of the cooling time tg and 
the internal characteristic relaxation time 7(T) of the system, which diverges at 
T — T, (the so-called critical slow-down). At infinite cooling time an equilibrium 
situation is restored, and no vortices of infinite length will be observed in the 
superfluid state. The cooling rate shows how fast the temperature changes when 
the phase transition temperature is crossed: 1/tg = 0;T/T.. If t = 0 is the 
moment when Te is crossed one has 

NG) se ot (28.2) 
To TQ 

Far above transition the intervortex distance €, in the infinite cluster is de- 
termined by the coherence length: €, = €(T) = ĉo|1 — T/T.| 71/2 if the Ginzburg- 
Landau expansion is applicable. When T — T, the intervortex distance £, (t) in- 
creases together with the thermodynamic coherence length. The relaxation time 
of the system also increases; if the time-dependent Ginzburg-Landau theory (see 
below) is applicable, one has 


= a2 (28.3) 
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Fic. 28.3. Non-equilibrium region where the system does not follow the tem- 
perature change and the infinite vortex cluster is quenched. 


At some moment t = —tz the relaxation time approaches the characteristic time 
of variation of temperature. After that the system parameters can no longer 
follow their equilibrium thermodynamic values (Fig. 28.3). This is the Zurek 
time tz, which is found from the equation tz = T(tz): 


tz = ToT - (28.4) 
Thus in the vicinity of the phase transition, at |t| < tz, the infinite vortex cluster 
is quenched with the intervortex distance being equal to €, = €(tz). This vortex 
spaghetti persists into the ordered state, and finally becomes observable when 
the core size £(T) becomes smaller than €,, i.e. at t > tz. Thus £ (tz) 


Eu = (tz) ~ £o (2) x (28.5) 


determines the initial density of vortices in the ordered state: ny ~ &? = 
£574/70/To- 

At t > tz the system represents the superfluid state contaminated by the 
vortex spaghetti gradually relaxing to the thermodynamic equilibrium super- 
fluid state. The topological noise — an extra topological charge accumulated in 
the infinite vortex cluster — escapes to the boundaries, the cluster is rarefied, 
and finally disappears. However, it is possible that one or several vortex lines 
remain pinned between the opposite boundaries forming the remnant vortic- 
ity. If the cosmological phase transition occurred in the expanding (and thus 
non-equilibrium) Universe, the ‘remnant vorticity’ could also arise: the ‘infinite’ 
cosmic string can stretch from horizon to horizon (see the reviews by Hindmarsh 
and Kibble (1995) and Vilenkin and Shellard (1994)). 
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Here we discussed the formation of topological defects of a global U(1) group. 
On the formation of topological defects in gauge field theories see the review pa- 
per by Rajantie (2002). This review contains the most complete list of references 
to papers dealing with the KZ scenario. 


28.1.3 Vortex formation by neutron radiation 


The details of experiments by Ruutu et al. (1996a) in superfluid ?He-B are shown 
in Fig. 28.1. A cylindrical container is rotating with angular velocity below the 
hydrodynamic instability threshold Qe = ve/R, where R is the radius of the 
container. Thus the superfluid component is in the vortex-free Landau state, i.e. 
it is at rest with respect to the inertial frame. Such a state stores a huge amount 
of kinetic energy in the frame of the environment which is now the frame of the 
rotating container. In a container with typical radius R = 2.5 mm and height 
L = 7mm, rotating with angular velocity Q = 3 rad s~!, the kinetic energy 
of the counterflow is (1/2) f dV ps(vs — un)? ~ 10 GeV. This energy cannot be 
released, since as we know the intrinsic half-period of the decay of the superflow 
due to vortex formation is essentially larger than, say the proton lifetime. 

Ionizing radiation assists in releasing this energy by producing vortex loops. 
Experiments with irradiated superfluid *He were started in 1992 in Stanford, 
where it was found that the irradiation assists the transition of supercooled *He- 
A to 3He-B (see the discussion by Leggett 1992). Later Bradley et al. (1995) 
demonstrated that the neutron irradiation of ?He-B produces a shower of quasi- 
particles. Then Ruutu et al. (1996a) observed that in a rotating vessel, neutrons 
produce vortices. In experiments with stationary ?He-B, Bauerle et al. (1996) 
accurately measured the energy deposited from a single neutron to quasiparti- 
cles in the low-T region and found an energy deficit indicating that in addition 
to quasiparticles vortices are also formed. 

The decay products from the neutron absorption reaction n + 3He = p + 
3H + 764 keV generate ionization tracks. The details of this process are not well 
known in liquid He, but it causes heating which drives the temperature in a small 
volume of ~ 100 um size above the superfluid transition (Fig. 28.1). Inside the hot 
spot the U(1) symmetry is restored. Subsequently the heated bubble cools back 
below T, into the broken-symmetry state with a thermal relaxation time of order 
1 us. This process forms the necessary conditions for the KZ mechanism within 
the cooling bubble. But as in each real experiment there are several complications 
when compared to the assumptions made when the theory was derived. 

Most of these complications are related to the finite size of the fireball. The 
temperature distribution within the cooling bubble is non-uniform; the mean 
free path of quasiparticles is comparable to the characteristic size of the bubble; 
the phase of the order parameter is fixed outside the bubble; there is an external 
bias — the counterflow; etc. All this raises concerns whether the original KZ 
scenario is responsible for the vortex formation observed in neutron experiments 
(Leggett 2002). There are, however, some experimental observations which are 
in favor of the KZ mechanism. (i) As was found by Ruutu et al. (1996a) the 
statistics of the number of vortices created per event is in qualitative and even 
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in quantitative agreement with the KZ theory; (ii) further measurements by 
Eltsov et al. (2000) demonstrated that the spin—mass vortex (the combination 
of a conventional (mass) vortex and spin vortex, see Sec. 14.1.4) is also formed 
and is directly observed in the neutron irradiation experiment. This strengthens 
the importance of the KZ mechanism, which is applicable to the nucleation 
of different topological defects, and places further constraints on the interplay 
between it and other competing effects, which must be included as modifications 
of the original scenario. 


28.1.4 Baked Alaska vs KZ scenario 


Unfortunately, the complete theory of the vortex formation in *He-B after nuclear 
reaction, as well as the theory of the formation of 3He-B bubbles in supercooled 
3He-A by ionizing radiation, must include several very different energy scales, 
and thus it cannot be described in terms of the effective theory only. If the mean 
free path is long and increases with decreasing energy, a ‘Baked Alaska’ effect 
takes place, as has been described by Leggett (1992). A thin shell of the radiated 
high-energy particles expands with the Fermi velocity vp, leaving behind a region 
at reduced T. In this region, which is isolated from the outside world by a warmer 
shell, a new phase can be formed. This scenario provides a possible explanation 
of the formation of the B-phase in the supercooled A-phase. 

Such a Baked Alaska mechanism for generation of the bubble with the false 
vacuum has also been discussed in high-energy physics, where it describes the 
result of a hadron—hadron collision. In the relativistic case the thin shell of ener- 
getic particles expands with the speed of light. In the region separated from the 
exterior vacuum by the hot shell a false vacuum with a chiral condensate can be 
formed (Bjorken 1997; Amelino-Camelia et al. 1997). 

However, there can be other scenarios of the process of the formation of the 
B-phase in the supercooled A-phase. In particular, an extension of the KZ mech- 
anism to the formation of the domain walls — interfaces between A- and B-phases 
— has been suggested (Volovik 1996). It was numerically simulated by Bunkov 
and Timofeevskaya (1998). A- and B-phases represent local minima of almost 
equal depth, but are separated from each other by a large energy barrier. The 
interface between them can be considered in the same manner as a topologi- 
cal defect, and can be nucleated in thermal quench together with vortices. This 
also has an analogy in cosmology (see the book by Linde 1990). The unification 
symmetry group at high energy (SU(5), SO(10) or G(224)) can be broken in 
different ways: into the phase G(213) = SU(3) x SU(2) x U(1), which is our 
world, and into G(14) = SU(4) x U(1), which corresponds to a false vacuum 
with higher energy. In some models both phases represent local minima of al- 
most equal depth, but are separated from each other by a large energy barrier in 
the same manner as the A- and B-phases of ?He. The non-equilibrium (cosmo- 
logical) phase transition can create a network of AB interfaces (G(213)—G(14) 
interfaces) which evolves either to the true or false vacuum. 

In the case of the vortex formation the competing mechanism to the KZ 
scenario is the instability of the propagating front of the second-order phase 
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transition (Aranson et al. 1999, 2001, 2002), which is an analog of the surface 
instability discussed in Chapter 27. 

Due to all these complications, at the moment one can discuss only some 
fragments of the processes following the ‘Big Bang’ caused by neutron reaction. 
Here we shall concentrate on two such fragments: modification of the KZ sce- 
nario to the cases when (i) there is a temperature gradient; and (ii) in addition 
the counterflow is present. This can be considered using the effective theory — 
the time-dependent Ginzburg-Landau theory. Though the applicability of this 
theory to the real situation is under question, the results reveal some generic 
behavior, which will most probably survive beyond the effective theory. 


28.2 Vortex formation at normal—superfluid interface 
28.2.1 Propagating front of second-order transition 


In the presence of the temperature gradient the phase transition does not occur 
simultaneously in the whole space. Instead the transition propagates as a phase 
front between the normal and superfluid phases. For a rough understanding of 
the modification of the KZ scenario of vortex formation to this situation let us 
consider the time-dependent Ginzburg-Landau (TDGL) equation for the one- 
component order parameter Y = A/Aop: 


poe (1 _ ae 2) V- YY? + EV? . (28.6) 


Here, as before, To ~ h/Ao and £o are correspondingly the relaxation time of the 
order parameter and the coherence length far from Te. 

If the quench occurs homogeneously in the whole space r, the temperature 
depends only on one parameter, the quench time Ta: 


t 
T(t) x (1 — +) Tes (28.7) 
TQ 
In the presence of a temperature gradient, say along x, a new parameter appears: 
t— 
T(x — ut) © (1 = z) po (28.8) 
TQ 


Here u is the velocity of the temperature front which is related to the temperature 
gradient 
Te 


VT = ; (28.9) 
UTQ 


The limit case u = œ corresponds to the homogeneous phase transition, where 
the KZ scenario of vortex formation is applicable. 
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In the opposite limit case u — 0 at Tgu = constant, the order parameter is 
almost in equilibrium and follows the transition temperature front: 


|U(x, t)/? = (1 = ed pede: (28.10) 


In this case the phase coherence is preserved behind the transition front and thus 
no defect formation is possible. It is clear that there exists some characteristic 
critical velocity ue of the propagating temperature front, which separates two 
regimes: at u > uc the vortices are formed, while at u < ue the defect formation 
either is strongly suppressed (Kibble and Volovik 1997; Kopnin and Thuneberg 
1999) or completely stops (Dziarmaga et al. 1999). 


28.2.2 Instability region in rapidly moving interface 


Let us consider how vortices are formed in the limit of large velocity of the front. 
As was found by Kopnin and Thuneberg (1999), if u >> uc the phase transition 
front — the interface between the normal and superfluid liquids — — cannot follow 
the temperature front: it lags behind (see Fig. 28.4). In the space between these 
two boundaries the temperature is already below the phase transition temper- 
ature, T < Te, but the phase transition has not yet happened, and the order 
parameter is still not formed, Y = 0. 

Let us estimate the width of the region of the supercooled normal phase. In 
steady laminar motion the order parameter depends on x — ut. Introducing a 
dimensionless variable and a dimensionless parameter a, 


ey ee 
& = (x — ut)(uta€2) "3 , a= (=) (2) ; (28.11) 
Šo To 
one obtains the linearized TDGL equation in the following form: 
au dv 
—= — -í= 28.12 
Tz +a g Ž 0, (28.12) 
or P 3 
W(%) = constant - e~**/*y(z) , = — (: + £) x=0. (28.13) 
This means that W is an Airy function, y(% — o), centered at č = Zp = —a?/4 


and attenuated by the exponential factor e~¢*/?. 

At large velocity of the front a > 1, it follows from eqn (28.13) that U(z) 
quickly vanishes as % increases above —a?/4. Thus there is a supercooled region 
—a?/4 < & < 0, where T < Te, but the order parameter is not yet formed: 
the solution is essentially Y = 0. The lag between the order parameter and 
temperature fronts is čo = a?/4 or in conventional units 


us Gl wrote 
4 g 


xolu) (28.14) 
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Fic. 28.4. The superfluid order parameter in the rapidly moving temperature 
front of the second-order transition in the frame of the front according to 
Kopnin and Thuneberg (1999). The phase transition front lags behind the 
temperature front forming the metastable region where T < Te but the mean- 
field order parameter is not developed. This region represents the supercooled 
metastable normal *He. Fluctuations growing in this region produce vortices 
according to the KZ scenario. 


28.2.3 Vortex formation behind the propagating front 


The existence of the supercooled normal phase in a wide region in Fig. 28.4 
was obtained as the solution of the TDGL equation, which does not take into 
account thermal fluctuations of the order parameter. In reality such a supercooled 
region is unstable toward the formation of bubbles of the superfluid phase with 
W Æ 0, which, however, cannot occur if there are no seeds provided by external 
or thermal noise. If the region is big enough the growth occurs independently 
in different regions of the space, which is the source of the vortex formation 
according to the KZ mechanism. At a given point of space r the development of 
the instability from the seed can be found from the linearized TDGL equation, 
since during the initial growth of the order parameter Y = |Y |e? the cubic term 
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can be neglected: 

To= = —Y. (28.15) 
This gives an exponentially growing order parameter, which starts from some 
seed Wauc, caused by fluctuations: 


t2 


P(r, t) = Vauc(r) exp (28.16) 


2TQTO 


Because of the exponential growth, even if the seed is small, the modulus of the 
order parameter reaches its equilibrium value |Yeq| = y 1 — T/T. after the Zurek 
time tz: 


tz = /TQT0- (28.17) 


This occurs independently in different regions of space and thus the phases of 
the order parameter in each bubble are not correlated. The spatial correlation 
between the phases becomes important at distances é, where the gradient term 
in eqn (28.6) becomes comparable to the other terms at t = tz. Equating the 
gradient term ¿2V? Y ~ (E2 /E2)Y to, say, the term OV /ðtliz = \/T0/TQV, one 
obtains the characteristic Zurek length scale: 


by = fo (TQ/T0) "4 . (28.18) 


At this scale the bubbles with different phases ® of the order parameter touch 
each other forming vortices if the phases do not match properly. This determines 
the initial distance between the defects in homogeneous quench. 

We can estimate the lower limit of the characteristic value of the fluctuations 
Wauc = Aguc/Ao, which serve as a seed for the vortex formation. If there is no 
other source of fluctuations, caused, say, by external noise, the initial seed is 
provided by thermal fluctuations of the order parameter in the volume £3. The 
energy of such fluctuation is £2A?,,.Nr(0)/Er, where Ep is the Fermi energy 
and Np(0) the fermionic density of states in the normal Fermi liquid. Equating 
this energy to the temperature T ~ T, one obtains the magnitude of the thermal 
fluctuations of the order parameter 


Vauc) (P) Ze (28.19) 
[Y eql To) Erp l 


Since the fluctuations are initially rather small their growth time exceeds the 
Zurek time by the factor \/In |Weq|/|Waucl- 

Now we are able to estimate the threshold ue above which the vortex for- 
mation becomes possible. The defects are formed when the time of growth of 
fluctuations, ~ tz = \/TQ70, is shorter than the time tsw = Zo(u)/u required for 
the transition front to travel through the instability region in Fig. 28.4 whose 
size is zo(u) in eqn (28.14). Thus the equation tz = ro(uc)/Ue gives an estimate 
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for the critical value ue of the velocity of the temperature front, at which the 
laminar propagation becomes unstable: 


1/4 
PERES (2) . (28.20) 


To TQ 


This agrees with the estimate ue = & )/tz by Kibble and Volovik (1997). 

In the case of the fireball formed by a neutron the velocity of the temperature 
front is u ~ Rb/TQ, which makes u ~ 10 m s~!. The critical velocity uc we can 
estimate to possess the same order of magnitude value. This estimate suggests 
that the thermal gradient should be sufficiently steep in the neutron bubble such 
that defect formation can be expected. 

The further fate of the vortex tangle formed under the KZ mechanism is the 
phase ordering process: the intervortex distance continuously increases until it 
reaches the critical size Re ~ ko/2mvs in eqn (26.10), when the vortex loops are 
expanded by the counterflow and leave the bubble. The number of nucleated 
vortices per bubble is thus nı ~ (Rp/Re)’ ~ (vs/Uneutron)?, Where Uneutron ~ 
Kko/2r R, is the critical velocity for formation of vortices by neutron radiation, 
and we consider the limit of large velocities, vs >> Uneutron. Both the cubic law 


ni ~ ( k | Sil (28.21) 


Uneutron 


and the dependence of the critical velocity on the bubble size are in agreement 
with experiments by Ruutu et al. (1996a). 


28.2.4 Instability of normal-superfluid interface 


Due to external counterflow used in neutron experiments in rotating vessel, an- 
other source of the vortex nucleation becomes important — the surface instability 
of the propagating front (Aranson et al. 1999, 2001, 2002). This is a variant of 
KH instability discussed in Chapter 27. Now it is the interface between normal 
and superfluid liquids, which is destabilized by the shear flow. The correspond- 
ing shear flow is caused by the counterflow: the normal fluid is at rest with the 
rotating vessel due to its viscosity, while the superfluid is in the Landau vortex- 
free state and thus is moving in the rotating frame. Such a version of the KH 
instability has been calculated analytically using TDGL theory, while the vortex 
formation at the non-linear stage of the development of this instability has been 
simulated in 3D numerical calculations by Aranson et al. (1999, 2001, 2002). 
Let us consider a simple scenario of how such KH instability can occur under 
the conditions of the experiment, which is consistent with the numerical simula- 
tions made by Aranson et al. (1999, 2001, 2002). The process of development of 
this shear flow instability can be roughly split into two stages (see Fig. 28.5). At 
the first stage the heated region of the normal liquid surrounded by the super- 
flow undergoes a superfluid transition. The transition should occur in the state 
with the lowest energy, which corresponds to the superfluid at rest, i.e. with 
vs = 0. Thus the superfluid—superfluid interface appears, which separates the 
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Fic. 28.5. KH instability scenario of vortex formation in a ‘Big-Bang’ event. 
Left: The normal liquid formed in the hot spot is at rest with the vessel. 
Middle: It transforms to the superfluid state with vs = 0. Thus we have 
a superfluid region with vs = 0, which is separated from the moving bulk 
superfluid by the vortex sheet. Right: Due to the shear-flow instability the 
vortex sheet decays to vortex lines. 


state with superflow (outside) from the state without superflow (inside). Such 
a superfluid-superfluid interface with tangential discontinuity of the superfluid 
velocity represents a vortex sheet by definition. The vortex sheet in 3He-B is not 
supported by topology. It experiences the shear-flow instability and breaks up 
into a chain of vortex lines. The development of this instability represents the 
second stage of the process in Fig. 28.5. 


28.2.5 Interplay of KH and KZ mechanisms 


In numerical simulations made by Aranson et al. (1999, 2001, 2002), in addition 
to vortices formed by the shear-flow instability at the propagating front, the 
formation of vortices by the KZ mechanism discussed in Sec. 28.2.2 has also 
been observed. It occurs during shrinking of the interior region with normal 
fluid in Fig. 28.5 left. The interplay of the KZ mechanism and KH instability 
depends on the parameters of the system. In numerical simulations by Aranson 
et al. (1999, 2001, 2002) the chain of vortices formed in shear-flow instability 
screen the external superflow so tightly that the vortices formed in the interior 
region due to the KZ mechanism do not have a superflow bias and decay. 
What the interplay of the bulk and surface effects is in experiments can be 
deduced from the experiments. In the share-flow instability scenario the chain 
of vortices is formed at the interface. If the counterflow is large the number of 
quantized vortices in this chain is nı ~ k/ko, where «K = mvs is the circulation 
in the piece of the vortex sheet of length 7 Ry», and «o is the elementary circulation 
quantum of singular vortex in 3He-B. This gives the number of vortices nucleated 
in one event due to KH instability of the propagating front. The vortex formation 
starts at threshold velocity ve, at which 7u-R,/ko reaches unity. Thus the number 
of nucleated vortices can be extrapolated as nı % vs/ve—1, which is what is seen 
in numerical simulations. This linear law is, however, in disagreement with the 
experiments demonstrating a cubic law in eqn (28.21) which is the characteristic 
of the KZ mechanism occurring in the interior of the hot spot. This shows that 
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Fic. 28.6. Shear-flow instability scenario of vortex formation near a proturber- 
ance at the container wall. The normal liquid formed in the region where the 
Landau criterion is exceeded is at rest with respect to the vessel boundary, 
Vn = 0. The normal liquid is unstable and transforms to the superfluid state 
with vs = 0 separated from the moving bulk superfluid by a vortex layer. 
The latter is unstable toward formation of vortex lines. 


the bulk effects can be more important. 


28.2.6 KH instability as generic mechanism of vortex nucleation 


Each of these mechanisms of vortex formation, by KH shear-flow instability and 
due to the KZ fluctuation mechanism, can be either derived analytically for a 
simple geometry, or understood qualitatively with a simple physical picture in 
mind. They do not depend much on the geometry and parameters of the TDGL 
equation. Probably both mechanisms hold even if TDGL theory cannot be ap- 
plied. This suggests that both of them are generic and fundamental mechanisms 
of vortex formation in superfluids. 

One may guess that most (if not all) of the observed events of formation of 
singular vortices in superfluids are related to one of the two mechanisms, KH and 
KZ, or to their combination. For example, let us discuss the possible scenario of 
conventional vortex formation, i.e. without ionizing radiation (Fig. 28.6). When 
the superfluid velocity exceeds the Landau criterion or the critical velocity ve 
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of the instability of superflow, the state with the normal phase can be formed 
as an intermediate state. Then the discussed hydrodynamic instability of the 
normal/superfluid interface in the presence of the tangential flow will result in 
the creation of vortices. 

Finally let us mention that KZ mechanism is also applicable to non-equilibrium 
phase transitions occurring at T = 0, i.e. when the parameter other than tem- 
perature crosses the point of the quantum phase transition (Dziarmaga et al. 
2008 and references therein). In addition there are other interesting phenomena, 
which accompany these transitions. In particular, if in the process of transition 
the analog of speed of light changes in time, c(t), this process can be used to 
simulate the cosmological inflation (Volovik 1998c; Schiitzhold 2005) and study 
amplification of quantum fluctuations. 
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CASIMIR EFFECT AND VACUUM ENERGY 


29.1 Analog of standard Casimir effect in condensed matter 


There are several macroscopic phenomena which can be directly related to the 
properties of the physical quantum vacuum. The Casimir effect is probably the 
most accessible effect of the quantum vacuum. Casimir predicted in 1948 that 
there must be an attractive force between two parallel conducting plates placed 
in the vacuum, the force being induced by the vacuum fluctuations of the elec- 
tromagnetic field. The Casimir force modified by the imperfections of conducting 
plates has been measured in several experiments using different geometries, see 
the review paper by Lambrecht and Reynaud (2002). 

The calculation of the vacuum pressure is based on the regularization schemes, 
which allows the effect of the low-energy modes of the vacuum to be separated 
from the huge diverging contribution of the high-energy degrees of freedom. 
There are different regularization schemes: Riemann’s zeta-function regulariza- 
tion; introduction of the exponential cut-off; dimensional regularization, etc. Peo- 
ple are happy when different regularization schemes give the same results. But 
this is not always so (see e.g. Esposito et al. 1999, 2000; Ravndal 2000; Falomir 
et al. 2001), and in particular the divergences occurring for spherical geometry 
in odd spatial dimension are not cancelled (Milton 2001; Cognola et al. 2001). 
This raises some criticism about the regularization methods (Hagen 2000, 2001) 
or even some doubts concerning the existence and the magnitude of the Casimir 
effect. 

The same type of Casimir effect arises in condensed matter: for example, in 
quantum liquids. The advantage of the quantum liquid is that the structure of 
the quantum vacuum is known at least in principle. That is why one can calculate 
everything starting from the first principles of microscopic theory — the Theory 
of Everything in eqn (3.2). One can calculate the vacuum energy under different 
external conditions, without invoking any cut-off or regularization scheme. Then 
one can compare the results with what can be obtained within the effective 
theory which deals only with the low-energy phenomena. The latter requires 
the regularization scheme in order to cancel the ultraviolet divergency, and thus 
one can judge whether and which of the regularization schemes are physically 
relevant for a given physical situation. 

In the analog of the Casimir effect in condensed matter we can use the analo- 
gies discussed above. Let us summarize them. The ground state of the quantum 
liquid corresponds to the vacuum of RQFT. The low-energy bosonic and fermi- 
onic quasiparticles in the quantum liquid correspond to matter. The low-energy 
modes with linear spectrum E = cp can be described by the relativistic-type 
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effective theory. The speed c of sound or of other collective bosonic or fermi- 
onic modes (spin waves, gapless Bogoliubov fermions, etc.) plays the role of the 
speed of light. This ‘speed of light’ is the ‘fundamental constant’ for the effec- 
tive theory. It enters the corresponding effective theory as a phenomenological 
parameter, though in principle it can be calculated from the more fundamental 
microscopic physics playing the role of trans-Planckian physics. The effective 
theory is valid only at low energy which is much smaller than the Planck energy 
cut-off Epjanck. In quantum liquids the analog of Epjanck is determined either 
by the bare mass m of the atom of the liquid, Epianck ~ mc’, or by the Debye 
temperature, Epianck ~ fic/ao, where do is the interatomic distance which plays 
the role of the Planck length. In liquid *He the two Planck scales have the same 
order of magnitude reflecting the stability of the liquid in the absence of the 
environment. 

The typical massless modes in quantum Bose liquids are sound waves. The 
acoustic field is described by the effective theory corresponding to the massless 
scalar field. The walls of the container provide the boundary conditions for the 
sound wave modes; usually these are the Neumann boundary conditions: the 
mass current through the wall is zero, i.e. 8- V® = 0, where ŝ is the normal 
to the surface. Because of the quantum hydrodynamic fluctuations the Casimir 
force must occur between two parallel plates immersed in the quantum liquid. 
Within the effective theory the Casimir force is given by the same equation as 
the Casimir force acting between the conducting walls due to quantum electro- 
magnetic fluctuations. The only modifications are: (i) the speed of light must 
be substituted by the spin of sound; (ii) the factor 1/2 must be added, since we 
have the scalar field of the longitudinal sound wave instead of two polarizations 
of transverse electromagnetic waves. If a is the distance between the plates and 
A is their area, then the a-dependent contribution to the ground state energy of 
the quantum liquid at T = 0 which follows from the effective theory must be 
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Here v are the quantum numbers of phonon modes: v = (k,n) in the restricted 
vacuum, and v = k in the free vacuum; V = Aa is the volume of the space be- 
tween the plates. Equation (29.3) corresponds to the additional negative pressure 
in the quantum liquid at T = 0 in the region between the plates 
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This pressure is induced by the boundaries. 
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Such microscopic quantities of the quantum liquid as the mass of the atom 
m or the interatomic space ag = Lpianck do not explicitly enter eqns (29.3) and 
(29.4): the analog of the standard Casimir force is completely determined by 
the ‘fundamental’ parameter c of the effective scalar field theory and by the 
geometry of the system. Of course, as we already know, the total vacuum energy 
of the quantum liquid cannot be described in terms of the zero-point energy of 
the phonon field 


1 
Evac Æ Ezero point = 9 >, E, . (29.5) 


The value of the total vacuum energy, Eyac, as well as of the total pressure in the 
liquid, cannot be determined by the effective theory, and the microscopic ‘trans- 
Planckian’ physics must be evoked for that. The latter shows that even the sign 
of the vacuum energy can be different from that given by the zero-point energy 
of phonons (see Sec. 3.3.1). Nevertheless, it appears that the phonon modes are 
the relevant modes for the calculation of the small corrections to the vacuum 
energy and pressure. The huge ultraviolet divergence of each of the two terms 
in eqn (29.2) is simply canceled out by using the proper regularization scheme. 
The main contribution to the vacuum energy difference comes from the large 
wavelength of order a >> ao = LpPlanck, where the effective theory does work. As 
a result the vacuum energy difference can be expressed in terms of the zero-point 
energy of the phonon field in eqn (29.1). 

There are several contributions to the vacuum energy imposed by the re- 
stricted geometry. They comprise different fractions (LpPlanck/a)” of the main 
(bulk) energy of the non-perturbed vacuum, which is of order Eyac = €vacV ~ 
V Ebtanck/(h°c3). (i) The lowest-order correction, i.e. with n = 1, comes from 
the surface energy or surface tension of the liquid, and is of order Esurface ~ 
AE? anck/(A°@) ~ Evac(Lpianck/a). The effect of the surface tension will be 
discussed later in Sec. 29.4.3. (ii) If the boundary conditions for the order para- 
meter field gives rise to texture, the textural contribution to the vacuum energy 
is Etexture ~ Evac(Lpianck/a)*. Finally, (iii) the standard Casimir energy in eqn 
(29.4) is of order Eo ~ Evyac(Lpianck/a)*. Zero-, first- and second-order contri- 
butions substantially depend on the microscopic Planck-scale physics, while the 
Planck scale completely drops out from the standard Casimir effect. 

Since the surface energy does not depend on the distance a between the walls, 
it does not produce the force on the wall. Thus, in the absence of textures, only 
the standard Casimir pressure with n = 4 can be measured by an inner observer, 
who has no information on the trans-Planckian physics of the quantum vacuum. 
However, in Sec. 29.5 we shall discuss the possibility of the mesoscopic Casimir 
effect with n = 3. 

The Casimir type of forces in condensed matter comes from the change of the 
vacuum pressure provided by the boundary conditions imposed by the restricted 
geometry. The similar phenomenon occurs at non-zero temperature and even 
in classical systems: the boundary conditions modify the spectrum of thermal 
fluctuations (see the review paper by Kardar and Golestanian 1999). 
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Fic. 29.1. Interface between two vacua stabilized by the vacuum pressure in- 
duced by an external magnetic field. The interface is at z = zo, where 
H (zo) = Hap. It separates the true vacuum of ?He-A from the true vac- 
uum of °He-B. 


29.2 Interface between two different vacua 
29.2.1 Interface between vacua with different broken symmetry 


The interface between *He-A and *He-B, which we considered in Chapter 27 
and Sec. 17.3, appears to be useful for the consideration of the vacuum energy 
and Casimir effect in quantum liquids, Fig. 29.1. Such an interface is interesting 
because it separates not only the vacuum states with different broken symmetry, 
but also between vacua of different universality classes (Fig. 29.2). 

The vacua in ?He-A and 3He-B have different broken symmetries, neither of 
which is the subgroup of the other (Sec. 7.4). Thus the phase transition between 
the two superfluids is of first order. The interface between the two vacua is stable 
and is stationary if the two phases have the same vacuum energy € (or the same 
free energy if T # 0). At T = 0 the difference between the vacuum energies of 
3He-A and 3He-B is regulated by the magnetic field. In the presence of an external 
magnetic field H the vacuum energy becomes ca (H) = ca (H = 0) — (1/2)xaH? 
and ep(H) = eg(H = 0) — (1/2)xB H? for A- and B-phases respectively. Due 
to the different spin structure of Cooper pairs in 7He-A and ?He-B, the spin 
susceptibilities of the two liquids are different. For the proper orientation of the 
d-vector of the A-phase with respect to the direction of the magnetic field, one 
has ya > xp, and at some value Hyp of the magnetic field the energies of the 
two vacua become equal. This allows us to stabilize the interface between the 
two vacua in the applied gradient of magnetic field even at T = 0. The position 
of the interface is given by the equation H(r) = Hyp. 

If the liquids are isolated from the environment, the pressure in the true 
equilibrium vacuum state (at T = 0) must be zero and the chemical potential 
u must be constant throughout the system. Outside the interface, where the A 
and B vacua are well determined, one has 
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Fic. 29.2. Interface between two vacua of different universality classes. The in- 
terface between *He-A and ?He-B corresponds to the interface between the 
vacuum of the Standard Model with massless chiral fermions and the vacuum 
of Dirac fermions with Planck masses. Since the low-energy (quasi)particles 
cannot penetrate from the right vacuum into the left one, the interface rep- 
resents a perfect mirror. 


0 = P = ung—eg(H = 0)+ 5x H?(2) = una—ea(H = 0)+5xa H?) . (29.6) 
Equation (29.6) determines the position zo of the interface in Fig. 29.1 at T = 0 
and P = 0. By reducing the magnitude H of the magnetic field one shifts the 
interface upward. 

Note that the vacuum energy density € = —P is zero in both vacua outside the 
interface. The initial difference in the energies (and pressures) of the two liquids 
is compensated by the energy (and pressure) induced by the interaction with 
an external magnetic field. As a result the total vacuum energy of the system 
comes from the interface only. This is the surface energy — the surface tension 
of the interface multiplied by the area A of the interface. The surface energy of 
the interface does not contribute to the pressure if the interface is planar, i.e. if 
it is not curved. The same occurs for the topological domain wall separating two 
degenerate vacua. 
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29.2.2 Why the cosmological phase transition does not perturb the zero value 
of the cosmological constant 


Applying this consideration to the vacuum in RQFT one can suggest that the 
first-order phase transition between two vacuum states should not change the 
vacuum energy and thus the cosmological constant. The cosmological constant 
remains zero after the phase transition, when complete equilibrium is reached 
again. In the presence of the interface between the two vacua, the system acquires 
the vacuum energy, which is the energy of the interface. This implies that, while 
the homogeneous vacuum is weightless, the domain wall separating two vacua is 
gravitating, as well as other topological defects, strings and monopoles. 

We arrived at this conclusion by considering the first-order phase transition 
between the two vacua in quantum liquids. However, the same is valid for the 
second-order phase transition when symmetry breaking occurs; for example, the 
phase transition from the normal to the superfluid state of a quantum liquid. At 
first glance our conjecture, that such a phase transition does not change the zero 
value of the vacuum energy and of the cosmological constant, seems paradoxical. 
We know for sure that the broken-symmetry phase transition occurs when the 
symmetric vacuum becomes the saddle point of the energy functional. Thus it 
is energetically advantageous to develop the order parameter, and the energy of 
the vacuum must decrease. This is certainly true: the energy difference between 
the broken-symmetry superfluid state and the symmetric normal states in eqn 
(7.28) is negative, and this is the reason for the phase transition to the superfluid 
state to occur. 

There is, however, no paradox. The energy difference in eqn (7.28) is consid- 
ered at a fixed chemical potential in the normal state, y = normal. We know that 
the chemical potential of the system and the particle density n are adjusted to 
nullify the relevant vacuum energy: € = 0. This means that, after the phase tran- 
sition to the superfluid state occurs at T = 0 and P = 0, the chemical potential 
will change from [normal tO [super to satisfy the equilibrium condition in a new 
(superfluid) vacuum. Thus the second-order broken-symmetry phase transition 
also does not violate the zero condition for the vacuum energy in equilibrium. 
The wrong unstable vacuum and the true broken-symmetry vacuum at P = 0 
and T = 0 have different values of the chemical potential, Usuper # Hnormal- But 
both vacua have zero vacuum energy € = 0. Thermodynamics of the relativistic 
quantum vacuum is discussed in detail by Klinkhamer and Volovik (2008). 

In superfluid *He (and in superconductors) the difference between chemical 
potentials in superfluid (superconducting) and normal states has the following 
order of magnitude: |Hsuper — Hnormal| ~ Ag/urpr. This difference is important 
for the physics of Abrikosov vortices in superconductors: the core of a vortex 
acquires electric charge (Khomskii and Freimuth 1995; Blatter et al. 1996). The 
electric charge per unit length of a vortex with core size € can be on the order 
of e(dn/dp)£*|Usuper — Hnormai|, but actually it must be less due to the screening 
effects in superconductors. A discussion of both the theory of the vortex charge 
and experiments where the vortex charge has been measured using the NMR 
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technique can be found in the review paper by Matsuda and Kumagai (2002). 
Probably the same effect could lead to the non-zero electric or other fermionic 
charge accumulated by the cosmic string due to the asymmetry of the vacuum. 


29.2.3 Interface as perfectly reflecting mirror 


At T Æ 0 the equilibrium condition for the interface and its dynamics are in- 
fluenced by the fermionic quasiparticles (Bogoliubov excitations). In the ?He-A 
vacuum, fermionic quasiparticles are chiral and massless, while in the ?He-B vac- 
uum they are fully gapped. At temperatures T well below the temperature Te 
of the superfluid transition and thus much smaller than the gap Ao, the gapped 
3He-B fermions are frozen out, and the only thermal fermions are present on the 
3He-A side of the interface. 

Close to the gap nodes, the energy spectrum of the gapless *He-A fermions 
is relativistic. These low-energy massless fermions cannot propagate through the 
AB-interface to the *He-B side, where the minimum energy of fermions is on 
the order of Planck scale, see Fig. 29.2, and thus they completely scatter from 
the interface. Actually such scattering corresponds to Andreev (1964) reflection 
(see below in Sec. 29.3.1). However, from the point of view of the inner observer, 
the reflection is conventional, and for the ‘relativistic’ world of the ?He-A qua- 
siparticles the AB-interface represents a perfectly reflecting mirror. By moving 
the interface one can simulate the dynamic Casimir effects — the response of the 
quantum vacuum to the motion of the mirror (see e.g. Maia Neto and Reynaud 
1993; Law 1994; Kardar and Golestanian 1999). By moving the interface with 
‘superluminal’ velocity one can investigate the problems related to the quantum 
vacuum in the presence of the ergoregion and event horizon. 

On the other hand, the relativistic invariance emerging at low energy sim- 
plifies the calculation of forces acting on a moving interface in the limit of low 
T. This is instrumental, for example, for studying the peculiarities of Kelvin— 
Helmholtz instability in superfluids (Chapter 27). 


29.2.4 Interplay between vacuum pressure and pressure of matter 

Considering the interface at non-zero but low temperatures we can discuss the 
problem of vacuum energy in the presence of matter. At low T, the matter 
appears only on the A-phase side of the interface — the gas of relativistic qua- 
siparticles which form the normal component of the liquid. This relativistic gas 
adds positive pressure of the matter, eqn (10.22), to the pressure of the A- 
phase vacuum on the rhs of eqn (29.6). The total pressure must remain zero: 
Prac + Pmatter = 0. Thus the vacuum energy and the vacuum pressure of ?He-A 
become non-zero, while those of ?He-B are zero since there is no matter in ?He-B: 


z 1 Tr? N 
Evac A = — vac A = Patter A = 3€matter A = V ZgT* ; (29.7) 
Evac B= —Prac B= 0. (29.8) 


3 ~ 360 


In this arrangement one obtains the following relation between the vacuum en- 
ergy and the energy of matter on the A-phase side of the Universe: čvac A = 
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(1/3)ématter a. In this example, where the only source of perturbation of the 
vacuum state is the matter, the order of magnitude coincidence between the 
vacuum energy density (the cosmological constant) and the energy density of 
matter naturally arises and does not look puzzling. 

The interplay between the ‘vacuum’ pressure and the pressure of the ‘matter’ 
(quasiparticles) has been observed in experiments with slow (adiabatic) motion 
of the AB-interface at low T by Bartkowiak (et al. 1999) in a geometry similar 
to that in Fig. 29.1. In these experiments the relativistic character of the low- 
energy fermionic quasiparticles in *He-A has also been verified. In the adiabatic 
process the entropy is conserved. Since the entropy is mostly concentrated in the 
relativistic gas of 7He-A quasiparticles, the total number of thermal quasiparti- 
cles in 3He-A must be conserved under adiabatic motion of the interface. When 
one decreases the magnetic field H, the interface moves upward decreasing the 
volume of the ?He-A Universe. As a result the entropy density and the quasi- 
particle density increase, and, since both of them are proportional to T3, the 
temperature rises. The released thermal energy — the latent heat of the phase 
transition — has been measured and the T*-dependence of the thermal energy of 
the relativistic gas has been observed. 

In the reversed process, when the volume of the A-phase increases, the 
temperature drops. This can be used as a cooling process at low temperature 
T «Ao. 


29.2.5 Interface between vacua with different speeds of light 


Similar situations could occur if both vacua have massless excitations, but their 
‘speeds of light’ are different: for example, at the interface between Bose conden- 
sates with different density n and speed of sound c on the left and right sides of 
the interface. The simplest example is 


1 1 s f 7 
9p =- IR =- Igp. (29.9) 
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This effective spacetime is flat everywhere except for the interface itself where 


the curvature is non-zero: 


1 
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The difference in pressure of the matter on two sides of the interface (see eqn 
(5.31)) 
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will be compensated by the difference in the vacuum pressures Pyac L — Prac R = 
€vac R — ĉvac L. The situation similar to the AB-interface corresponds to the case 
when, say, cz >> cr, so that there are practically no quasiparticles on the Ihs of 
the interface, even if the temperature is finite. 
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29.3 Force on moving interface 
29.3.1 Andreev reflection at the interface 


Let us now consider the AB-interface moving with constant velocity vag. If 
VAB = Vn # Vs, the interface is stationary in the heat-bath frame and thus 
remains in equilibrium with the heat bath of quasiparticles. The dissipation 
and thus the friction force are absent. The counterflow w = va — vs modifies the 
pressure of the matter on the A-phase side. If the interface is moving with respect 
to the normal component, v4g Æ Vn, global equilibrium is violated leading to 
the friction force experienced by the mirror moving with respect to the heat 
bath. 

The motion of the AB-interface in the ballistic regime for quasiparticles has 
been considered by Yip and Leggett (1986), Kopnin (1987), Leggett and Yip 
(1990) and Palmeri (1990). In this regime the force on the interface comes from 
Andreev reflection at the interface of the ballistically moving, thermally distrib- 
uted fermionic quasiparticles. 

Let us recall the difference between the conventional and Andreev reflection 
in superfluid *He-A. For a low-energy quasiparticle its momentum is concen- 
trated in the vicinity of one of the two Fermi points, p“ = — apri, where 
Ca = +1 plays the role of chirality of a quasiparticle. In the conventional reflec- 
tion the quasiparticle momentum is reversed, which means that after reflection 
the quasiparticle acquires an opposite chirality Ca. The momentum transfer in 
this process is Ap = +2p pl, whose magnitude 2pp is well above the ‘Planck’ mo- 
mentum m*c,. The probability of such a process is exponentially small unless the 
scattering center has an atomic (Planck) size ao = Lplanck ~ ħ/pr. The thick- 
ness of the interface is on the order of the coherence length which is much larger 
than the wavelength of a quasiparticle: € = hupg/Ao = (cy/c1)h/pr ~ 10°h/pr. 
As a result the conventional scattering from the AB-interface is suppressed by 
the huge factor exp(—pr€/h) ~ exp(—cj/c.). This means that, though the non- 
conservation of chirality is possible due to the trans-Planckian physics, it is 
exponentially suppressed. In RQFT such non-conservation of chirality can occur 
in lattice models, where the distance in momentum space between Fermi points 
of opposite chiralities is also of order of the Planck momentum (Nielsen and 
Ninomiya 1981). 

In Andreev reflection, the momentum p of a quasiparticle remains in the 
vicinity of the same Fermi point, i.e. the chirality of a quasiparticle does not 
change. Instead, the deviation of the momentum from the Fermi point changes 
sign, p-p™ — ~(p—p™), and the velocity of the quasiparticle is reversed. For 
an external observer Andreev reflection corresponds to the transformation of a 
particle to a hole, while for an inner observer this is the conventional reflection. In 
this process the momentum change can be arbitrarily small, which is why there 
is no exponential suppression for Andreev reflection, and it is the dominating 
mechanism of scattering from the interface. 

Let us consider this scattering in the texture-comoving frame — the reference 
frame of the moving interface, where the order parameter (and thus the metric) 
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is time independent and the energy of quasiparticles is well-defined. We assume 
that in this frame the superfluid and normal velocities are both along the normal 
to the interface: vs; = zvs and vn = Zv,. Since Andreev reflection does not 
change the position p\ of the Fermi point, we can count the momentum from 
this position. In addition we can remove the anisotropy of the speed of light by 
rescaling, to obtain E(p) = cp. Due to the boundary condition for the L-vector 
at the interface, 1-2= 0, one has p\ - v, = 0. As a result the Doppler-shifted 
spectrum of quasiparticles becomes Ê = cp + p- Vs. 

In the ballistic regime, the force acting on the interface from the gas of these 
massless relativistic quasiparticles living in the half-space z > 0 is 


F, = X Ap.vezfr(p) . (29.12) 
P 


Here vg is the group velocity of incident particles: 
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Ap, is the momentum transfer after reflection 


cos 6 + us/c 


Ap: = 2p 1 — v2/e? 


(29.14) 
and @ is the angle between the momentum p of incident quasiparticles and the 
normal to the interface z. Far from the interface, at the distance of the order 
of the mean free path, quasiparticles are in a local thermal equilibrium with 
equilibrium distribution function fz(p) = 1/(1 + e#®)-P:w)/T), which does not 
depend on the reference frame since it is determined by the Galilean invariant 
counterflow velocity w = Vn — Vs (compare with eqn (25.9) for the case of the 
moving vortex). 


29.3.2 Force acting on moving mirror from thermal relativistic fermions 
It follows from eqns (29.12-29.14) that the force per unit area acting from the 
gas of relativistic fermions on the reflecting interface is 


F, (vs, w) Ta Tr? T4 


B= te ge) (29.15) 
_ 1 zá (u+ vs)? = (1— vs)? 
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Equation (29.16) is valid in the range —c < vs < c, where vs is the superfluid 
velocity with respect to the interface and c = 1. The force (29.15) disappears at 
Us — c, because the quasiparticles cannot reach the interface if it moves away 
from them with the ‘speed of light’. The force diverges at vs — —c, when all 
quasiparticles become trapped by the interface, so that the interface resembles 
the black-hole horizon. 
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If the normal component is at rest in the interface frame, i.e. at Un = VAB = 0, 
the system is in a global thermal equilibrium (see Sec. 5.4) with no dissipation. 
In this case eqn (29.15) gives a conventional pressure of ‘matter’ acting on the 
interface from the gas of (quasi)particles: 


ee 4 2 
L Us) aC) a = gui —9T . (29.17) 
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Here again Teg = T/.\/—g00 = T//1 — v2/c? is the temperature measured by 
an inner observer, see eqn (5.29), while the real thermodynamic temperature T 
measured by the external observer plays the role of the Tolman temperature in 
general relativity. 

Now let us consider a small deviation from equilibrium, i.e. Un Æ vag = 0 
but small. Then the friction force appears, which is proportional to the velocity 
of the interface with respect to the normal component VAB — Un: 


EO bau ana (29.18) 
A c 

Equation (29.18) can be extrapolated to the zero-temperature case, when the 
temperature T must be substituted by frequency hw of the motion of the wall. 
This leads to a friction force which is proportional to the fourth-order time deriv- 
ative of the wall velocity, Friction ~ (hA/c*)d*vap/dt*, in agreement with the 
result obtained by Davis and Fulling (1976) for a mirror moving in the vacuum. 
This is somewhat counterintuitive, since according to this equation the energy 
dissipation is proportional to E ~ vapFiriction ~ (hA/c*)(d2v4B /dt?)? and is ab- 
sent for the constant acceleration du,g /dt of the interface in the liquid. The rea- 
son is that we consider here the linear response. The non-linear friction can lead 
to the energy dissipation containing the acceleration: È ~ (hA/c®)(duap/dt)*. 
The motion with constant acceleration contains a lot of interesting physics which 
can be checked using the analogous effects in superfluids. In particular this is 
related to the Unruh (1976) effect: the motion of a body in the vacuum with con- 
stant acceleration du4g/dt leads to the thermal radiation of quasiparticles with 
the Unruh temperature Ty = h|dvap/dt|/27c, and thus to the energy dissipation 
È ~ (ATERPE) ~ (hA/c®)(duap/dt)*. 


29.3.3 Force acting on moving AB-interface 


Now let us apply the results obtained to the ?He-A, which has an anisotropic 
‘speed of light’ and also contains the vector potential A = prl. Typically Î is 
parallel to the AB-interface, which is dictated by boundary conditions. In such 
a geometry the effective gauge field is irrelevant: the constant vector potential 
A = prlo can be gauged away by shifting the momentum. The scalar potential 
Ao = A - vs, which is obtained from the Doppler shift, is zero since lL vs 
in the considered geometry. In the same way the effective chemical potential 
la = —Capr (l - w) is also zero in this geometry. Thus if p is counted from eA 
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the situation becomes the same as that discussed in theprevious section, and one 
can apply eqns (29.17) and (29.18) modified by the anisotropy of the ‘speed of 
light’ in 3He-A. In the limit of small relative velocity vag — Un eqns (29.17) and 
(29.18) give 


F, Tr? VAB — Un T 
Eee EETA Pen Wie ae Tor = ; 29.19 
A 180V 9°eft ( a CL Dae v —Joo ( ) 


The first term represents the pressure of the matter, where now y=g = 1/ cil, 
and goo = 1— (vs — vap)?/c? (see eqns (9.11-9.13)). 

The friction coefficient T ~ T*/c? cy obtained here is valid in the relativistic 
regime, i.e. below the first Planck scale T < m*cł = A?/uprppr. In the non- 
relativistic quasiclassical regime above the first Planck scale, in the region Ag > 
T > m*c? , the friction coefficient has been obtained by Kopnin (1987). For the 
same geometry of i parallel to the interface it is T ~ T?m* fev). These two 
results match each other at the temperature of order of the first Planck scale, 


Tom*č. 


29.4 Vacuum energy and cosmological constant 


Now, with all our experience with quantum liquids, where some kind of gravity 
arises in the low-energy corner, what can be said about the following issues? 


29.4.1 Why is the cosmological constant so small? 


For quantum liquids the vacuum energy was considered in Sec. 3.3.4 for Bose 
superfluid *He and in Sec. 7.3.4 for Fermi superfluid ĉHe-A. In both cases, if 
the liquid is freely suspended and the surface effects are neglected, its vacuum 
energy density is exactly zero: 


1 
PA Z= €= y (vaclHt = UN |vaC} equilibrium =0. (29.20) 


This result is universal, i.e. it does not depend on details of the interaction of 
atoms in the liquid and on their quantum statistics. This also means that it does 
not depend on the structure of the effective theory, which arises in the low-energy 
corner. 

On the contrary, an inner observer is familiar with the effective theory only 
and is not aware of a very simple thermodynamic identity, Gibbs-Duhem relation 
for quantum vacuum, which follows from the microscopic physics. He or she will 
find that the vacuum energy density is determined by the Planck energy scale, 
and its sign depends on the fermionic and bosonic content of the vacuum. 

In superfluid “He the effective theory contains phonons as elementary bosonic 
particles and no fermions. The vacuum energy computed by an inner observer is 
represented by the zero-point energy of phonons: 


1 1 
PAVI = 2V 5 cp ~ =a Debye =v—-g E$ianck : (29.21) 
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Here c is the speed of sound; the ‘Planck’ energy cut-off is determined by the De- 
bye temperature Eplanck = Epebye = hc/ao with ao being the interatomic space, 
which plays the role of the Planck length, ag = Lpjanck; g is the determinant of 
the acoustic metric: /—g = 1/c’®. 

The vacuum energy density of the 2He-A liquid estimated by an inner ob- 
server living there comes from the Dirac vacuum of quasiparticles: 


1 
PAV -g — -yV 5 V g* pip OST Nf De wel 2:* (29.22) 


quasiparticles 


Here \/—g = Lee}; and the second ‘Planck’ energy cut-off Epjanck 2 ~ fic. /ao. 

Equations (29.21) and (29.22) are particular cases of the estimate (2.9) of the 
vacuum energy within the effective RQFT. Both inner observers will be surprised 
to know that their computations are extremely far from reality, just as we are 
surprised that our estimates of the vacuum energy are in huge disagreement with 
cosmological experiments. 

Disadvantages of calculations of the vacuum energy within the effective field 
theory are: (i) the result depends on the cut-off procedure; (ii) the result depends 
on the choice of the zero from which the energy is counted: a shift of the zero 
level leads to a shift in the vacuum energy. These drawbacks disappear in exact 
microscopic theory, i.e. in the Theory of Everything in eqn (3.2): (i) eqn (29.20) 
does not depend on cut-off(s) of the effective theory(ies); (ii) the energy in eqn 
(29.20) does not depend on the choice of zero-energy level: the overall shift of 
the energy in H is exactly compensated by the shift of the chemical potential u; 
and finally the most important (iii) in both quantum liquids the vacuum energy 
density is exactly zero without any fine tuning. This fundamental result does not 
depend on microscopic details of quantum liquids, and thus we can hope that it 
is applicable also to the ‘cosmic fluid’ — the quantum vacuum. 

The exact theory demonstrates that not just the low-energy degrees of free- 
dom of the effective theory (phonons or Bogoliubov quasiparticles) must be taken 
into account, but all degrees of freedom of the quantum liquid, including ‘Planck- 
ian’ and ‘trans-Planckian’ domains. According to simple thermodynamic argu- 
ments, the latter completely compensate the contribution (29.21) or (29.22) from 
the low-energy domain. 

In exact theory, nullification of the vacuum energy occurs for the self-sustained 
systems only, which like liquids can exist as isolated systems. For the gas-like 
states the chemical potential is positive, u > 0, and thus these states cannot ex- 
ist without an external pressure. That is why, one may expect that the solution 
of the cosmological constant problem can be provided by the mere assumption 
that the vacuum of RQFT is the self-sustained rather than the gas-like state 
(Klinkhamer and Volovik 2008). 

As we have seen on the example of Fermi gas in Sec. 7.3.5, the gas-like state 
suggests its own solution of the cosmological constant problem. The gas-like 
state can exist only under external pressure, and thus its vacuum energy is non- 
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zero, but this non-zero energy is not gravitating if the vacuum is in equilibrium. 
However, the price for that is the bi-metric theory of gravity. 

Thus in both cases, it is the vacuum stability that guarantees the solution 
of the main cosmological constant problem. Being guided by these examples, 
in which the trans-Planckian physics is completely known, one may extend the 
general principle of the vacuum stability to the physical vacuum too. Then the 
problem of the cosmological constant disappears together with the cosmological 
constant in equilibrium. Note that this principle of the vacuum stability is ap- 
plicable even to such vacuum states which represent the locally unstable saddle 
point: what is needed is the stationarity of the vacuum energy with respect to 
small linear perturbations. 

As was mentioned by Bjorken (2001b) ‘The original (cosmological constant) 
problem does not go away, but is restated in terms of why the collective modes of 
such a quantum liquid (quantum vacuum) so faithfully respect gauge invariance 
and Lorentz covariance, as well as general covariance for the emergent gravitons’. 
The universal properties of the fermionic quantum liquids with Fermi points 
in momentum space probably show the route to the solution of the restated 
problem. 

Actually, what we need from condensed matter, where the trans-Planckian 
physics is known, is to extract some general principles which do not depend 
on details of the substance, but which cannot be obtained within the effective 
theory. Superfluid *He, with its highly distorted gravity and caricature quantum 
field theory, is still a confined and self-sustained vacuum; that is why one can 
hope that general conclusions based on its properties can be extended to a more 
complicated ‘many-body’ system such as the vacuum of RQFT. The principles 
of a non-gravitating perfect vacuum, and of zero energy of a perfect vacuum 
together with the Fermi point universality could be of this kind. 


29.4.2 Why is the cosmological constant of order of the present mass of the 
Universe? 


Another problem related to vacuum energy is the cosmic coincidence problem. 
According to the Einstein equations the cosmological constant pa (the vacuum 
energy density) must be constant in time, while the energy density pm of (dark) 
matter must decrease as the Universe expands. Why are these two quantities of 
the same order of magnitude just at the present time, as is indicated by recent 
astronomical observations (Perlmutter et al. 1999; Riess et al. 2000)? At the 
moment it is believed that pa ~ 2-3pm, where pm is mostly concentrated in 
the invisible dark matter, while the density of ordinary known matter, such as 
baryonic matter, is relatively small being actually within the noise. 

In a quantum liquid there is a natural mechanism for the complete cancel- 
lation of the vacuum energy. But such a cancellation works only under perfect 
conditions. If the quantum liquid is perturbed, the vacuum pressure and energy 
will respond and must be proportional to perturbations of the vacuum state. 
The perturbations, which disturb zero value of the vacuum pressure, can be: the 
non-zero energy density of the matter in the Universe; the non-zero temperature 
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of background radiation; space curvature; time dependence caused by expansion 
of the Universe; some long-wavelength fields — quintessence, etc., and their self- 
consistent combinations. This indicates that the cosmological constant is not a 
constant at all but is a dynamical quantity arising as a response to perturbations 
of the vacuum, see also recent papers by Klinkhamer and Volovik (2008). At the 
moment all the deviations from the perfect vacuum state are extremely small 
compared to the Planck energy scale. This is the reason why the cosmological 
constant must be extremely small. 

Thus from the condensed matter point of view it is natural that pa ~ pm. 
These two quantities must even be of the same order of magnitude if the pertur- 
bations of the vacuum caused by the matter are dominating. In Section 29.2.4 we 
considered how this happens if one completely ignores all other perturbations, 
including the gravitational field. In that example the quantum vacuum in ?He-A 
responds to the ‘matter’ formed by massless relativistic quasiparticles at T 4 0 
(see eqn (29.7)). The ultra-relativistic matter obeys the equation of state 


Pumu SEPM >= (29.23) 
For an isolated liquid the partial pressure of matter Pm must be compensated 
by the negative vacuum pressure Pa to support the zero value of the external 
pressure, 

Pota = Pa + Pu =0. (29.24) 


As a result one obtains the following relation between the energy densities of the 
vacuum and ultrarelativistic matter: 


PA = — Pa = Pum = 5PM . (29.25) 

The puzzle transforms to the technical problem of how to explain the observed 

relation pa ~ 2-3pm. Most probably this ratio depends on the details of the 

trans-Planckian physics: the Einstein equations must be modified to allow the 

cosmological constant to vary in time, and this is where the trans-Planckian 

physics may intervene, see recent papers by Klinkhamer and Volovik (2008) on 
dynamics of the cosmological ‘constant’. 


29.4.3 Vacuum energy from Casimir effect 


Another example of the induced non-zero vacuum energy density is provided by 
the boundaries of the system. Let us consider a finite droplet of liquid 3He or 
liquid *He with radius R. The stability of the droplet against decay into isolated 
3He or tHe atoms is provided by the negative values of the chemical potential: 
u3 < 0 and u4 < 0. If this droplet is freely suspended the surface tension leads 
to non-zero vacuum pressure P4, which at T = 0 must compensate the pressure 
caused by the surface tension due to the curvature of the surface. For a spherical 
droplet one has 
20 


Potra = Pa + Po =0, V-9Fo = -5 > (29.26) 
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where o is the surface tension. As a result one obtains the negative vacuum 
energy density: 


20 EŽebye n 
R PER 


he 
V 9 Pianck Fy (29.27) 


vV —=g9pa = —V—-9Pa = 


This is analogous to the Casimir effect, in which the boundaries of the system 
produce a non-zero vacuum pressure. The strong cubic dependence of the vacuum 
pressure on the ‘Planck’ energy Eplanck = EDebye reflects the trans-Planckian 
origin of the surface tension o ~ Epebye/ag: it is the energy (per unit area) 
related to the distortion of atoms in the surface layer of atomic size ag. The 
term of order Ežianck/R in the Casimir energy has been considered by Ravndal 
(2000). Such vacuum energy, with R being the size of the cosmological horizon, 
has been connected by Bjorken (2001a) to the energy of the Higgs condensate in 
the electroweak phase transition. 

The partial pressure P, induced by the surface tension can serve as an analog 
of the quintessence in cosmology (on quintessence see e.g. Caldwell et al. 1998). 
The equation of state for the surface tension is 


Po = —(2/3)po , (29.28) 


where \/—gpz is the surface energy 47 R?o divided by the volume of the droplet. 
In cosmology the quintessence with the same equation of state is represented by 
a wall wrapped around the Universe or by a tangled network of cosmic domain 
walls (Turner and White 1997). In our case the quintessence is also related to 
the wall — the boundary of the droplet. 


29.4.4 Vacuum energy induced by texture 


The non-zero vacuum energy density, with a weaker dependence on Epjanck, is 
induced by the inhomogeneity of the vacuum. Let us discuss how the vacuum 
energy density in an isolated quantum liquid responds to the texture. We choose 
the simplest example which can be discussed in terms of the interplay of partial 
pressures of the vacuum and texture. It is the soliton in 3He-A, which has the 
same topology as the soliton in Fig. 16.2, but with a non-zero twist of the Lfield: 
1-(V x 1) £0. As was shown in Sec. 10.5.3 such a texture carries the non-zero 
Riemann curvature in the effective gravity of 7He-A. This allows us to relate this 
to the problem of vacuum energy induced by curvature in general relativity. 

Within the twist soliton the field of the unit vector 1 is given by I(z) = 
&cos ¢(z) + ¥ sin 4(z), where ¢ is the angle between | and d which changes from 
¢(—oo) = 0 to d(+00) = r. The profile of ¢ is determined by the interplay of 
the spin-orbit energy (16.1) and the gradient energy of the field ¢ which can 
be found from eqn (10.9). Since the spin-orbital interaction is the part of the 
vacuum energy which depends on @ we shall write the energy densities in the 
following form: 


P= PA + Perad » (29.29) 
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V=GPeraa = Ki- (V x 1)? = Ki(0.0)" , (29.30) 
V—9pa = V—gpa(¢ = 0) + gp sin?” ¢ . (29.31) 


The solitonic solution of the sine-Gordon equation for ¢ is tan(¢/2) = e7/£2, 
where ¿p is the dipole length: €?, = K;/gp. From this solution it follows that 
the vacuum and gradient energy densities have the following profile: 


2, cosh?(z/Ep) ` 


Let us consider the 1D case, which allows us to use the space-dependent par- 
tial pressures. We have two subsystems: the vacuum with the equation of state 
Px = —pa, and the texture with the equation of state Perad = Peraa- In cosmology 
the latter equation of state describes the so-called stiff matter. In equilibrium, 
in the absence of the environment the total pressure is zero, and thus the posi- 
tive pressure of the texture (stiff matter) must be compensated by the negative 
pressure of the vacuum: 


V—9 (pa(z) m palo = 0)) = V—9Peraa(z) (29.32) 


Protal = Px(z) + Poraa (z) =0. (29.33) 


Using the equations of state one obtains another relation between the vacuum 
and the gradient energy densities: 


pa (z) = —Pa(z) = Peraa(2) = Perad(Z) : (29.34) 
Comparing this equation with eqn (29.32) one finds that 
pr(o=0) =0. (29.35) 


This means that even in the presence of a soliton the main vacuum energy density 
— the energy density of the bulk liquid far from the soliton — is exactly zero if 
the liquid is in equilibrium at T = 0. Within the soliton the vacuum is not 
homogeneous, and the vacuum energy density induced by such a perturbation of 
the vacuum equals the energy density of the perturbation: p,(z) = Pgraa(Z). 

The induced vacuum energy density in eqn (29.32) is inversely proportional 
to the square of the size of the region where the field is concentrated: 


2 
pal) ~ Ekana (2E) (29.36) 
Similar behavior for the vacuum energy density in the interior region of the 
Schwarzschild black hole, with R being the Schwarzschild radius, was discussed 
by Chapline et al. (2001,2002) and Mazur and Mottola (2001). In the case of the 
soliton the size of the perturbed region is R ~ €p. 

In cosmology, the vacuum energy density obeying eqn (29.36) with R pro- 
portional to the Robertson—Walker scale factor has been suggested by Chapline 
(1999), and with R proportional to the size of the cosmological horizon has been 
suggested by Bjorken (2001a). 
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29.4.5 Vacuum energy due to Riemann curvature and Einstein Universe 


In Sec. 10.5.3 we found an equivalence between the gradient energy of twisted 
texture in ?He-A and the Riemann curvature of effective space with the time 
independent metric 


aaa Pr /—gR = K, | ër: (V x Î)?. (29.37) 


Thus using the example considered in the above Sec. 29.4.4, one may guess that 
the space curvature perturbs the vacuum and induces the vacuum energy density 
Pa = -R Of course, this is true only as an order of magnitude estimate 
since we extended the (1+1)-dimensional consideration of the texture to the 3+1 
gravity. 

Let us consider an example from general relativity, where one can exactly 
find the response of the vacuum energy to the space curvature and to the energy 
density of matter. The necessary condition for the applicability of the above 
considerations to the vacuum in general relativity is the stationarity of the system 
(vacuum + matter). As in condensed matter systems, the stationary state does 
not necessarily mean the local minimum of some energy functional, but can 
be the locally unstable saddle point as well. This example is provided by the 
static closed Universe with positive curvature obtained by Einstein (1917) in 
his work where for the first time he introduced the cosmological term. The most 
important property of this solution is that the cosmological constant is not fixed 
but is self-consistently found from the Einstein equations. In other words, the 
vacuum energy density in the Einstein Universe is adjusted to the perturbations 
caused by matter and curvature, in the same manner as we observed in quantum 
liquids. 

Let us consider how this happens using only the equilibrium conditions. In 
the static Universe two equilibrium conditions must be fulfilled: 


Protal = Pm + Pa + Pr =0 , Ptota = pm +patpr=0. (29.38) 


Here pr is the energy density stored in the spatial curvature and Pr is the 
partial pressure of the spatial curvature: 


R 3k 1 
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Here R is the cosmic scale factor in the Friedmann—Robertson—Walker metric, 


PR = 


dr? 
1 — kr? 


ds* = —dt? + R? ( + 7r7d6? + r? sin? oad) (29.40) 
the parameter k = (—1,0,+1) for an open, flat or closed Universe respectively. 
The equation of state on the rhs of eqn (29.39) follows from the equation Pr = 
-dlor R?) /d(R?). 

The first equation in (29.38) is the requirement that for the ‘isolated’ Universe 
the external pressure must be zero. The second equation in (29.38) reflects the 
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gravitational equilibrium, which requires that the total mass density must be zero 
(actually the ‘gravineutrality’ corresponds to the combination of two equations in 
(29.38), Ptotait3Piotal = 0, since p+3P serves as a source of the gravitational field 
in the Newtonian limit). The gravineutrality is analogous to the electroneutrality 
condition in condensed matter. 

We must solve eqns (29.38) together with the equations of state P, = Wapa, 
where w = —1 for the vacuum, w = —1/3 for the space curvature, w = 0 for the 
cold matter and w = 1/3 for the radiation field. The simplest solution of these 
equations is the flat Universe without matter. The vacuum energy density in 
such a Universe is zero. 

The solution with matter depends on equation of state for matter. For the 
cold Universe with Py = 0, eqns (29.38) give the following value of the vacuum 
energy density: 

1 1 k 
PA = 3PM eae 
For the hot Universe with the equation of state for the radiation matter Pm = 
(1/3) pas, one obtains 


(29.41) 
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PA = PM > — 
Since the energy of matter is positive, the static Universe is possible only for 
positive curvature, k = +1, i.e. for the closed Universe. 

This is a unique example of the stationary state, in which the vacuum energy 
on the order of the energy of matter and curvature is obtained within the effective 
theory of general relativity. It is quite probable that the static states of the 
Universe are completely within the responsibility of the effective theory and are 
determined by eqns (29.38), which do not depend on the details of the trans- 
Planckian physics. 

Unfortunately (or maybe fortunately for us) the above static solution is un- 
stable, and our Universe is non-stationary. For the non-stationary case we cannot 
find the relation between the vacuum energy and the energies of other ingredi- 
ents being within the effective theory. The reason is that pa must be adjusted 
to perturbations and thus must change in time, which is forbidden within the 
Einstein equations due to Bianchi identities. That is why the effective theory 
must be modified to include the equation of motion for pa. Such a modification 
is not universal and depends on the details of the Planckian physics. Thus the 
only what we can say at the moment is that the cosmological constant tracks 
the development of the Universe. 


29.4.6 Why is the Universe flat? 


The connection to the Planckian physics can also give some hint on how to solve 
the flatness problem. At the present time the Universe is almost flat, which 
means that the energy density of the Universe is close to the critical density 
Pc. This implies that the early Universe was extremely flat: since (p — pe)/Pe = 
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3k/(8Gp-R?) x R, in the early Universe where R is small one has |p— pe|/pe < 
1. At t = 1 s after the Big Bang this was about 10716. 

What is the reason for such fine tuning? The answer can be provided by the 
inflationary scenario in which the curvature term is exponentially suppressed, 
since the exponential inflation of the Universe simply irons out curved space to 
make it extraordinarily flat. The analogy with quantum liquids suggests another 
solution of the flatness problem. 

According to the ‘cosmological principle’ the Universe must be homogeneous 
and isotropic. This is strongly confirmed by the observed isotropy of cosmic 
background radiation. Within general relativity the Robertson—Walker metric 
describes the spatially homogeneous and isotropic distribution of matter and 
thus satisfies the cosmological principle. The metric field is not homogeneous, 
but in general relativity the property of the homogeneity must be determined in 
a covariant way, i.e. it should not depend on coordinate transformation. In the 
Robertson—Walker Universe the covariant quantity — the curvature — is constant, 
and thus this Universe is homogeneous. 

However, if general relativity is an effective theory, the invariance under the 
coordinate transformations exists at low energy only. At higher energy, the con- 
travariant metric field g”” itself becomes the physical quantity: an external ob- 
server belonging to the trans-Planckian world can distinguish between different 
metrics even if they are equivalent for the inner low-energy observer. Accord- 
ing to eqn (29.40) the metric field is not homogeneous unless k = 0. If k 4 0 
the ‘Planck’ observer views the Robertson—Walker metric as space dependent. 
Moreover, the r?-dependence of the contravariant metric element g’” « 1 — kr? 
implies a huge deformation of the ‘Planck liquid’, which is strongly prohibited. 
That is why, according to the trans-Planckian physics, the Universe must be flat 
at all times, i.e. k = 0 and pa + pm = fc. This means that the cosmological 
principle of homogeneity of the Universe can well be an emergent phenomenon 
reflecting the Planckian physics. 


29.4.7 What is the energy of false vacuum? 


It is commonly believed that the vacuum of the Universe underwent one or several 
broken-symmetry phase transitions. Each of the transitions is accompanied by 
a substantial change in the vacuum energy. Moreover, there can be false vacua 
separated from the true vacuum by a large energy barrier. Why is the true 
vacuum so distinguished from the others that it has exactly zero energy, while the 
energies of all other false vacua are enormously large? Where does the principal 
difference between vacua come from? 

The quantum liquid answer to this question is paradoxical (see Sec. 29.2.2): 
in the absence of external forces all the vacua including the false ones have 
zero energy density and thus zero cosmological constant. There is no paradox, 
however, because the positive energy difference between the false and the true 
vacuum is obtained at fixed chemical potential u. Let us suppose that the liquid 
is in the false vacuum state. Then its vacuum energy density č = € — pn = 
J/—gpx = 0. After the transition from the false vacuum to the true one has 
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occurred there is an energy release. However, when the equilibrium state of the 
true vacuum is reached, the chemical potential u will be automatically adjusted 
to cancel the energy density of the new vacuum. Thus in an isolated system the 
vacuum energy density is zero both below and above the phase transition. 

This means that the energies of all condensates in RQFT (gluon and quark 
condensates in QCD, Higgs field in electroweak theory, etc.) do not violate the 
zero value of the cosmological constant in equilibrium. 


29.4.8 Discussion: why is vacuum not gravitating? 


We found that vacuum energy density is exactly zero, if the following conditions 
are fulfilled: there are (i) no external forces acting on the liquid; (ii) no quasi- 
particles (matter) in the liquid; (iii) no curvature and inhomogeneity; (iv) no 
boundaries which give rise to the Casimir effect; and (v) no time dependence 
and non-equilibrium processes. Each of these five factors perturbs the vacuum 
state and induces a non-zero value of the vacuum energy density of order of the 
energy density of the perturbation. Applying this to the vacuum in the Universe, 
one may expect that in each epoch the vacuum energy density is of order of the 
matter density of the Universe, and/or of its curvature, and/or of the energy 
density of the smooth component — the quintessence. At the present moment 
all the perturbations are extremely small compared to the Planck scales, which 
is why we have an extremely small cosmological constant. In other words, the 
cosmological constant is small because the Universe is old. Small perturbations, 
such as the expansion of the Universe and the energy density of matter, repre- 
sent small ripples on the surface of the great pacific ocean of the Dirac vacuum. 
They do not disturb the depth of the ocean which is extremely close to the com- 
plete quietness now. And actually it was quiet even during the violent processes 
in early Universe, whose energy scales were still much smaller than the Planck 
scale. 

However, the actual problem for cosmology is not why the vacuum energy 
is zero (or very small), but why the vacuum is not (or almost not) gravitating. 
These two problems are not necessarily related since in the effective theory the 
equivalence principle is not the fundamental physical law, and thus does not nec- 
essarily hold when applied to the vacuum energy. The condensed matter analogy 
gives us examples of how the effective gravity appears as an emergent phenom- 
enon in the low-energy corner. In these examples the gravity is not fundamental: 
it is one of the low-energy collective modes of the quantum vacuum. This dynam- 
ical mode provides the effective metric for the low-energy quasiparticles serving 
as an analog of matter. The gravity does not exist on the microscopic (trans- 
Planckian) level and emerges only in the low-energy limit simultaneously with 
the relativity, with relativistic matter and with the interaction between gravity 
and matter. 

The vacuum state of the quantum liquid is the outcome of the microscopic 
interactions of the underlying “He or *He atoms. These atoms, which live in 
the ‘trans-Planckian’ world and form the vacuum state there, do not experience 
the ‘gravitational’ attraction experienced by the low-energy quasiparticles, since 


390 CASIMIR EFFECT AND VACUUM ENERGY 


the effective gravity simply does not exist at the microscopic scale (of course, 
we ignore the real gravitational attraction of bare atoms, which is extremely 
small in quantum liquids). That is why the vacuum energy cannot interact with 
gravity, and cannot serve as a source of the effective gravity field: the vacuum is 
not gravitating. 

On the other hand, the long-wavelength perturbations of the vacuum are 
within the sphere of influence of the low-energy effective theory, and such per- 
turbations can be the source of the effective gravitational field. Deviations of 
the vacuum from its equilibrium state, described by the effective theory, are 
gravitating. 


29.5 Mesoscopic Casimir force 


In this section we introduce the type of the Casimir effect, whose source is missing 
in the effective theory. In quantum liquids it is related to the discrete quantity — 
the particle number N, i.e. the number of bare *He or He atoms of the liquid. 
The particle number is the quantity which is missing by an inner observer, but is 
instrumental for the Planckian physics. The bare atoms are responsible for the 
construction of the vacuum state. The conservation law for particle number leads 
to the relevant vacuum energy density č = e — un, which is invariant under the 
shift of the energy, and gives us the mechanism for cancellation of the vacuum 
energy density in equilibrium. 

Now we turn to the problem of whether the discreteness of N in the vacuum 
can be probed. For that we consider the type of the Casimir effect, which is 
determined not by the finite size of the system, but by the finite-N effect, which 
in condensed matter is referred to as the mesoscopic effect. If in the Casimir- 
type effects we naively replace the finite volume V = a? of the system by the 
finite N = nV ~ a?/ag, we obtain the following dependence on N of different 
contributions to the vacuum energy: 


Ebulk vacuum ~ EplanckN , (29.43) 
Esurface ~ EptanckN?/? , (29.44) 
Evexture ~ Eplan N” , (29.45) 

Emesoscopic ~ EPlanck N? , (29.46) 

Ecasimir ~ Eplana NT" (29.47) 


We assumed here that all three dimensions of the system are of the same order; 
Epianck = ñc/ao, where do is the interatomic space; and c is the analog of the 
speed of light. We also included the missing contribution from the mesoscopic 
effect, eqn (29.46), which the effective theory is not able to predict, since it is 
the property of the microscopic high-energy degrees of freedom. This mesoscopic 
effect cannot be described by the effective theory dealing with the continuous 
medium, even if the theory includes the real boundary conditions with the fre- 
quency dependence of dielectric permeability. 
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The mesoscopic effect has an oscillatory behavior which is characteristic of 
mesoscopic phenomena and under certain conditions it can be more pronounced 
than the standard Casimir effect. 


29.5.1 Vacuum energy from ‘Theory of Everything’ 


Let us consider this finite-N mesoscopic effect using the quantum ‘liquid’ where 
the microscopic Theory of Everything is extremely simple, and the mesoscopic 
Casimir forces can be calculated exactly without invoking any regularization 
procedure. This is the 1D gas of non-interacting fermions with a single spin 
component and with the spectrum E(p) = p?/2m. The 3+1 case of the ideal 
Fermi gas in slab geometry can be found in the paper by Bulgac and Magierski 
(2001) and in references therein. 

At T = 0 fermions occupy all the energy levels below the positive chemical 
potential p, i.e. with E(p) — u < 0, forming the zero-dimensional Fermi surfaces 
at pz = +pr (zeros of co-dimension de = 1 with topological charges Ny = +1). In 
the infinite system, the vacuum energy density expressed in terms of the particle 
density n = pr/th is 


PF d 2 2 3 272 
e(n) = f PeP L Pr LT e, (29.48) 


pÈ Qth2m  6xrhm 6m 


The equation of state comes from the thermodynamic identity relating the pres- 
sure P and the energy (see eqn (3.27)): 


P=-č=m-e=nč -e= (29.49) 
The speed of sound is c = pr/m, which coincides with the slope of the relativistic 
spectrum of quasiparticles in the vicinity of the Fermi surface: E(p) ~ +c(ptpr). 
The Planck energy scale, which marks the violation of ‘Lorentz invariance’, is 
played by EPlanck = Cpr. 
In a 1D cavity of size a, if particles cannot penetrate through the boundaries 
their energy spectrum becomes discrete: 


hen? 


2ma? 


Ey ke (29.50) 


where k is integer. The total energy of N fermions in the cavity is 


N 2 9 
5. hn 
k=1 


29.5.2 Leakage of vacuum through the wall 


In the traditional Casimir effect the quantum vacuum is the same on both sides of 
the conducting plate, otherwise the force on the palte comes from the bulk effect, 
i.e. from the infinite difference between the vacuum energy densities across the 
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F mesoscopic 


Fic. 29.3. Mesoscopic Casimir effect. Top: Two 1D slabs with Fermi gas sepa- 
rated by a penetrable membrane. Bottom: The force acting on the membrane 
as a function of its position. Jumps occur due to the discrete number of 
fermions in the slabs. 


plate. To simulate this situation we consider the force acting on the membrane 
between two slabs of sizes a and b with the same Fermi gas (Fig.29.3 top). We 
assume the same boundary conditions at all three walls, but we allow the particles 
to transfer through the membrane between the slabs to provide the same bulk 
pressure in the two slabs avoiding the bulk effect. The connection can be done 
due to, say, a very small holes (tunnel junctions) in the membrane. This does not 
violate the boundary conditions and does not disturb the particle energy levels, 
but still allows the particle exchange between the two vacua. 

In the traditional Casimir effect, the force between the conducting plates 
arises because the electromagnetic fluctuations of the vacuum in the slab are 
modified due to boundary conditions imposed on the electric and magnetic fields. 
In reality the reflection is not perfect, and these boundary conditions are ap- 
plicable only in the low-frequency limit. The plates are transparent for the high- 
frequency electromagnetic modes, as well as for the other degrees of freedom of 
real vacuum (fermionic and bosonic), that can easily penetrate through the con- 
ducting wall. That is why the high-frequency degrees of freedom, which produce 
the divergent terms in the vacuum energy, do not contribute to the force. Thus 
the imperfect reflection produces the natural regularization scheme. 

The dispersion of dielectric permeability weakens the real Casimir force. Only 
in the so-called retarded limit a >> c/wo, where wo is the characteristic frequency 
at which the dispersion becomes important, does the Casimir force acquire the 
universal behavior which depends only on geometry but does not depend on how 
easily the high-energy vacuum leaks through the conducting walls. (Let us recall 
that in both the retarded limit a >> c/wo and the unretarded limit a < c/wo, the 
Casimir force comes from the zero-point fluctuations. But in the retarded limit 
these are the zero-point fluctuations of the electromagnetic vacuum, which are 
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important, and they give rise to the Casimir force. In the unretarded limit the 
main contribution comes from the zero-point fluctuations of the dipole moments 
of atoms, and the Casimir force is transformed to the van der Waals force.) 

According to this consideration, our example in which fermions forming the 
quantum vacuum are almost totally reflected from the membrane and the pen- 
etration of the quantum vacuum through the membrane is suppressed, must 
be extremely favorable for the universal Casimir effect. Nevertheless, we shall 
show that even in this favorable case the mesoscopic finite-N effects deform the 
Casimir effect: the contribution of the diverging terms to the Casimir effect 
becomes dominating. They produce highly oscillating vacuum pressure in con- 
densed matter (Fig.29.3 bottom). The amplitude of the mesoscopic fluctuations 
of the vacuum pressure in this limit exceeds by a factor ppjancka/h the value of 
the standard Casimir pressure. 


29.5.3 Mesoscopic Casimir force in 1D Fermi gas 


The total vacuum energy of fermions in the two slabs in Fig.29.3 top is 


Ren? ( Na(Nat1)\(2Na +1) No(Npt+1)(2Neo +1) 
E(Na, No, a,b) ~ 19m powee + Digit, ) 
(29.52) 
where 
NatN=N. (29.53) 


Since particles can transfer between the slabs, the global vacuum state in this 
geometry is obtained by minimization over the discrete particle number Na at 
fixed total number N of particles in the vacuum. If the mesoscopic 1/Nq correc- 
tions are ignored, one obtains N,/a = N,/b = n, and the pressures acting on 
the wall from the two vacua compensate each other. 

However, Na and Ny» are integer valued, and this leads to mesoscopic fluc- 
tuations of the Casimir force. Within a certain range of parameter a there is a 
global minimum characterized by integers (Na, Nọ). In the neighboring intervals 
of parameters a, one has either (Na +1, Mẹ — 1) or (Na — 1, Ny +1). The force 
acting on the wall in the state (Na, Np) is obtained by variation of E( Na, No, a, b) 
over a at fixed Na and Np: 


dE(Ng,Ny,a,b) | dE(Ng, Np, a,b 
F(Na, No, a,b) = ae S Net) (29.54) 


When a increases then at some critical value of a, where E(Na, No, a,b) = E( Nat 
1, N, — 1, a,b), one particle must cross the wall from the right to the left. At this 
critical value the force acting on the wall changes abruptly (we do not discuss 
here the interesting physics arising just at the critical values of a, where the 
degeneracy occurs between the states (Na, No) and (Na + 1, Ne — 1); at these 
positions of the membrane the particle numbers Na and Nz are undetermined 
and are actually fractional due to the quantum tunneling between the slabs 
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(Andreev 1998)). Using the spectrum in eqn (29.52) one obtains for the jump of 
the Casimir force 

hn? 
F(Na +1, N #1) — F(Na, No) S + ( 


m 


a8 
(29.55) 
In the limit a < b the amplitude of the mesoscopic Casimir force and thus 
the difference in the vacuum pressure on two sides of the wall is 


~ E 


N2 m meee 1 


a? b3 m 


E anc. 
[AF =o , (29.56) 
a 


where Epjanck = cpr. It is a factor 1/Na smaller than the vacuum energy density 
in eqn (29.48). On the other hand it is a factor pra/h = ppiancka/h larger than 
the traditional Casimir pressure, which in the 1D case is Po ~ he/a?. 

The divergent term which linearly depends on the Planck energy cut-off 
Epianck as in eqn (29.56) has been revealed in many different calculations which 
used the effective theory (see e.g. Cognola et al. 2001), and attempts have been 
made to invent a regularization scheme which would cancel this divergent con- 
tribution. 


29.5.4 Mesoscopic Casimir forces in a general condensed matter system 


Equation (29.56) for the amplitude of the mesoscopic fluctuations of the vacuum 
pressure can be immediately generalized for 3D space. The mesoscopic random 
pressure comes from the discrete nature of the underlying quantum liquid, which 
represents the quantum vacuum. When the volume V of the vessel changes con- 
tinuously, the equilibrium number N of particles changes in a stepwise manner. 
This results in abrupt changes of pressure at some critical values of the volume: 


2 
dP Mec ape Planck 


daN V Vv." 


Preso ~ P(N £1) — P(N) = (29.57) 
where c is the speed of sound. Here the microscopic quantity — the mass m 
of the atom — explicitly enters, since the mesoscopic pressure is determined by 
microscopic trans-Planckian physics. 

For the pair-correlated systems, such as Fermi superfluids with a finite gap 
in the energy spectrum, the amplitude must be two times larger. This is because 
the jumps in pressure occur when two particles (the Cooper pair) tunnel through 
the junction, AN = +2. The transition with AN = +1 requires breaking the 
Cooper pair and costs energy equal to the gap. 


29.5.5 Discussion 


Equation (29.57) is applicable, for example, for a spherical shell of volume 
V = (4r/3)a immersed in the quantum liquid. Let us compare this finite-N 
mesoscopic effect with vacuum pressure in the traditional Casimir effect obtained 
within the effective theories for the same spherical shell geometry. In the case 
of the original Casimir effect the effective theory is quantum electrodynamics. 
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In superfluid *He this is the low-frequency quantum hydrodynamics, which is 
equivalent to the relativistic scalar field theory. In other superfluids, in addition 
to phonons other low-energy modes are possible, namely the massless fermions 
and the sound-like collective modes such as spin waves. The massless modes with 
linear (‘relativistic’) spectrum in quantum liquids play the role of the relativis- 
tic massless scalar fields and chiral fermions. The boundary conditions for the 
scalar fields are typically the Neumann boundary conditions, corresponding to 
the (almost) vanishing mass or spin current through the wall (let us recall that 
there must be some leakage through the shell to provide the equal bulk pressure 
on both sides of the shell). 

If we believe in the traditional regularization schemes which cancel out the 
ultraviolet divergence, then from the effective scalar field theory one must obtain 
the Casimir pressure Po = —dEc/dV = Khc/8ra*, where K = —0.4439 for the 
Neumann boundary conditions, and K = 0.005639 for the Dirichlet boundary 
conditions (Cognola et al. 2001). The traditional Casimir pressure is completely 
determined by the effective low-energy theory, and does not depend on the micro- 
scopic structure of the liquid: only the ‘speed of light’ c enters this force. The same 
mesoscopic pressure due to massless bosons is valid for the pair-correlated fermi- 
onic superfluids, if the fermionic quasiparticles are gapped and their contribution 
to the Casimir pressure is exponentially small compared to the contribution of 
the bosonic collective modes. 

However, at least in our case, the result obtained within the effective theory is 
not correct: the real Casimir pressure in eqn (29.57) is produced by the finite-N 
mesoscopic effect. It essentially depends on the Planck cut-off parameter, i.e. it 
cannot be determined by the effective theory, it is much bigger, by the factor 
Epjancka/fic, than the traditional Casimir pressure, and it is highly oscillating. 
The regularization of these oscillations by, say, averaging over many measure- 
ments, by noise, or due to quantum or thermal fluctuations of the shell, etc., 
depends on the concrete physical conditions of the experiment. 

This shows that in some cases the Casimir vacuum pressure is not within 
the responsibility of the effective theory, and the microscopic (trans-Planckian) 
physics must be evoked. If two systems have the same low-energy behavior and 
are described by the same effective theory, this does not mean that they neces- 
sarily experience the same Casimir effect. The result depends on many factors, 
such as the discrete nature of the quantum vacuum, the ability of the vacuum to 
penetrate through the boundaries, dispersion relation at high frequency, etc. It is 
not excluded that even the traditional Casimir effect which comes from the vac- 
uum fluctuations of the electromagnetic field is renormalized by the high-energy 
degrees of freedom 

Of course, the extreme limit of the almost impenetrable wall, which we con- 
sidered, is not applicable to the standard (electromagnetic) Casimir effect, where 
the overwhelming part of the fermionic and bosonic vacua easily penetrates the 
conducting walls, and where the mesoscopic fluctuations must be small. This 
difference is fundamental. In the Casimir effect measured in the physical vac- 
uum of our Universe, the boundaries or walls are made of the excitations of the 
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vacuum. On the contrary, in the Casimir effect discussed for the vacuum of the 
quantum liquid, the wall of the container is made of a substance which is foreign 
to (i.e. external to) the vacuum of the quantum liquid. That is why the particles 
of the vacuum cannot penetrate through the walls of the container. In our world, 
we cannot create such a hard wall using our low-energy quasiparticle material. 
That is why the vacuum easily penetrates through the wall, and the mesoscopic 
effect discussed above must be small. But is it negligibly small? In any case the 
condensed matter example demonstrates that the cut-off problem is not a math- 
ematical, but a physical one, and the physics dictates the proper regularization 
scheme or the proper choice of the cut-off parameters. 

Recently the mesoscopic Casimir effect has been discussed by Kolomeisky et 
al. (2008). 


30 


TOPOLOGICAL DEFECTS AS SOURCE OF NON-TRIVIAL 
METRIC 


Topological defects in 3He-A represent the topologically stable configurations of 
the order parameter. Since some components of the order parameter serve as 
the metric field of effective gravity, one can use the defects as the source of the 
non-trivial effective metric. In this chapter we consider two such defects in 7He- 
A, the domain wall and disclination line. In general relativity they correspond 
respectively to planar and linear singularities in the field of vierbein. In the 
domain wall (Sec. 30.1) one or several vectors of the dreibein change sign across 
the wall. At such a wall in 3D space (or at the 3D hypersurface in 3+1 space) the 
vierbein is degenerate, so that the determinant of the contravariant metric g”” 
becomes zero on the surface. In disclination, the vierbein field and the metric are 
degenerate on the line (the axis of a disclination), and the dreibein rotates by 27 
around this defect line. This metric has conical singularity (Sec. 30.2), which is 
similar to the gravitational field of the local cosmic string. The degenerate metric 
corresponding to the field of a spinning cosmic string, which is reproduced by 
the vortex line, will be considered in Chapter 31. In general relativity, there can 
be vierbein defects of even lower dimension: the point defects in 3+1 spacetime 
(Hanson and Regge 1978; d’Auria and Regge 1982). We do not discuss analogs 
of such instanton defects here. 


30.1 Surface of infinite red shift 
30.1.1 Walls with degenerate metric 


In general relativity, two types of walls with the degenerate metric were consid- 
ered: with degenerate contravariant metric g’” and with degenerate covariant 
metric guv. Both types of walls could be generic. The case of degenerate guy was 
discussed in details by Bengtsson (1991) and Bengtsson and Jacobson (1998). 
According to Horowitz (1991), for a dense set of coordinate transformations the 
generic situation is the 3D hypersurface where the covariant metric guy has rank 
3. 

The physical origin of walls with the degenerate contravariant metric g”” 
has been discussed by Starobinsky (1999). Such a wall can arise after inflation, 
if the field which produces inflation — the inflaton field — has a Zə degenerate 
vacuum. This is the domain wall separating domains with two different vacua of 
the inflaton field. The metric g”” can everywhere satisfy the Einstein equations 
in vacuum, but at the considered surfaces the metric g”” cannot be diagonalized 
to the Minkowski metric g“” = diag(—1, 1,1,1). Instead, on such a surface the 
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diagonal metric becomes degenerate, g“” = diag(—1,0,1,1). This metric cannot 
be inverted, and thus g,, has a singularity on the domain wall. In principle, the 
domains can have different spacetime topology, as was emphasized by Starobin- 
sky (1999). 

The degeneracy of the contravariant metric implies that the ‘speed of light’ 
propagating in some direction becomes zero. We consider here a condensed mat- 
ter example when this direction is normal to the wall, and thus the ‘relativistic’ 
quasiparticles cannot communicate across the wall. Let us recall that in the effec- 
tive gravity in liquid +He, the emergent physical gravitational fields arise as the 
contravariant metric g“”. In 3He-A, the emergent physical gravitational field is 
the field of the tetrads — the square root of the contravariant metric g’” — which 
appear in the propagator for fermions in the vicinity of a Fermi point in eqn 
(8.18). In both cases g”” is the property of the quasiparticle energy spectrum at 
low energy. That is why the fact that this matrix g”” cannot be inverted at the 
wall is not crucial for the quantum liquid. But it is crucial for an inner observer 
living in the low-energy relativistic world, since the surface of the degenerate 
metric (or the surface of the degenerate vierbein — the vierbein wall) drastically 
changes the geometry of the relativistic world, so that some parts of the physical 
space are not accessible for an inner observer. 

The vierbein wall can be simulated by domain walls in superfluids and su- 
perconductors, at which some of the three ‘speeds of light’ cross zero. Such walls 
can exist in ?He-B (Salomaa and Volovik 1988; Volovik 19906); in chiral p-wave 
superconductors (Matsumoto and Sigrist 1999; Sigrist and Agterberg 1999); in 
d-wave superconductors (Volovik 1997a); and in thin ?He-A films (Jacobson and 
Volovik 19986; Volovik 1999c; Jacobson and Koike 2002). We consider the lat- 
ter domain wall. The structure of the order parameter within this domain wall 
was considered in Sec. 22.1.2. When this vierbein wall moves, it splits into a 
black-hole/white-hole pair, which experiences the quantum friction force due to 
Hawking radiation discussed in Sec. 32.2.5 (Jacobson and Volovik 1998; Jacob- 
son and Koike 2002; Sec. 32.1.1). 


30.1.2 Vierbein wall in 3He-A film 


The vierbein wall we are interested in separates in superfluid 7He-A film domains 
with opposite orientations of the unit vector Î of the orbital momentum of Cooper 
pairs: 1 = +% (Sec. 22.1.2). Here Ê is along the normal to the film, and the 
coordinate x is across the domain wall, which is actually the domain line along 
the y axis. Let us start with the wall at rest with respect to both the heat bath 
and superfluid vacuum. Since the wall is topologically stable, stationary with 
respect to the heat bath, and static (i.e. there is no superflow across the wall), 
such a wall does not experience any dissipation. 

In the 2+1 spacetime of a thin film, the Bogoliubov-Nambu Hamiltonian for 
fermionic quasiparticles in the wall background is given by eqn (22.4): 


2 2 2 
2 + p? — 


2m* 
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When |p| — 0 this Hamiltonian describes the massive Dirac fermions in the field 
of the zweibein e; and e2. We assume the following order parameter texture (the 
field of zweibein) within the wall: 


ei(%) = Xc(xz) , e2 = cı . (30.2) 


Here the speed of ‘light’ propagating along the y axis is constant, while the speed 
of ‘light’ propagating along the x axis changes sign across the wall, for example, 
as in eqn (22.5): 

c(x) = c, tanh Z ; (30.3) 


The exact solution for the order parameter within the wall (Salomaa and Volovik 
1989) is slightly different from this ansatz, but this does not change the topology 
of the wall and therefore is not important for the discussed phenomena. At x = 0 
the dreibein is degenerate: the vector product e; x e2 = 0, and thus the unit 
vector Î = e] x e2/|e1 x e2| is not determined. 

Since the momentum projection p, is the conserved quantity, we come to a 
pure 1+1 problem. Now we shall manipulate p, and other parameters of the 
system in order to obtain the relativistic 1+1 physics in the low-energy limit, 
which we want to simulate. For that we assume that (i) pr < m*c1; (ii) py = 
+pr; and (iii) the thickness d of the domain wall is larger than the ‘Planck’ length 
scale: d >> h/m*c,. Then, rotating the Bogoliubov spin and ignoring the non- 
commutativity of the p? term and c(x), one obtains the following Hamiltonian 
for the 1+1 particle: 


1 
H = M(P,)t? + 3 (lz) Px + P,c(x))7 , (30.4) 
2 Pa 2,2 
M (Pz) _ Tn + CIPF ; (30.5) 
where, as before, the momentum operator Ps = —ihO,. If the non-linear term 


(P£ term in eqn (30.5)) is completely ignored, one obtains the 1+1 massive Dirac 
fermions 


H= MrP+ 5(o(2)Ps + Pre(z))F* , (30.6) 
M?’ = M?(P, =0) = Ê ph. (30.7) 
30.1.3 Surface of infinite red shift 
The classical energy spectrum of the low-energy quasiparticles obeying eqn (30.6) 
F? — e(z)? = M? , (30.8) 
gives rise to the effective contravariant metric 


glo =-1, g7 = e(z). (30.9) 
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The inverse (covariant) metric g,,, describes the effective spacetime in which the 
relativistic quasiparticles propagate. The corresponding line element is 


ds? = —dt? + dx? . (30.10) 


1 
(x) 


The ‘vierbein wall’ at x = 0, where the ‘speed of light’ becomes zero, repre- 
sents the surface of the infinite red shift for relativistic fermions. Let us consider 
a relativistic quasiparticle with the rest energy M moving from this surface to 
infinity. Since the metric is stationary the energy of a quasiparticle is conserved, 
E =constant, and its momentum is coordinate dependent: 


The wavelength of a quasiparticle is infinitely small at the surface x = 0, that 
is why the distant observer finds that quasiparticles emitted from the vicinity of 
this surface are highly red-shifted. 

Though the metric element gzz is infinite at x = 0, the Riemann curvature 
is everywhere zero. Thus eqn (30.10) represents a flat effective spacetime for any 
function c(z). In general relativity this means that the ‘coordinate singularity’ 
at x = 0, where grs = œ, can be removed by the coordinate transformation. 
Indeed, if the inner observer who lives in the x > 0 domain introduces a new 
coordinate € = f da/c(x), then the line element takes the standard flat form 


ds? = —di?+ dé? , -c<fE<o. (30.12) 


The same will be the result of the transformation made by the inner observer 
living within the left domain (x < 0). For each of the two inner observers their 
half-space is a complete space: they are not aware of existence of their partner 
in the neighboring sister Universe. 

However, real physical spacetime, as viewed by the Planck-scale external ob- 
server, contains both sister Universes. This is an example of the situation when 
the effective spacetime, which is complete from the point of view of the low- 
energy observer, appears to be only a part of the more fundamental underlying 
spacetime. For the external observer, there is no general covariance at the funda- 
mental level, and thus the general coordinate transformation is not the symmetry 
operation. Moreover, the coordinate transformation € = f dxz/c(x) is not physi- 
cal because it moves the wall to infinity and thus completely removes one of the 
two domains from physical space. This demonstrates that if general relativity is 
an effective theory, then not all coordinate transformations are innocent: some 
of them must be forbidden on physical grounds. But such grounds cannot be 
derived within the effective theory, and thus cannot be noticed by an inner ob- 
server, unless he (or she) is able to probe the small corrections to the relativistic 
physics coming from the Planckian scale. 

In our case it is the superluminal dispersion of the spectrum which restores the 
correct geometry of the system. Since the ‘speed of light’ c(a) becomes zero at the 
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wall, the two flat spacetimes are disconnected in the relativistic approximation. 
But this approximation breaks down near x = 0, where the momentum in eqn 
(30.11) becomes large and the non-linearity in the energy spectrum becomes 
important. The superluminal non-linearity allows the two inner observers to 
communicate across the surface of the infinite red shift. 

There are other examples of surfaces of the infinite red shift in condensed 
matter, at which the speed of ‘light’ for some collective modes becomes zero. 
These are the surface of the vanishing speed of sound discussed by Chapline 
et al. (2001, 2002), and of the vanishing speed of second sound in superfluids 
discussed by Mohazzab (2000). The practical realization of such a surface with an 
infinite red shift can be achieved at the second-order phase boundary between two 
superfluids, 3He-A and *He-A,, which can be stabilized by the applied gradient 
of magnetic field. At this phase boundary the speed of spin waves becomes zero. 
The advantage of this arrangement is that the interface can exist even at T = 0, 
which means that the quantum effects in the vacuum in the presence of such a 
surface can be simulated. In gravity, an example of the infinite-redshift surface 
is also provided by the extremal black hole, whose condensed matter analog will 
be discussed in Sec. 32.1.4 (Fig. 32.2). 


30.1.4 Fermions across static vierbein wall 


Considering the classical dynamics of the low-energy quasiparticles, we found 
that within the relativistic domain communication between the two sister Uni- 
verses is forbidden. Does this conclusion persist if quantum mechanics is applied? 
As we shall see in the example of the event horizon, quantum mechanics does 
change the physics of the black hole: the Hawking (1974) radiation from the black 
hole appears. Is the physics changing in our situation? The answer is ‘Yes’: quan- 
tum mechanics opens the route to communication across the wall. Of course, as 
in case of similar subtle problems, there is an uncertainty related to the analytic 
continuation of the quasiparticle wave function across the coordinate singularity. 

We shall see that in a given problem this uncertainty is resolved within the 
relativistic domain merely by the assumption that there is a superluminal com- 
munication at high energy, while the details of the non-linear dispersion are not 
important. This will be confirmed by direct consideration of the superluminal 
dispersion in Sec. 30.1.5. 

There are two ways to treat the problem in the relativistic theory. In one 
approach one makes first the coordinate transformation € = f dx/c(x) in one of 
the domains, say, at x > 0, where the line element becomes eqn (30.12). The 
standard solution for the wave function of the Dirac particle with the rest energy 
M propagating in the flat 1+1 spacetime of this domain is 


x(€) = Sem (i€e) es + ep (ike) eS ; 
eSPe O= ee (30.13) 


E-M 
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Here A and B are arbitrary constants. In this approach it makes no sense to 
discuss any connection to the other domain, which simply does not exist in this 
representation. 

In the second approach we do not make the coordinate transformation and 
work with both domains. The wave function for the Hamiltonian (30.6) at z > 0 
follows from the solution in eqn (30.13) after restoring the old coordinates: 


x(a > 0) = exp (iste) ( ga ) 


2c(x) 


B . Q i 7? dx 
——— exp (—7€ (ze z ETE _ 30.14 
Isowo (_ G4) osf y Gaoay 
A similar solution exists at x < 0. We can now connect the solutions for the right 
and left half-spaces using (i) the analytic continuation across the point x = 0; 
and (ii) the conservation of the quasiparticle current across the interface. The 
quasiparticle current, e.g. at x > 0, is 


j = c(a)xt rly = |A]? — |B} . (30.15) 


The analytic continuation depends on the choice of the contour around the 
point x = 0 in the complex x plane. If the point x = 0 is shifted to the lower 
part of the complex plane one obtains the following solution in the left domain: 


x(a <0) = = exp (3h) exp isto (oa) 
+ aor (==) exp (—i€(zx)€) ee , (30.16) 


where Ty is 
_ h de 
7 Qn da ssi l 
As we shall see later in eqn (32.9) the quantity Ty has the meaning of Hawk- 
ing temperature, though there is no radiation when the wall is at rest. The 
Hawking temperature marks the crossover from the classical to quantum regime. 
If the quasiparticle energy € > Ty, one has 0A/Ox = 4r?Ty/e < 1, where 
A = 2th/|px| = 2rħc/e is the de Broglie wavelength of the quasiparticle. In this 
energy range one can use the quasiclassical approximation for the wave function. 
The conservation of the quasiparticle current (30.15) across the point x = 0 
gives the connection between coefficients A and B: 


Ty 


(30.17) 


Al? — |B|? = |B|? exp ( — | —|APexp(——) . 30.18 
JAP = IBP = [BP exp (=) = 1A? exp (— 5 (30.18) 
If €e > Ty one has |A| = |B| exp (z) > |B|, and the wave function across the 
wall becomes 
(2 > 0) = = e (i)o (o ) (30.19) 
x = ——— exp (7€(r)e ae : 
i Delay) g: 
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—i ; Q 
z < 0) = —— exp (—i »o( a 30.20 
x(a < 0) Teta) (isle) | _ 9-1 (30.20) 
Though at the classical level the two sister Universes on both sides of the 
singularity are not connected, there is a quantum mechanical interaction be- 
tween them. The wave functions across the wall are connected by the relation 
x(-2) = 7x (a). 

30.1.5 Communication across the wall via non-linear superluminal dispersion 


In the above derivation we relied upon the analytic continuation and on the 
conservation of the quasiparticle current across the wall. Let us justify this using 
the non-linear correction in eqn (30.5), which was ignored before. We shall work 
in the quasiclassical regime, which holds if e > Ty. In a purely classical limit 
one has the following non-linear spectrum with superluminal dispersion at high 
energy: 
Bs 

A(m*)? À 


This spectrum determines two classical trajectories 


Palt) = £4/2m* ( e + (m*)?c4(x) — m*c?(c)) : (30.22) 


Both of them have no singularity at x = 0: the two trajectories continuously cross 
the domain wall in opposite directions, while the Bogoliubov spin continuously 
changes its direction to the opposite one. Far from the wall, the quasiclassical 
wave function corresponding to the trajectory of a quasiparticle propagating from 
the left to the right transforms to eqn (30.20) obtained within the relativistic 
domain. This wave function describes the propagation through the wall without 
reflection: in the quasiclassical limit the reflection is exponentially suppressed. 

The second trajectory, with minus sign in eqn (30.22), describing the propa- 
gation from the right to the left, gives rise to the quantum mechanical solution 
obtained by the analytic continuation when the point x = 0 is shifted to the 
upper part of the complex plane. 

This confirms that there is a quantum mechanical coherence between the 
two flat worlds, which do not interact classically across the vierbein wall. The 
coherence is established by non-linear correction of the spectrum: E?(p) = 
M? + c?p? + ypt. In our consideration the non-linear dispersion parameter y 
was chosen as positive, which allows superluminal propagation across the wall 
at high momenta p. The result, however, does not depend on the magnitude of 
y, i.e. the only relevant input of the ‘Planck’ physics is the mere possibility of 
superluminal communication between the worlds across the wall which justifies 
the analytic continuation. Thus quantum mechanics may contain more informa- 
tion on the sister Universe than classical physics. This is similar to the problem 
of the black-hole horizon. 

In principle, the two worlds across the vierbein wall can be smoothly con- 
nected by a path which does not cross the wall, say, in a Mobius strip geometry 


E? = M? + e (x)p? + (30.21) 
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(Silagadze 2001; Foot and Silagadze 2001). In *He-A film with Mobius geometry, 
the domains with opposite orientations of Î can be smoothly connected. 
Finally, let us consider the limit of the small rest energy, M — 0, when quasi- 
particles become chiral with the spin directed along or opposite to the momentum 
Px. The spin structure of the wave function in a semiclassical approximation is 
given by 
= 
2m*c(x)’ 
Since a changes by m across the wall, the spin of the chiral quasiparticle rotates by 
am. This means that the right-handed quasiparticle transforms to the left-handed 
one when it crosses the vierbein wall. 


x(x) = exp (i77a/2) x(+00) , tana = (30.23) 


30.2 Conical space and antigravitating string 

Now let us turn to linear defects in the vierbein field at which the metric is 
degenerate. The analog of such a vierbein line in *He-A is represented by the 
radial disclination in eqn (15.13) (Fig. 30.1). Around this defect, one of the 
vectors of the dreibein in eqn (7.16), say e2, remains constant, eg = c,%, while 
the other two are rotating by 27: 


I(r) =p,e.=cid. (30.24) 
The vector 1 is radial, whence the name radial disclination. The interval corre- 
sponding to the effective metric in eqn (7.18) outside the core of disclination 
is 


2 
ds? = —dt? + dP + 2 (v + T : (30.25) 
Ci ci ci 
Rescaling the radial and axial coordinates, p = c R and z = c1 Z, one obtains 
a 
ds? = —dt? + dZ? + dR? +a? R?d? , a? = > >1. (30.26) 
1 


In relativistic theories this is the conical metric. Such a metric, but with a < 1, 
arises outside the local cosmic strings with the singular energy density concen- 


trated in the string core 
1 


4 
where G is the gravitational constant. The space outside the string core is flat, 
but the proper length 27Ra of the circumference of radius R around the axis 
is smaller than 27r R, if a < 1. A similar angle deficit takes place in the conical 
geometry, hence the name. Though the space is effectively flat outside the defect, 
the conical singularity gives rise to the curvature concentrated on the disclination 
axis, at R = 0, see Sokolov and Starobinsky (1977) and Banados et al. (1992): 
a—1 


REO = 2n——62(R) , 62(R) = &(X)A(Y) . (30.28) 


V= 7 52(R) (30.27) 


Ro — 


This curvature and the mass density of the string in eqn (30.27) are coupled via 
the Einstein equations. 
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Disclination = eens cosmic string 
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«= 
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geodesic 
curve 


effective space 
where fermions live 
is conical: ds? = — dt? + dz? + dp? 4 a?p?do? 


length of circumference: L= 2nap 


In cosmic strings: angle deficit a< 1 
In disclination: angle excess a = ce >l 


Fic. 30.1. The radial disclination in 3He-A is equivalent to a cosmic string with 
an excess angle. Since all the geodesic curves are repelling from the string, 
the dysgyration serves as an example of the antigravitating string. 


For the radial disclination in 7He-A, one has a? > 1, i.e. there is an excess 
of the angle, or the ‘negative angle deficit’. Moreover, we have a = cy/c, > 1, 
which would correspond to a cosmic string with a large negative mass on the 
order of Planck scale, i.e. the string in ?He-A is antigravitating — the quasiparticle 
trajectories are repelled from the string (Fig. 30.1). 


31 


VACUUM UNDER ROTATION AND SPINNING STRINGS 


Here we discuss the properties of the quantum vacuum in superfluids in the pres- 
ence of the analog of a gravimagnetic field. Such an effective field arises either 
under rotation which is equivalent to the constant in the space gravimagnetic 
field, or in the presence of conventional U(1)-vortices, where the effective gravi- 
magnetic field is concentrated in the core of the vortex — the gravitational analog 
of the Aharonov-Bohm tube with magnetic flux. 


31.1 Sagnac effect using superfluids 

31.1.1 Sagnac effect 

Let us first consider the real (not effective) gravimagnetic field, which is equiv- 
alent to the metric in the rotating frame. As we know (see Sec. 20.1.1), the 


rotation with angular velocity Q is equivalent to the following constant gravi- 
magnetic field: 


Q 
C 


Here c is a real speed of light in the real vacuum, and go; are non-diagonal 
elements of the metric of the Minkowski spacetime in the rotating frame: 


Q2 2 Q 1 
ds? = — (1 - + ) dt? + 25° dédt +3 (dz* + dp? + p*dd”) 
1 
— dt? + -z (d2? + do? + p° (do + Qdt)*) . (31.2) 


The field B, is called gravimagnetic because it interacts with particles in a 
similar way as the conventional U(1) magnetic field; the role of the charge e of 
a particle is played by its energy E. It is illustrated by the Coriolis force acting 
on a particle in the rotating frame: 


E 
F Coriolis = EV x B; = 2-5V xO i (31.3) 
C 


where v is the velocity of the particle. The corresponding term in the action, 
which gives rise to the Coriolis force, can be written as E $ G-dr, which is equiva- 
lent to the action e $ A -dr for electrically charged particles in an electromagnetic 
field. 

The Sagnac (1914) effect is the appearance of the phase difference between 
the two beams of particles, counterclockwise (ccw) and clockwise (cw), as mea- 
sured by a rotating detector (see e.g. Ryder and Mashhoon 2001). Using the 
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Josephson 
junction 


Fic. 31.1. Schematic illustration of the Sagnac effect in superfluids. 


correspondence between the gravimagnetic and magnetic fields and eqn (31.1), 
one obtains a phase difference between the ccw and cw beams measured by a 
detector rotating along the path C = do: 


* — 07 = Adsagnac = 0 È Gedr=w | as-B, ==> f as-o. (31.4) 
C o o 


Here w = E/ħ is either the de Broglie frequency of matter waves or the frequency 
of photons. 


31.1.2 Superfluid gyroscope under rotation. Macroscopic coherent Sagnac 
effect 

One can use the important property of superfluids — the phase coherence — to 
amplify and observe the effect of rotation (Cerdonio and Vitale 1984, Varoquaux 
et al. 1992, Packard and Vitale 1992). In the phase coherent systems, equation 
(31.4) gives the shift of the macroscopic phase of the order parameter. This has 
been probed using the Josephson effect which allowed the rotation of the Earth to 
be measured by superfluid interferometry in superfluid *He and *He (Avenel and 
Varoquaux 1996; Schwab et al. 1997; Avenel et al. 1997; Packard 1998; Avenel et 
al. 1998; Mukharsky et al. 2000). Let us recall that in the Bose superfluid He, 
the coherent phase entering eqn (31.4) is just the phase of the order parameter, 
dcoh = ©. For the Fermi superfluids, where the Cooper pair consists of two 
atoms, it is one-half of the phase of the order parameter, dcon = ®/2. 

In the experiment, the superfluid is confined in the channel in the form of 
a closed loop C containing the weak link — the Josephson junction (Fig. 31.1). 
This channel is rotating with constant angular velocity; for example, it is ro- 
tating together with the Earth. In the rotating frame, channel walls and tex- 
tures are stationary; that is why it is easier to consider the effect in this frame. 
The superfluid velocity in the rotating frame is vs = (ñ/m)Vġcon — Q x r. If 
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one neglects the small current through the Josephson junction and if the chan- 
nel is thin enough, the superfluid velocity in the loop is almost zero in the 
rotating frame, vs = (h/m)Védcon — Q x r ~ 0, while in the inertial frame 

= (h/m)Vocon ~ Q x r, i.e. the motion of the superfluid in the channel 
mimics the rotational motion to a good precision. Of course, due to the curl-free 
condition for vs in the inertial frame, this is not an exact equation, but in a 
given almost 1D geometry of thin channel the rotational motion is almost indis- 
tinguishable from the translational one. As a result, the phase shift around the 
loop is 


2w e2 
Adon = È Vocon dr = f (Qx) = = fasg, w= (31.5) 
Cc h Jo Ce a h 


This coincides with eqn (31.4) for the Sagnac effect with one important improve- 
ment: the phase is now coherent and thus the phase difference can be easily 
measured using the Josephson effect. A few comments must be made: (i) c here 
is a real speed of light (not effective), and thus it is the real Sagnac effect, while 
the superfluid serves as a tool for the measurements; (ii) if all relativistic effects 
are taken into account, the rest energy mc? of the atom must be substituted by 
the relativistic chemical potential u, which takes into account the energy of the 
interaction of the atom with the other atoms of the liquid, i.e. w = u/ħ; (iii) 
the same equation (31.5) is applicable to the phase difference around any closed 
loop in superfluids which does not contain vortices. 

The phase difference across the Josephson junction, given by the Sagnac 
equation (31.5), has been measured in superfluids. Observation of the Sagnac 
effect in superfluids is an example of the phenomenon of amplification caused by 
the macroscopic superfluid coherence discussed by Leggett (1977, 1998). 


31.2 Vortex, spinning string and Lense—Thirring effect 
31.2.1 Vortex as vierbein defect 


Now let us turn to the effective gravimagnetic field emerging in superfluids. 
The gravitational analog of the gravimagnetic tube is represented by quantized 
vortices. A quantized vortex in 7He-A (Fig. 31.2 top) is another example of linear 
topological defects in the vierbein field at which the metric is degenerate. We 
shall use the simplest ansatz for the structure of a singular vortex with winding 
number nı given by eqn (23.3), which can be written in terms of the zweibein 
vectors e; and e2 in eqn (7.16). In the case of a vortex with winding number 
nı = 1, these vectors are rotating by 27 around the vortex axis and are zero on 
the vortex axis: 


1=%, e,=c(p)p, ea =c(p)d, cC(0)=0, (wo) =e, . (31.6) 


The superfluid velocity circulating around the axis is, according to eqn (9.16), 


Vs sag fix. Vs =K=N1Ko , (31.7) 
-= 
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vortex 


vp) = om superfluid velocity 


c(p) c(p = 00)=c, 


> P 
Seore 
c < Vg (ergoregion, goo > 0) 


ds? =- dt? (1-v.2/c2) — 2 Vee dr dt + Gdz2 + cdp? + p2do) 
s s Il PAP 


= vg? / 2 - gravitational potential 
Bo = curl v, - gravimagnetic field 


Bo =k 5,(r) - gravimagnetic solenoid 


far from the core: 
-1 z 
ds? = — (dt + pdb)? + cj adz? +c? (dp? + pdo?) 
= 2 
Vg jects, Wp=2T1c 7 Ac 
i -v F 3 
time difference 
for circling around a string 
Ty in two directions 


AT =T-T, =41/Op 


Fic. 31.2. Quantized vortex as spinning string — the cosmic string with the 
angular momentum consentrated in the core. Top: The effective metric pro- 
duced by superflow circulating around a vortex is similar to the metric pro- 
duced by a spinning string. Bottom: As in the case of a spinning string, 
there is a constant time difference for a quasiparticle circling with the ‘speed 
of light’ around a vortex in clockwise and counterclockwise directions. The 
string serves as a gravimagnetic solenoid. Quasiparticles experience the grav- 
itational Aharonov-Bohm effect leading to an extra force acting on a vortex 
from the system of quasiparticles — the so-called Iordanskii force. 


where the circulation quantum is Ko = th/m in superfluid 3He and Ko = 27h/m 
in superfluid He. Let us recall that in ?He-A, nı can be half-integer: nı = 1/2 
for the halfquantum vortex — the Alice string — in Sec. 15.3.1. 


31.2.2 Lense-Thirring effect 


The circulating motion of the superfluid vacuum around a vortex leads to the 
local Doppler shift of the quasiparticle energy which in the low-energy limit mod- 
ifies the contravariant effective metric according to eqn (9.11). The corresponding 
covariant metric gav in eqn (9.13) describing the effective spacetime viewed by 
quasiparticles leads to the following interval in the frame where the vortex is at 
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rest (the texture-comoving frame): 


ds? = -d + L | dọ - —* at a TAE A (31.8) 
s = — —- — s+. : 
c?(p) 27 p? el) c 


Far from the core, where c(p) = c1, the same metric is applicable to phonons 
propagating around the vortex in superfluid “He after the isotropic ‘speed of 
light’ is introduced, c} = c} = c. The vierbein in eqn (31.6) and thus the metric 
in eqn (31.8) have singularities at p = 0, where the vierbein is degenerate and 
the effective speed of light in the direction transverse to the vortex axis vanishes, 
c(p > 0) > 0. The vortex axis is thus the line of the infinite red shift. 

The second term in the metric (31.8) indicates that the local superfluid- 
comoving frame is moving with time. In general relativity the term proportional 
to (dé — wyr(p)dt)? also describes frame dragging, which occurs around a grav- 
itating object rotating about its axis, such as a rotating planet, a star or a 
black hole. The phenomenon of frame dragging by a rotating body is known as 
the Lense—Thirring (1918) effect, and the function wyr(p) is called the Lense- 
Thirring angular velocity. It is the velocity with which the observer, who has 
zero angular momentum, orbits around a rotating body. In our case of a vortex, 
from eqn (31.8) it follows that the Lense-Thirring angular velocity is 


wyr(p) = (31.9) 


27 p 
31.2.3 Spinning string 


Far from the vortex the quadratic terms v? /c? can be neglected, and one obtains 
the following asymptotic interval: 


2 
- 2rci 


2 
1 1 
ds? = — (a ae 2) + z’ + dp’) + dz? , wp (31.10) 
y. 


WF Gij K 

The connection between the time and the azimuthal angle ¢ in the interval sug- 
gests that there is another characteristic angular velocity wr, which is constant 
for the effective metric produced by a vortex. On the quantum level, this connec- 
tion between the time and the angle implies that the physical quantities which 
depend on the quasiparticle energy should be periodic functions of the energy 
with the period equal to hwp. Thus if the interval (31.10) is valid everywhere 
one has a fundamental frequency wr. 

For phonons around the vortex in superfluid *He this fundamental frequency 
is wp = mc*/nih, while for the *He-A fermions wp = 2mc? /nih. Note that 
in both cases such a microscopic quantity as the bare mass of ?He and 4He 
atoms explicitly enters the effective metric. Let us recall that the quantization 
of circulation of superfluid velocity around the vortex, as well as the topological 
stability of the vortex, are the properties of the ‘trans-Planckian’ physics. They 
do not follow from the effective RQFT arising in 3He-A. The inner observer 
living in the relativistic ‘sub-Planckian’ world, if he (or she) finds the vortex loop 
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somewhere, can extract the information on the mass of the atoms comprising the 
quantum vacuum. 

In relativistic theories the metric with rotation similar to that in eqn (31.10) 
was obtained for the so-called spinning cosmic string in 3+1 spacetime, and also 
for the spinning particle in 2+1 gravity (see Mazur 1986, 1996; Staruszkievicz 
1963; Deseret al. 1984). The spinning cosmic string is the string which has its 
rotational angular momentum concentrated in the string core. The metric outside 
such a string is 


(31.11) 


where G is the gravitational constant, and J is the angular momentum per unit 
length of the string. Thus vortices in superfluids simulate the spinning cosmic 
strings (Davis and Shellard 1989) with the following correspondence between the 
circulation «x around a vortex and the angular momentum density J of a cosmic 
string: Š 
= JG. 1.12 
K Ta” G (31.12) 


31.2.4 Asymmetry in propagation of light 

The effect peculiar to the spinning string, which was modeled in condensed mat- 
ter, is the gravitational Aharonov-Bohm effect (Mazur 1986). Outside the string 
the metric, which enters the interval ds, is locally flat. But there is a time differ- 
ence for particles propagating around the spinning string in opposite directions 
(Fig. 31.2 bottom). Let us consider the classical propagation of light along the 
circumference of radius R assuming that there is a confinement potential — a 
mirror — which keeps the light within the circumference. Then the trajectories 
of phonons (null geodesics) at pọ = R and z = 0 are described by the equa- 
tion ds? = 0. At large distances from the core, R >> c/wp, these trajectories 
correspond to the cw and cew rotations with angular velocities 


c WF 


The difference in the periods T4 = 27/ b+ for cw and ccw motion of the pho- 
ton (as well as the phonon or Bogoliubov quasiparticle) is thus related to the 
fundamental frequency (Harari and Polychronakos 1988): 


_ An 


2r = (31.14) 


WF 
The apparent ‘speed of light’ measured by an inner observer is also different for 
‘light’ propagating in opposite directions: c+ ~ c(1 + c/wp R). 
This asymmetry between quasiparticles moving on different sides of a vortex 
is the origin of the Iordanskii force acting on a vortex from the heat bath of 
quasiparticles (‘matter’), which we discuss in Section 31.3. 
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31.2.5 Vortex as gravimagnetic flux tube 


Using the definition of the gravimagnetic field in eqn (31.1) and expressing it 
through the effective metric in superfluid ?He-A one obtains 


B,=Vx G=-—V x v, = -2 ô (p) = —2—Sa(p) . (31.15) 


The gravimagnetic field is concentrated in the core of a vortex or a spinning 
string, which plays the role of a gravimagnetic flux tube. 

It is also instructive to derive the correspondence between the magnetic flux 
tube and the gravimagnetic flux tube, since it allows us to consider the analog 
of the Aharonov-Bohm effect and finally to find the Iordanskii force acting on 
the vortex. Let us consider the simplest case of isotropic superfluid He, where 
quasiparticles are phonons with energy E=cp+p -v,(r) in the texture-comoving 
frame, or (E — p- v,(r))? = c?p?. Taking into account that for the stationary 
metric of the texture-comoving frame the energy E is a conserved quantum 
number and substituting p = —ihV, one obtains the wave equation for the 
sound waves propagating outside the vortex core 


{7s 2 
= (E+ iivs- v) at+hV2a=0. (31.16) 


In the asymptotic region far from the vortex core, the quadratic terms v2/c? can 
be neglected and this equation can be rewritten as (Sonin 1997) 


J 2 
Z i E 
Pa- e? (-av + Ee) a=0. (31.17) 


This equation maps the problem under discussion to the Aharonov-Bohm 1109) 
problem for the magnetic flux tube with the vector potential A = —v;/c? and 
the energy E playing the part of the electric charge of the particle, e = E 
(Mazur 1987; Jensen and Kuéera 1993; Gal’tsov and Letelier 1993). The effective 
magnetic field B = V x A = —2(k/c?)d2(p) = —2(27/wr)d2(p) concentrated in 
the vortex core reproduces eqn (31.15) for the gravimagnetic field. 


31.3 Gravitational Aharonov-Bohm effect and Iordanskii force on a 
vortex 


As we discussed in Secs 18.3 and 18.4, in superfluids, with their two-fluid hydro- 
dynamics for the superfluid vacuum and quasiparticles forming ‘matter’, there 
are three different topological contributions to the force acting on a quantized 
vortex in Fig. 18.3. The more familiar Magnus force arises when the vortex moves 
with respect to the superfluid vacuum. For the relativistic cosmic string this force 
is absent since the corresponding superfluid density of the quantum physical vac- 
uum is zero. However, the analog of this force appears if the cosmic string moves 
in the uniform background charge density (Davis and Shellard 1989; Lee 1994). 
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The other two forces of topological origin also have analogs for the cosmic strings: 
one of them comes from the analog of the axial anomaly discussed in Sec 18.3 and 
Chapter 25; and another one — the Iordanskii (1964, 1966) force — comes from the 
analog of the gravitational Aharonov-Bohm effect experienced by the spinning 
cosmic string discussed by Mazur (1986, 1987, 1996). The connection between 
the Iordanskii force and the conventional Aharonov-Bohm effect was developed 
by Sonin (1975, 1997) and Shelankov (1998, 2002), while the connection with the 
gravitational AB effect on a spinning string was discussed by Volovik (1998a) 
and Stone (2000a). A peculiar spacetime metric around the spinning string leads 
to the asymmetry in the scattering of quasiparticles on a spinning string and 
finally to the Iordanskii lifting force acting on a vortex moving with respect to 
the heat bath of quasiparticles (‘matter’). 


31.3.1 Symmetric scattering from the vortex 


Let us start with phonons scattered by a vortex in *He. Following the same 
reasoning as for the conventional AB effect, one finds that the symmetric part of 
the scattering cross-section of a quasiparticle with energy E(p) = cp on a vortex 
is (Sonin 1997) 

doy _ __hee 0. 2 TEC) 


= 22 ——. .. E(p) = cp. 1.1 
D REO cot 5 sin fae (p) = cp (31.18) 


This equation satisfies the periodicity of the cross-section as a function of energy 
with the period determined by the fundamental frequency, AE = ħwp, as is 
required by the spinning string metric in eqn (31.11). In superfluids, the relevant 
quasiparticle energies are typically smaller than ħwp, which is comparable to 
the Planck energy. For small E < wp the result in eqn (31.18) was obtained 
by Fetter (1964). The generalization of the Fetter result for quasiparticles with 
arbitrary spectrum E(p) — rotons in “He and the Bogoliubov-Nambu fermions 
in superconductors — in the range E(p) < hwp was suggested by Demircan et 
al. (1995). In our notation it is 


doj _ k?ħp 2 0 
do 8rrv2, S 2° 


(31.19) 


where vg = dE/dp is the group velocity of quasiparticles. 

The equation for the particles scattered by a cosmic spinning string in rela- 
tivistic theory was suggested by Mazur (1987, 1996). If the mass density of the 
spinning string is not taken into account the result is 

do| he o TE 
AS sin 


ee aes ee 31.20 
dð InBsin2(6/2) hue a oe 


There is a deviation from the result in eqn (31.18) for the vortex, since the 
metrics of the vortex and spinning string coincide only asymptotically. However, 
eqn (31.20) preserves the most important properties of eqn (31.18): periodicity 
in E and the same singular behavior at small scattering angle 6. 
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31.3.2 Asymmetric scattering from the vortex 


This singularity at 0 = 0 is an indication of the existence of the transverse 
(or asymmetric) cross-section (Shelankov 1998, 2002). For the conventional AB 
effect this asymmetric part leads to the Lorentz force, which acts on the magnetic 
flux tube in the presence of an electric current carried by excitations outside the 
tube. The Lorentz force is transverse to the current, and it corresponds to the 
Tordanskii transverse force, which acts on the vortex in the presence of the mass 
current carried by the normal component of the liquid. The asymmetric part in 
the scattering of the quasiparticles on the velocity field of the vortex has been 
calculated by Sonin (1997) for phonons and rotons in *He and by Cleary (1968) 
for the Bogoliubov-Nambu quasiparticles in conventional superconductors. In 
the case of ‘relativistic’ phonons the transverse cross-section is, according to 
Sonin (1997) and Shelankov (1998, 2002), 


fic . 2nE(p) 


= E® S E(p)= cp. (31.21) 


It is periodic in the phonon energy E again with the fundamental period wr. 


31.3.3 Classical derivation of asymmetric cross-section 


The periodicity of the cross-section as a function of E is the result of quan- 
tum interference. At low E < wp, when sing = x the Planck constant A com- 
pletely drops out from eqn (31.21), which means that for the calculation in this 
limit we do not need quantum mechanics. In the low-energy limit the anomalous 
cross-section can be calculated within purely classical mechanics, using a simple 
classical theory of scattering (Sonin 1997). And it can be easily generalized for 
arbitrary energy spectrum E(p), if E(p) < wr. 

Far from the vortex, where the circulating velocity is small, the trajectory of a 
quasiparticle is almost a straight line parallel, say, to the axis y, with the distance 
from the vortex line being the impact parameter x = b. The quasiparticle moves 
along this line with almost constant momentum py ~ p and almost constant 
group velocity vg(p) = dE/dp. The change in the transverse momentum during 
this motion is determined by the Hamiltonian equations dp,/dt = —OE/dx = 
—pyOVsy/Ox, or dpz/dy = —(p/vg)OvVsy /Ox. The deflection angle A0 = Ap, /p is 
obtained by integration of d0 = dp,/p along the trajectory 


——- 0, sign(z) = 


Ad(b, p no” eJ dy Usy = 6(b). (31.22) 


TEC) 


The deflection angle is zero except for the singularity at the origin. The gravimag- 
netic AB solenoid looks like a fast-rotating infinitely thin string: the quasiparticle 
does not feel the string except when it hits the string directly. Then the quasipar- 
ticle gets a kick and scatters in all directions with the preferable direction along 
kz x p. The total momentum change after scattering is linearly proportional to 
the circulation « and this is the origin of the Iordanskii force. 


valp) 
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The transverse cross-section is obtained by integration of deflection angle 
A@(b, p) over the impact parameter b: 


+00 k 
ci (p) = I db A0 (b, p) = E ; (31.23) 


For phonons with va(p) = c this is the result of eqn (31.21) at E < wp. In order 
to check that the singularity at b = 0 was treated correctly, we can regularize 
this singularity by introducing a correction to the vortex velocity field, e.g. Vs = 
(«/27)dp/(p? + R2), where Reore is the core radius. Then 


core 


K rS b K b 
ae 2rvg(p) a I 4 y? +b? + Rore  2va(p) . (- b2? + = . 
(31.24) 
Now the deflection angle is a smooth function of b, and integrating it over b one 
obtains the same equation (31.23) for the transverse cross-section, which does 
not depend of the profile of A0(b). This confirms the topological origin of the 
anomalous part of the cross-section. 


31.3.4 Iordanskii force on spinning string 


This asymmetric part of scattering, 0, (p), describes the momentum transfer in 
the transverse direction, ôP = c1 (p)p x ĉ, due to scattering by a vortex. Inte- 
gration over the distribution f(p) of quasiparticles gives rise to the momentum 
transfer per unit time, and thus to the force acting on a vortex (per unit length) 
from the system of quasiparticles: 


3 
Fiordanskii = J Trao vow) I Ip xÊ 
= —Kex / se f(p)p=KP x2. (31.25) 


Being of topological origin this force does not depend on details: it is deter- 
mined by the momentum density P carried by excitations (matter) and by the 
circulation «x around the vortex. 

In the case of thermal distribution of quasiparticles, the net momentum den- 
sity arises if there is a counterflow, the flow of the normal component with respect 
to the superfluid vacuum: P = mnp (Vn — vs). Substituting this into eqn (31.25) 
one obtains eqn (18.28) for the Iordanskii force, which we used to study the 
vortex dynamics in ?He-A and 3He-B. The same Iordanskii force must act on a 
spinning cosmic string when it moves with respect to the matter. 

The Iordanskii force has been experimentally identified in rotating superfluid 
3He-B. According to the theory for the transport of vortices in 3He-B (Sec. 18.4), 
at low T, where the spectral flow (and thus the effect of the axial anomaly) is 
completely suppressed, the Iordanskii force completely determines the so-called 
mutual friction parameter d, (see Sec. 25.2.4). The Iordanskii force dictates that 
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it must be negative: d} ~ —n,/ns. This is in accordance with the experimental 
data by Bevan et al. (1995) and Hook et al. (1996) in Fig. 25.1 which demon- 
strated that d} does become negative at low T. At higher T the spectral flow 
becomes dominating which leads to the sign reversal of d}. The observed nega- 
tive sign of d, at low T thus provides the experimental verification of the analog 
of the gravitational AB effect in ?He-B. 


31.4 Quantum friction in rotating vacuum 
31.4.1 Zel’dovich—Starobinsky effect 


Now we turn to the effective gravimagnetic field in superfluids caused by ro- 
tation with constant angular velocity. Let us consider a cylinder of radius R 
rotating with angular velocity 2 inside the vortex-free superfluid vacuum which 
is asymptotically at rest in the inertial frame (Fig. 31.3). We are interested in 
how the angular momentum of a rotating body transfers to the liquid at T = 0, 
when there is no viscous normal component, which usually causes the rotational 
friction. 

When the body rotates in the superfluid vacuum it represents the time- 
dependent potential which disturbs the vacuum. In the case of a cylinder, this 
potential is caused by imperfections on the surface of the cylinder. If the surface 
is atomically smooth, the time-dependent field is provided by the atomic struc- 
ture of the body, say by the crystal lattice. Due to the perturbations which are 
time dependent in the inertial frame of the superfluid, the quasiparticle energy 
is not the conserved quantity in this frame. As a result the rotating cylinder 
must radiate quasiparticles. The emission of quasiparticles, phonons and rotons 
in superfluid He and pairs of Bogoliubov fermions in superfluid *He leads to 
the rotational friction experienced by the body even at T = 0. This corresponds 
to the quantum friction experienced by a body rotating in the quantum vacuum 
first discussed by Zel’dovich (19716) and Starobinskii (1973). 

Zel'dovich (1971a) was the first to predict that the rotating body (say, the 
dielectric cylinder) amplifies those electromagnetic modes which satisfy the con- 
dition 

w-D,<0. (31.26) 
Here w is the frequency of the mode, L, is its azimuthal quantum number along 
the rotation axis, and Q is the angular velocity of the rotating cylinder. This 
amplification of the incoming radiation is referred to as superradiance (see e.g. 
Bekenstein and Schiffer 1998). The wave extracts energy and angular momentum 
from the rotating body, slowing down the rotation. 

The other aspect of this phenomenon is that due to quantum effects, the 
cylinder rotating in the quantum vacuum spontaneously emits the electromag- 
netic modes satisfying eqn (31.26) (Zel’dovich 1971a)). The same occurs for any 
body rotating in the quantum vacuum, including the rotating black hole as was 
discussed by Starobinskii (1973), if the above condition is satisfied. The dissi- 
pation of energy and angular momentum due to interaction with the quantum 
vacuum is an example of the quantum friction. 
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Fic. 31.3. Rotational quantum friction in superfluids as simulation of 
Zel’dovich-Starobinsky effect. The inner cylinder rotates in superfluid vac- 
uum forming the preferred rotating reference frame. In this frame the effective 
metric has an ergoregion, where the negative energy levels are empty. The 
process of filling of these levels is similar to the radiation from the rotating 
black hole. 


It is instructive to consider the quantum friction in the frame rotating with 
the inner cylinder. 


31.4.2 Effective metric for quasiparticles under rotation 


Let us first ignore the radiation from the rotating body and thus the slowing 
down of the rotating cylinder. Then in the rotating frame, the cylinder and the 
superfluid vacuum are stationary. If the velocity of rotation is not too high, so 
that the superfluid velocity vs with respect to the surface of the cylinder does 
not exceed the Landau criterion, all the perturbations of the superfluid caused 
by the surface roughness of the cylinder are also stationary in the rotating frame. 
Hence in the rotating frame the quasiparticle energy is a good quantum number. 
Moreover, if the outer cylinder is far away, the inner cylinder represents the 
proper environment for the quantum liquid, and the rotating frame becomes the 
frame of the environment dictating the equilibrium conditions. 

Far from the body the superfluid is at rest in the inertial frame. Thus in the 
rotating frame the superfluid velocity is vs = —Q x r. This is valid far enough 
from the body, since close to the body there are space-dependent perturbations 
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of the vs-field caused by the surface roughness. For the moment we ignore these 
perturbations. 

Let us first discuss the superfluid *He whose quasiparticles — phonons — obey 
the effective acoustic metric. Substituting Vs = —Q x r into eqn (5.2) one 
obtains that far from the cylinder the line element, which determines the propa- 
gation of phonons in the rotating frame of the environment, corresponds to the 
conventional metric (31.2) of flat space in the rotating frame: 


02/? Q 1 
ds? = — (: ee ) dt? + 2-— pdddt + dr? 
C Cc Cc 


1 
=-a? +5 (0? (dd + Qt)? + dz? + dp?) . (31.27) 


But now it is the acoustic metric where the role of speed of light c is played by the 
speed of sound. This metric contains the Lense—Thirring angular velocity wur = 
—Q, which is independent of whether the metric is fundamental or acoustic. 

In cylindrically symmetric systems the quasiparticle spectrum is described 
by two good quantum numbers: the angular momentum L, and the linear mo- 
mentum p+. If the radial motion is treated in the quasiclassical approximation, 
the energy spectrum of phonons in the rotating frame becomes 


L 
E = E(p) +p: vs = 4| = + p2? + p? - QL; , (31.28) 
p 


which also follows from the acoustic metric (31.27). 

The rotons in *He (Fig. 6.1) and Bogoliubov fermionic quasiparticles in ?He- 
B are not described by the effective relativistic theory. For them the energy 
spectrum in the rotating frame is found directly from the Doppler shift, E = 
E(p) + p- Vvs, which gives 


a = (p — Po)? 
2mo 


E(p) = \/ A? + 0}. (p — pr)? —QL, , Bogoliubov fermion. (31.30) 


Here po marks the roton minimum in superfluid He; mo is the roton mass; A is 
the roton gap (Fig. 6.1); and p? = p? + pî + L2/p?. 


—QOL,, roton, (31.29) 


31.4.3 Ergoregion in rotating superfluids 


In the acoustic metric (31.27), the metric element goo becomes zero at the radius 
Pe rel = C/Q, and becomes positive when p > pe rel. On the other hand, at 
p > fe ve: the energy of phonons in eqn (31.28) becomes negative for those 
momenta for which p? + p? < L2 (pete — p°). Thus pe rei = ¢/M marks the 
position of the ergosurface arising in the relativistic theory (Fig. 31.4). 

In the non-relativistic case, the ergosurface is determined by the Landau 
velocity (26.1) and occurs at pe = ULandau/2. This coincides with the relativistic 
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Fic. 31.4. Fermionic vacuum seen by an external observer in the frame corotat- 
ing with the cylinder is different from that viewed by an inner observer in the 
superfluid-comoving frame, which in our case coincides with the laboratory 
frame. The states which are occupied in the vacuum viewed by an inner ob- 
server in the superfluid-comoving frame are shaded. In the ergoregion, where 
Us > c, some states which are occupied in the superfluid-comoving frame, 
have positive energy in the corotating frame. The quasiparticles occupying 
these levels must be radiated away. At T = 0 the radiation occurs via quan- 
tum tunneling from the surface of the inner cylinder to the ergoregion. The 
rate of tunneling reproduces the Zel’dovich—Starobinsky effect of radiation 
from the rotating black hole. 


ergosurface only in case of the fully relativistic spectrum, where Upandau = C. In 
real superfluid *He, the Landau velocity is determined by the roton spectrum 
(31.29) in Fig. 6.1. If mA < pĝ, the Landau velocity for the creation of rotons 
ULandau © A/po, and it is less than the Landau velocity VLandau = € for creation 
of phonons. However, we shall see that though the relativistic phonon ergosurface 
is further away from the cylinder than the non-relativistic roton ergosurface, it 
plays the main role in quantum friction. 

The existence of the ergoregion, where quasiparticles have negative energy in 
the rotating frame, means that the original vacuum as seen by an inner observer 
in the superfluid-comoving frame no longer is the vacuum when viewed by the 
external observer corotating with the inner cylinder. In Fig. 31.4 top the qua- 
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siparticle spectrum is shown in the superfluid-comoving inertial frame, and in 
Fig. 31.4 bottom in the rotating frame. For simplicity we consider here fermionic 
quasiparticles with momentum along the azimuthal direction, py = L,/p. One 
can see that beyond the ergosurface the states on the branch E= P-vs+cp have 
different signs of the energy in the two frames. The states, which are occupied 
in the vacuum viewed by an inner observer in the superfluid-comoving frame, 
have positive energy for the external observer in the rotating frame, while the 
negative energy states in the rotating frame are empty. 

Thus from the point of view of the corotating external observer the original 
state is highly excited. For him (or her), it is necessary to fill all the negative 
energy states and radiate away all the positive energy states. The process of 
filling and emptying the energy levels is viewed by the inner superfluid-comoving 
observer as the radiation of quasiparticles and quasiholes by the rotating body. 

Let us recall that in this consideration we assume that the ergosurface is 
close to the rotating cylinder and far from the outer cylinder, which is at rest 
in the inertial frame. That is why the influence of the rotating cylinder on the 
quasiparticle behavior is dominating, and thus the frame of the environment 
which dictates the equilibrium conditions is the rotating frame. 


31.4.4 Radiation to the ergoregion as a source of rotational quantum friction 


Let us consider how the radiation of quasiparticles occurs if the angular velocity 
of rotation Q is small (Calogeracos and Volovik 1999a). If QR < vpandau, one 
has pe > R, i.e. the ergoregion is far from the surface of the cylinder. On the 
other hand, in the vicinity of the surface of the cylinder the superfluid velocity 
is much less than the Landau critical velocity, vs = QR < vpandau, and thus 
quasiparticles can never be nucleated there. From the energy consideration they 
can be nucleated only in the ergoregion. 

How do the quasiparticles in the ergoregion know that they can have negative 
energy and thus must be nucleated? Only by the interaction of the system with 
the environment which is the surface of the rotating cylinder: in the absence of 
the interaction any connection to the rotating reference frame is lost and there 
is no radiation. 

One scenario of the radiation is demonstrated in Fig. 31.4 bottom. A qua- 
siparticle which belongs to the original vacuum in the inertial frame, but have 
the positive energy in the ergoregion in the rotating frame moves to the empty 
state with the same energy outside the ergoregion. As a result the quasiparticle— 
quasihole pair is created in the original vacuum. In this process the azimuthal 
projection pg changes sign. This means that the angular momentum L, = ppg 
must change sign, which is prohibited if the angular momentum is conserved. 
The non-conservation of the angular momentum occurs only due to interaction 
of a quasiparticle with the rough surface of the inner cylinder. The quasiparticle 
must first move to the classically forbidden region, reach the surface of the cylin- 
der, interact with it, reversing the angular momentum, and then move to the 
final state in the ergoregion, again through the classically forbidden region. In 
this scenario a quasiparticle must tunnel twice through the classically forbidden 
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region. 

There is another process which is substantially more effective, since it is 
enough to tunnel only once and thus the tunneling exponent is two times smaller. 
Due to the surface roughness, there are regions near the surface of a rotating 
cylinder where there is a finite density of quasiparticle states with zero energy. 
These regions serve as a reservoir of quasiparticles with energy E = 0. These 
quasiparticles can tunnel to the ergosurface, where their energy E = 0, and 
E = hw = hOL,. In the quasiclassical approximation the tunneling probability 
is e~?°, where 


S= im fdp po(E =0). (31.31) 


For phonons with p, = 0, according to eqn (31.28) one has 


Pe rel 1 1 se 
ssi T e Y E (31.32) 
R P Pe rel R 


Thus all the phonons with L, > 0 are radiated, but the radiation probability 
decreases at higher L,. If the superfluid velocity at the surface of the inner 
cylinder is much less than c, i.e. QR < c, the probability of radiation of phonons 
with the frequency w = QL becomes 


R \? (aR\? R\ 
T ) - (2) -(< ) ,ORKe. (81.33) 
Pe rel C cL; 


Since each emitted phonon carries the angular momentum L,, the cylinder ro- 
tating in the superfluid vacuum (at T = 0) is losing its angular momentum, 
which means quantum rotational friction. The quantum friction due to phonon 
emission becomes the dominating mechanism of dissipation at low enough tem- 
perature where the conventional viscous friction between the rotating cylinder 
and the normal component of the liquid is small. 

For a cylinder rotating in the relativistic quantum vacuum the speed of sound 
c must be substituted by the speed of light, and eqn (31.33) appears to be pro- 
portional to the superradiant amplification of the electromagnetic waves by the 
rotating dielectric cylinder derived by Zel’dovich (1971a,b) (see also Bekenstein 
and Schiffer 1998). 


31.4.5 Emission of rotons 


Since the tunneling rate exponentially decreases with L,, only the lowest L, is 
important. In the case of rotons, whose spectrum is given by eqn (31.29), Lz is 
restricted by the Zel’dovich condition (31.26) which is satisfied only for L, > 
A/Q. Thus the momentum of the radiated roton is Lmin = A/Q © VpandauPo/Q, 
where VLandau © A/po is the Landau critical velocity for the emission of rotons 
(Fig. 6.1). The tunneling trajectory for the roton with E = 0 is determined by 
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the equation p = po. For p, = 0 it is pp(p) = iy |pô — L2,,,,/p?|, and for the 
tunneling exponent e7?’ one obtains 


gar fa ig fa ee Cee ee (31.34) 
= im = £min T -5 wD FY Lmin 1S - G 
ue R P pe R 


Here the position of the non-relativistic ergosurface is pe = VLandau/Q ~ Lmin/Po- 
The same is applicable to the emission of pairs of Bogoliubov fermions in ?He-B 
in eqn (31.30). 

Since the rotation velocity Q is always much smaller than the gap A, the 
momentum Lmin of the radiated roton is big. That is why the radiation of ro- 
tons is exponentially suppressed, compared to the emission of phonons. Thus the 
quantum rotational friction in superfluid “He is governed by the phonon emis- 
sion, which simulates the quantum rotational friction in the relativistic quantum 
vacuum. 


31.4.6 Discussion 


Motion with constant angular velocity is another realization of the Unruh (1976) 
effect. In the Unruh effect a body moving in the quantum vacuum with constant 
rectilinear acceleration a radiates particles whose spectrum can be interpreted as 
thermal with temperature Ty = ħa/2rc called the Unruh temperature. On the 
other hand the observer comoving with the body interprets the Minkowski vac- 
uum as a canonical ensemble of states (see references in Audretsch and Miller 
1994). The observed thermal spectrum is characterized by the Planck or the 
Fermi-Dirac distribution depending not only on the quantum statistics of the 
emitted particles, but also on the space dimension (Ooguri 1986). In condensed 
matter it is difficult to simulate the motion at constant proper acceleration (hy- 
perbolic motion). On the other hand a body rotating in the superfluid vacuum 
simulates the uniform circular motion of a body with constant centripetal ac- 
celeration. Such motion in the quantum vacuum was also extensively discussed 
in the literature, see the references in Davies et al. (1996), Leinaas (1998) and 
Unruh (1998) and recent paper by Akhmedov and Singleton (2007). 

In our case the role of the Minkowski vacuum is played by the initial vacuum 
in the superfluid-comoving frame, while the detector corotating with the body is 
played by the collection of quasiparticles attached to the surface of the cylinder 
and rotating together with the cylinder. Their distribution is disturbed by the 
tunneling to the ergoregion, which is seen by the superfluid-comoving observer 
as radiation. Distinct from the linearly accelerated body, the radiation by a 
rotating body does not look thermal. Also, the rotating observer does not see the 
Minkowski vacuum as a thermal bath. This means that the matter of the body 
excited by interaction with the quantum fluctuations of the Minkowski vacuum 
cannot be described in terms of a canonical ensemble of states with intrinsic 
temperature depending on the angular velocity of rotation. Nevertheless, if one 
assumes that the detector matter is big enough and the interaction with the 
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external world is weak, the thermalization processes inside the detector will lead 
to the well-defined temperature of the detector matter. 

Instead of a body rotating in superfluid one can consider a cluster of vortices 
in Fig. 14.1. Even if the outer cylinder is not rotating, the cluster rotates as a solid 
body with respect to the superfluid vacuum. This situation is non-equilibrium, 
but, if the radiation is ignored, the detector matter within the cluster is in a 
local equilibrium characterized by the local temperature. In some limit case the 
temperature in the center of the cluster is expressed through the rotation velocity 
T = (2/7) vcusterPF, Where Veluster = QR is the velocity on the periphery of the 
cluster and R is the radius of the cluster (Volovik 19956, 1995a). 

The radiation of bosonic (quasi)particles and pairs of fermions by a rotating 
body produces quantum friction, which leads to deceleration of the cylinder or 
vortex cluster rotating in the superfluid vacuum, or of an object rotating in the 
quantum vacuum (a dielectric body discussed by Zel’dovich (1971a,) or a black 
hole discussed ny Starobinskii (1973). 

The quantum rotational friction experienced by a body rotating in the quan- 
tum vacuum occurs because in the presence of the ergoregion the vacuum in the 
rotating frame is not well-defined. This provides an example of when the vacuum 
state cannot be determined uniquely, since it is different for different observers. 
Whose vacuum is more relevant depends on the real physical interactions with 
the environment. If, for example, the inner cylinder is absolutely perfect so that 
the interaction between the cylinder and the superfluid vacuum vanishes, there 
will be no radiation, and the original ‘Minkowski’ vacuum, as viewed in the 
superfluid-comoving frame by an inner observer, will persist for ever despite the 
existence of the ergoregion in the rotating frame. The discussed radiation and 
the quantum rotational friction are absent also if a superfluid is confined within 
a rotating cylinder, whose radius R < vpandau/®: in this case there is simply no 
ergoregion in the superfluid, and the quantum friction occurs by the quantum 
tunneling of quasiparticles between the cylinders. The more violent process of 
the decay of the ergoregion based on the non-relativistic counterpart in Chapter 
27 will be discussed in Sec. 32.3. 

In this chapter we discussed the case when the superfluid vacuum flows along 
the ergosurface. That is why there is no event horizon. In the next chapter we 
consider the two competing vacua in the presence of the event horizon. 


32 


ANALOGS OF EVENT HORIZON 


A black hole is the region from which the observer who is outside the hole cannot 
obtain any information. The event horizon represents the boundary of the black- 
hole region. In astrophysics, it is believed that black holes can be formed by 
gravitational collapse. There are several candidate black holes. These are com- 
pact stars in double-star systems whose estimated mass exceeds the maximum 
possible mass of a neutron star above which the collapse is inevitable. In addition 
there is growing observational evidence of existence of supermassive black holes 
in galactic bulges. At the moment, however, there is no definite proof that any 
of these candidates for black holes possesses an event horizon. That is why it is 
not excluded that gravitational collapse never produces the black hole. 

According to Hawking (1974), if an isolated black hole is formed, it slowly 
radiates away its mass by emitting a thermal flux with the Hawking temperature 
Tu = (he/2m)E gin}, where Eg¢p} is the ‘surface gravity’ — the gravity at the place 
of a horizon. 

Analogs of the black-hole horizon can be realized in such condensed matter 
where the effective metric arises for quasiparticles. The simplest way to do this 
is to exploit the liquids moving with velocities exceeding the local maximum 
attainable speed of quasiparticles. Then an inner observer, who uses only qua- 
siparticles as a means of transfering the information, finds that some regions 
of space are not accessible for observation. For this observer, who lives in the 
quantum liquid, these regions are black holes. The first to propose such an arti- 
ficial black hole was Unruh (1981, 1995). Unruh considered the propagation of 
acoustic waves in an effective metric produced by moving liquid: he called the 
region from which the sound cannot escape the ‘dumb hole’. 

There are several schemes of how the event horizon can be realized in quantum 
liquids (Barcelo et al 2005). Let us start with the arrangement when the flow 
velocity is constant but the ‘speed of light’, i.e. the maximum attainable speed 
for quasiparticles, changes in space and in some region becomes less than the 
flow velocity of the liquid. 


32.1 Event horizons in vierbein wall and Hawking radiation 
32.1.1 From infinite red shift to horizons 


First we return to the surface of the infinite red shift which is simulated by 
the vierbein wall discussed in Sec. 30.1, and consider how the effective metric is 
modified if there is a superflow across the vierbein wall with constant superfluid 
velocity vs = usX (Fig. 32.1). Such a situation occurs if we move the vierbein wall 
with respect to the superfluid vacuum, or fix the wall and push the superfluid 
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Fic. 32.1. When there is a superflow across the vierbein wall, it splits into a pair 
of horizons: black hole and white hole. Between the horizons the superfluid 
velocity exceeds the ‘speed of light’ of quasiparticles and goo becomes positive. 
Since their speed c7 is smaller that the velocity of the superfluid vacuum, 
the ‘relativistic’ quasiparticles within the horizon can move only along the 
streamlines as shown by arrows. The horizon at « = —2zy is the black-hole 
horizon, since no information can be extracted from the region behind this 
horizon, if the low-energy quasiparticles are used for communication. 


vacuum through it. These two arrangements are equivalent since we ignore the 
normal component of the liquid and/or the walls of container to avoid dissipation 
due to conventional friction between the vierbein wall and the normal component. 
Since the external environment is absent the proper environment frame is the 
texture-comoving frame (the frame of the vierbein wall). In this frame the metric 
is stationary, and the superflow across the wall leads to the Doppler shift of the 
quasiparticle spectrum. As a result the line element of the effective spacetime in 
eqn (30.10) becomes (Jacobson and Volovik 1998b, Jacobson and Koike 2002) 


ds? = —dt? + 


1 x 
dx — vsdt)? = =. s 
ay! x — vsdt)* , c(x) = cy tanh 7 (32.1) 


For simplicity we consider the 1+1 dimension of spacetime ignoring the coordi- 


nates y and z along the vierbein wall. 
Equation (32.1) can be rewritten in the form 


2 2 2 
2 US Vgdx dx 
Sry 6 ee ee = ; 
i ( a e WORTA (82.2) 


which leads to a natural temptation to perform the coordinate transformation 


= ? vdr 


x) — u? 
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to obtain the more familiar metric 
v2 a dx? 
d? = — | 1 SS ) d? + -+ . 32.4 
: ( 2) t (E 


Equation (32.4) is similar to the radial part of the Schwarzschild metric for 
the black hole. The roles of the Newton gravitational potential ®#(x) and the 
gravitational field Eg = —0,®(z) are played by 


1 v v2 
S(x) z  2e(x) , Ey Z Eo G (32.5) 


The effective gravitational field attracts quasiparticles to singularity at x = 0. 

The metric in eqn (32.4) shows that there are two horizons within the vierbein 
wall where the superfluid velocity equals the local speed of ‘light’: at the plane 
x = £p Where c(£n) = vs and at the plane z = —zy where c(—zp) = —vs. The 
gravitational field is regular at horizons: E,(+2n) = —(O2C)4a, /c(£2n). 

The original metric in eqn (32.1) is well determined everywhere except for 
the physical singularity at x = 0, where c,(a) = 0 and the tetrad field is degener- 
ate. On the contrary, the ‘Schwarzschild’ metric (32.4) obtained after coordinate 
transformation has coordinate singularities at both horizons. Thus this metric 
is not determined globally: it can describe the effective spacetime only in one of 
three region: (i) at x < —ap; (ii) at —ap, < £ < £p; or (iii) at x > xn. Thus the 
effective spacetime is reduced compared to the physical spacetime. The coordi- 
nate transformation (32.3) is also ill defined in the presence of horizons since the 
integral is not well determined. 

This is another example demonstrating that general coordinate transforma- 
tions are not so innocent, especially if they contain singularities, since they lead 
to the spacetime which is physically non-equivalent to the original one. The 
previous example of coordinate transformation which removed the half of the 
physical spacetime was discussed in Sec. 30.1. As distinct from fundamental gen- 
eral relativity, in the effective gravity the symmetry under general coordinate 
transformations is the symmetry emerging in the low-energy corner. It does not 
exist at the fundamental level. That is why the use of general coordinate trans- 
formations becomes tricky especially if it leads to the extension or contraction 
of the physical spacetime. 

In our case we know the underlying physics which allows us to determine 
whether or not the given metric is physically correct. In the effective gravity 
in superfluids, the primary quantity is the energy spectrum of quasiparticles, 
which in the low-energy corner becomes ‘relativistic’ and acquires the Lorentzian 
form. This form determines the effective contravariant metric g”” as a function 
of the ‘absolute spacetime’ of the laboratory. In turn, the contravariant metric 
gives rise to the secondary object — the covariant metric g,, which describes 
the effective spacetime. This physical gą» is determined everywhere except the 
manifolds, where g”” is degenerate. All this means that the effective spacetimes 
are physical if they came from the physically reasonable quasiparticle spectrum. 
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From this point of view the metric (32.1) is physical, while the metric (32.4) 
obtained after unphysical singular transformation is not. 

The spectrum of the ?He-A fermionic quasiparticles is the Doppler-shifted 
equation (30.8): 


E(px) = E(pz) + Pats , E(pr) = +y M? + c?(x)p? . (32.6) 


It can be written in the relativistic form 


g” pup, + M? =0, (32.7) 


which gives rise to the physical effective metric in eqn (32.1). 

Inspection of the energy spectrum (32.6) or of the metric (32.1) shows that 
the two horizons, at x = zp and at x = —2y, are essentially different. Let 
us consider the motion of quasiparticles with M = 0 in the region between 
the horizons, at —£h < x < Zp. The group velocity of a quasiparticle in the 
wall frame is vg, = dE/dp, = vs +c. It is positive for both directions of the 
quasiparticle momentum p, (see Fig. 32.1, where the superfluid velocity v, is 
chosen positive). All quasiparticles between the horizons move to the right, and 
thus cannot cross the plane x = —z£p from the inside. This indicates that this 
plane is the black-hole horizon. The inner observer living in the region x < —£h 
cannot obtain any information from the region x > —2y, if he (or she) uses 
the ‘relativistic’ quasiparticles for communication. On the other hand, all the 
quasiparticles will finally cross the plane x = £p, which means that this plane is 
the white-hole horizon. 

The appearance of pairs of white-hole/black-hole horizons is typical of su- 
perfluid systems. The region between the horizons belongs to the ergoregion, 
since for some quasiparticles the energy È (px) in the frame of the environment is 
negative even for the positive square root in eqn (32.6). Note that this definition 
of the ergoregion differs from the standard definition in general relativity, where 
it is the region between the ergosurface and horizon. One must extend the ergore- 
gion into the region behind the horizon too, if one wants to use this definition 
in case the general covariance is violated at high energy. This is simply because 
the true horizon disappears if the superluminal motion is allowed at high energy, 
while the ergosurface remains. Now the whole region behind the ergosurface is 
responsible for the phenomenon of superradiance and thus it is the ergoregion. 


32.1.2 Vacuum in the presence of horizon 


In the ergoregion between the horizons the notion of the vacuum state becomes 
subtle, since it depends on the reference frame. As we know, there are two im- 
portant reference frames in superfluids: the superfluid-comoving frame where the 
quasiparticle energy E (p) is velocity independent; and the frame of the environ- 
ment where the quasiparticle energy is E(p) = E(p) + p: vs. Depending on the 
physical situation the frame of the environment can be the laboratory frame, the 
frame of the container, or the texture-comoving frame such as the frame of the 
moving vierbein wall discussed here. The vacua as viewed in the two frames do 
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not coincide in the ergoregion. And also, as we know, there are two principally 
different observers: an inner observer who is made of quasiparticles and lives in 
the superfluid; and an external observer who lives in the Galilean world of the 
laboratory and does not obey the very restrictive effective metric experienced by 
the low-energy quasiparticles. 

Let us consider the perfect but not very realistic case when the walls of the 
container are very far away and the texture c(x) is very smooth. Let us start 
to move the vierbein wall with respect to the superfluid vacuum, assuming that 
nothing dramatic happens with the initial superfluid vacuum except that the 
two horizons are formed. This is actually a rather non-trivial assumption, since 
we shall see that in the presence of horizons the vacuum will inevitably start 
to reconstruct. Our assumption means that such reconstruction occurs slowly, 
so that there is some time after the motion started when we can ignore any 
modification of the original Minkowski vacuum in the superfluid-comoving frame 
in which the states with the E(p) < 0 are occupied, while the states with E(p) > 
0 are empty. 

How are the horizons and the initial vacuum viewed by different observers? 
The inner observer can be chosen as a massive object with the energy spectrum 
E (p) = yV ep? + M? + p- vs, who is made of low-energy ‘relativistic’ quasipar- 
ticles. In his (or her) measurements he (or she) uses rods and clocks made of the 
same quasiparticles. Further we assume that the rest energy M of the observer 
does not depend on position in the superfluid. Since the inner observer is very 
restrictive in his (or her) observations, we need two such observers: (i) the inner 
observer who is at rest in the texture-comoving frame; and (ii) the inner observer 
who is at rest in the superfluid-comoving frame. 

The external observer lives in the Galilean world of the laboratory, and is 
made of atoms which are not necessarily the 7He atoms comprising the vacuum 
of the quantum liquid. The observer uses conventional rods and clocks made of 
atoms. The external observer can make observations in any frame, but we prefer 
that this observer is at rest in the frame of the environment. We leave the more 
detailed discussion until Sec. 32.2.2. 

(1) Inner observer comoving with the vierbein wall. The inner observer can 
be at rest with the vierbein wall in the regions outside the horizons only: in the 
region between the horizons all quasiparticles have positive velocity and thus the 
inner observer will be dragged away from this region by the flow of the superfluid 
vacuum. For the far-distant inner observer living at x = —oo in the texture- 
comoving frame, the spacetime is seen as given by the Schwarzschild metric in 
eqn (32.4). In the texture-comoving frame, the states with negative energy are 
modified by the velocity (gravity) field, E(p) > E(p) = E(p) + p- vs, but they 
do not leave the negative energy continuum. That is why the vacuum which this 
inner observer sees coincides with the original Minkowski vacuum. 

For this observer, nothing happens with the vacuum if horizons appear, if we 
neglect the tiny quantum effect of Hawking radiation. As for the vacuum behind 
the black-hole horizon, the observer simply cannot obtain any information from 
that region since he (or she) uses rods and clocks made of quasiparticles which 
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cannot propagate through the black-hole horizon. 

(2) Inner observer comoving with the superfluid vacuum. If the observer’s 

momentum is p = 0, then from the Hamilton equations of motion 

io oË ae _ ob on 

dt Or dt Op 
it follows that the free observer will be comoving with the superfluid vacuum, 
i.e. moving with velocity t = vs. If the inner observer starts to move at x = —ov, 
he (or she) will be freely falling to the black hole, and will cross the horizon. 
However, the observer will not see any dramatic change when crossing. For the 
freely falling observer the original vacuum is locally Minkowskian. The states 
with E(p) < 0 in eqn (32.6) are occupied in this vacuum, while the states with 
E(p) > 0 are empty (see Fig. 32.4 for a somewhat different arrangement). When 
the observer crosses the horizon, this vacuum does not change for him (or her). 
Finally, the observer will see the same Minkowski vacuum even when crossing 
the physical singularity (of course, if he (or she) remains alive after that). 

So, as distinct from the texture-comoving observer, the superfluid-comoving 
(freely falling) observer sees the Minkowski vacuum in the whole physical space- 
time. However, the vacuum viewed in the superfluid-comoving frame can be 
determined only locally. During his (or her) motion, the inner observer detects 
the smooth monotonous increase of the gravitational field with time all the way 
from —oo to the phyisical singularity. In such a time-dependent environment, the 
quasiparticle energy E(p) is not a conserved quantity. That is why the inner ob- 
server can expect that in the time-dependent field the vacuum will be disturbed, 
i.e. quasiparticles will be created from the vacuum. As we shall see below, this 
actually does occur if horizons are present. 

(3) External observer in the frame of the environment. The external observer 
is the most knowledgeable person. For him (or her), all the physical space —co < 
x < +00 is accessible even if he (or she) is stationary in the texture-comoving 
frame of the vierbein wall. In this frame the energy E(p) is conserved, and 
thus it is the proper environment frame in which one can try to construct the 
vacuum state in the whole spacetime. However, the initial superfluid-comoving 
Minkowski vacuum cannot serve for such purposes: in the ergoregion between 
the quasiparticle horizons, this initial vacuum is seen by the external observer as 
a highly excited system. Some energy states with the negative root in eqn (32.6), 
E(p) < 0, which are occupied in the initial vacuum, have positive energy, E(p) > 
0, in the frame of the environment. The quasiparticles filling such states must be 
emitted to reach the equilibrium conditions in this frame. Thus, in the presence 
of horizons, the initial Minkowski vacuum must dissipate. The dissipation process 
at T = 0 means the quantum friction which decelerates the motion of the vierbein 
wall with respect to the superfluid. The inner observer who is stationary in the 
texture frame sees the decay of the Minkowski vacuum as Hawking radiation of 
quasiparticles from the horizon which will be discussed in Sec. 32.2.5. 

Thus the situation is very similar to that in the presence of the astronomical 
black hole (if it exists), with one important exception. We know that in the case 
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of quantum liquids there exist an external observer who is not restricted by the 
quasiparticle ‘speed of light’ and thus is able to observe all the physical space and 
all the energy scales including the trans-Planckian physics. What is the analog 
of an external observer in our real world? This is the observer who has access 
to the high-energy physics above the Planck energy scale. In principle, we can 
become such observers in the future. But this can also be an observer who does 
not belong to our vacuum. This is like a foreign body in liquid *He, which is 
not constructed from *He atoms, and thus does not belong to the vacuum of the 
quantum liquid. 


32.1.3 Dissipation due to horizon 


If the walls of the container are far away and the interaction with them can be 
neglected, the radiation of quasiparticles and quasiholes at T = 0 occurs only due 
to the presence of the spatial inhomogeneity of the metric (the texture). In the 
limit of zero gradients, the inner observer, who moves with the superfluid velocity, 
does not know at T = 0 whether the liquid is moving or not. The preferred 
reference frame of the environment — the texture-comoving frame — is lost, and 
there is no reason for emission and dissipation. The uniformly moving vacuum 
cannot dissipate. Thus the smooth dissipation process must be determined by 
the spatial derivatives of the hydrodynamic fields, or (in the relativistic domain) 
by the space-dependent effective metric (the gravitational field) which establish 
the preferred reference frame. 

An example of the dissipation, caused by the gradients of the metric, is the 
Hawking (1974) radiation of (quasi)particles from the black-hole horizon, which 
will be discussed in Sec. 32.2.5. The Hawking radiation is characterized by the 
Hawking temperature proportional to the surface gravity Egn (Sec. 32.2.5). In 
case of a moving vierbein wall where the ‘gravitational field’ is given by eqn 
(32.5), the role of Eg, is played by the gradient of the ‘speed of light’ at the 


horizon: ee 
c c 
Ty = — En = — | — : 2. 
D OT (=) 22) 
If the profile of the ‘speed of light’ is given by eqn (32.2), the Hawking tem- 


perature depends on the velocity vs of superflow across the vierbein wall in the 
following way: 


v2 hey 
Tu (Us) = Tu (Us = 0) 1— Z ; Ty (Us = 0) = zd : (32.10) 


The Hawking radiation leads to energy dissipation and thus to quantum fric- 
tion, which decreases the velocity vs of the domain wall with respect to the 
superfluid. Due to the deceleration of the wall motion, the Hawking tempera- 
ture increases with time. The distance between horizons, 2x, decreases until 
the complete stop of the domain wall when the two horizons merge. In a given 
example the Hawking temperature approaches its asymptotic value Ty(vs = 0) 
in eqn (32.10); but when the horizons merge, the Hawking radiation disappears: 
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there is no more ergoregion and the stationary, topologically stable domain wall 
becomes non-dissipative. Nevertheless the asymptotic Hawking temperature is 
still important for the stationary domain wall, where it determines communica- 
tion between sister Universes across the singularity — the surface of the infinite 
red shift — as was discussed in Sec. 30.1.4. 

For the real domain walls in thin films, the above consideration is valid when 
the quasiparticle spectrum in the background of the vierbein wall can be con- 
sidered as continuous. This takes place only if the horizons are far apart, i.e. 
the distance between them is much larger than the ‘Planck length’, whose role 
is played by the superfluid coherence length, x, > d ~ €. This condition is 
satisfied when the relative velocity between the domain wall and the superfluid 
vacuum is close to c1, so that xn ~ (d/2) ln[1/(1 — v2/c? )| > d. When veloc- 
ity decreases, the dissipation must stop when the distance between the horizons 
becomes comparable to the ‘Planck length’. 

The Hawking flux of radiation could in principle be detected by quasiparticle 
detectors. However, even the most optimistic estimate for the possible domain 
walls in thin 3He-A films place Hawking temperature below 1 uK. This is still too 
low for current experiments. That is why, at the moment, we can use the above 
example only in a gedanken experiment. Possibly Bose-Einstein condensates in 
laser-manipulated traps will be more favorable for observation of the Hawking 
effect. Also the Hawking radiation is only one of the possible mechanisms of 
the dissipation: the real scenario of relaxation of the horizons can depend on 
the details of the Planckian physics, i.e. on the back reaction of the superfluid 
vacuum to the filling of the negative energy states. The Hawking radiation can 
dominate only at the early stage of the decay of the local Minkowski vacuum. 
One of the possible mechanisms of relaxation is the amplification of the bosonic 
modes reflected from the horizons. According to Corley and Jacobson (1999) the 
mode bouncing between the black-hole and white-hole horizons is amplified after 
each reflection and is growing exponentially leading to the lasing effect. This can 
produce the fast instability of the original Minkowski vacuum in the presence of 
the two horizons. Another mechanism of dissipation is related to the ergoregion 
instability discussed in Chapter 27 for non-relativistic systems. The application 
to relativistic systems will be considered in Sec. 32.3. 


32.1.4 Horizons in a tube and extremal black hole 


Similar scenario of formation of the pair of black-hole and white-hole horizons can 
be realized using the superflow through the so-called Laval nozzle with converging 
and then diverging flow (Fig. 32.2 left). In the middle the velocity can exceed 
the ‘speed of light’, and the white and black horizons are formed. 

Such geometry has been considered also for the Bose condensate in the laser 
traps of special form (Garay et al. 2000, 2001) and in ?He-A (Volovik 1999a). 
However, in case of the Bose gases and Bose liquids, there is a severe restriction 
on the formation of the horizons imposed by the hydrodynamics of compress- 
ible liquid. It happens, for instance, that the spherically symmetric ‘dumb hole’ 
suggested by Unruh (1981, 1995) is inconsistent with hydrodynamic equations 
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Fic. 32.2. Evolution of the effective spacetime when the superfluid velocity vs 
through the orifice increases continuously. When vs exceeds the ‘speed of 
light’ c the black-hole/white-hole pair appears (right bottom). Arrows show 
possible directions of the quasiparticle motion in the low-energy ‘relativistic’ 
limit. Between the horizons these quasiparticles can move only to the right 
and thus cannot escape from the region through the black horizon. Right 
middle: The intermediate state between subcritical and supercritical regimes 
when the velocity profile first touches the ‘speed of light’. The effective metric 
for quasiparticles is equivalent to the metric in the vicinity of the horizon of 
an extremal black hole. 


(see the review paper by Volovik 20010). Probably the Laval nozzle is the only 
possible geometry for the physical realization of the dumb-hole horizon in Bose 
systems. However, even in this geometry there is a restriction: the hydrodynamic 
equations require that the acoustic horizon — the plane at which the velocity of 
the liquid crosses the speed of sound — must be just at the narrowest cross-section 
of the nozzle (Sakagami and Ohashi 2002). It is the same requirement as for the 
position of the shock wave in a pipe (note that the shock wave represents the 
real physical singularity at which the hydrodynamic variables — the metric field 
— exhibit discontinuity; here we consider only smooth configurations, and thus 
do not discuss the shock waves and their gravitational analogs). 

In superfluid *He-A, the relevant speed of ‘light’ c is much smaller than the 
speed of sound in the underlying liquid, that is why the quasiparticle horizon 
does not coincide with the acoustic horizon and is not prohibited by the hydro- 
dynamics. In the geometry of Laval the nozzle the ‘speed of light’ is constant, 
c = cı, while the gravitational field is simulated by the space-dependent su- 
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perfluid velocity v,(r). If the cross-section of the chanel changes smoothly, the 
problem is reduced to the 1+1 spacetime dimension with the following interval 
in the reference frame of the tube which serves as the frame of the environment, 
where the metric is time independent: 


2 

ds? = — (: - — at? — 2) nat + lie? ; (32.11) 
c c c 

When the maximal velocity Vmax of the superflow exceeds the ‘speed of light’ c 

the pair of horizons, black and white, are formed (Fig. 32.2 right bottom). This 

is similar to the case discussed in Sec. 32.1. 

When Vmax = c (Fig. 32.2 right middle) one obtains another remarkable 
metric. Close to the middle of the nozzle (at x = 0) the superfluid velocity 
can be expanded near the maximum, v? ~ c?(1 — 27/22), and one obtains the 
following effective interval: 


2 2 2 
ds? =~ d? + 2ae?, f=t-2. (32.12) 
Xo T Cx 


The plane x = 0, where the black and white horizons merge, marks the bridge 
between the two spaces, at x < 0 and at x > 0. It is the surface of the infinite red 
shift. In general relativity the metric in eqn (32.12) corresponds to the radial part 
of the metric of an extremal black hole in the vicinity of a horizon (bridge). The 
extremal black hole is the particular case of the electrically charged Reissner— 
Nordström black hole: 


a. T= EGP) 2 ‘2 2 2 
ds“ = a a dt* + eG = +r°dQ, (32.13) 
Q? 2M 
r4r_ = Ge > TH +r- = Fag é (32.14) 


Here A = c = 1; G is the Newton constant; M is the black-hole mass; Q is its 
electric charge in normalized units; and r_ and r+ are inner and outer horizons. 
In the extreme limit when Q approaches M, the two horizons merge and the 
extremal black hole is obtained: 


ds? = — (1 = = dt? + (1 = -i dr? +r?dQ. (32.15) 


Here rp = r} = r- = G/M. Expanding r = ra + z in the vicinity of the horizon 
(bridge), one obtains the metric (32.12) with £o = rp. 

Since horizons merge and the ergoregion disappears, the vacuum in the 
presence of the extremal black hole becomes well-defined together with the 
global thermal equilibrium states. Though, according to Tolman’s law in eqn 
(5.29), the effective temperature, Tog = Txo/|x|, is strongly diverging at the 
bridge, this divergence is cured by the superluminal dispersion in eqn (26.4). 
The charactersitic momenta p of quasiparticles in a global thermal equilibrium, 
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whose energy in the frame of the environment E(p) ~ T, are still by a factor 
(T/Eptanck)'/? smaller than the Planck momentum. That is why in the expan- 
sion E?(p) = c?p?(1 + ypc? +...) in eqn (26.4) only the first non-relativistic 
correction with coefficient y ~ 1/EPjanck is needed to determine the thermody- 
namics of the extremal black hole. This is an example where the non-relativistic 
high-energy physics is involved, but it is not necessary to know the exact ‘atomic’ 
structure of the Planck medium. For the 3D bridge corresponding to the extremal 
black hole, this first non-relativistic correction to the particle energy spectrum 
leads to the following thermal entropy related to the bridge (see the review paper 
by Volovik 20018): 

Epianck 
nes 
Thus the superluminal dispersion smooths the jump at T = 0 from the Hawking- 
Bekenstein entropy 7EPianck’s./ (he)? of the horizon of the Reissner-Nordstrém 
black hole at Q < M to the zero entropy when Q > M and horizons no longer 
exist. The coefficient y can be considered as the phenomenological parameter of 

the effective theory, but it can be different for different (quasi)particles. 


Sbridge on i hae (32.16) 


32.2 Painlevé—Gullstrand metric in superfluids 


The (3+1)-dimensional equivalent of the spherically symmetric black hole in flow- 
ing liquids — a ‘dumb hole’ suggested by Unruh (1981, 1995) — can be, at least in 
principle, realized in Fermi superfluids, where the maximum attainable velocity 
of quasiparticles is less than the speed of sound, and thus the hydrodynamics 
does not prevent the formation of a horizon. 


32.2.1 Radial flow with event horizon 


Let us consider the spherically symmetric radial flow of the superfluid vacuum, 
which is time independent in the frame of the environment (Fig. 32.3). For sim- 
plicity let us assume the isotropic ‘speed of light’ for quasiparticles. Then in 
the laboratory frame the dynamics of quasiparticles, propagating in this velocity 
field, is given by the line element provided by the effective metric in eqn (5.2): 


ve (r) vs(r) 1 
If the ‘superflow’ is inward, and the velocity profile is vs(r) = —c(rp/r)!/2, 


this equation corresponds to the line element for the black hole obtained by 
Painlevé (1921) and Gullstrand (1922). Among the other metrics used for the 
description of the black hole (including the Schwarzschild metric in eqn (32.13) 
with Q = 0), the Painlevé-Gullstrand metric has many advantages (Kraus and 
Wilczek 1994; Parikh and Wilczek 2000; Martel and Poisson 2001; Schützhold 
2001). It is inspiring that such a metric naturally arises in the condensed matter 
analogs of gravity. This metric is stationary: it is invariant under translation of 
time t > t + tọ. But it is not static: under the time reversal operation t — —t 
the non-diagonal element of the metric changes sign, Tvs = —vs. As distinct 
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Fic. 32.3. Unruh analog of a black hole in superfluids. At the horizon, the 
superfluid velocity vs reaches the maximum attainable speed of ‘relativis- 
tic’ quasiparticles. Such a relativistic horizon does not necessarily coincide 
with the non-relativistic ergosurface — the surface where vs reaches the Lan- 
dau velocity VLandau. For example, in superfluid 4He the Landau velocity for 
emission of rotons is smaller than the maximum attainable speed of quasipar- 
ticles in the low-energy corner. However, in a smooth field the roton emission 
is exponentially suppressed (see Sec. 31.4.5), and thus can be made negligibly 
small compared to the Hawking radiation of phonons from a horizon. 


from the Schwarzschild metric this metric has no coordinate singularity at the 
horizon and thus it allows us to consider the motion of (quasi)particles through 
the horizon to the physical singularity at r = 0. 

The velocity field vs(r) = —c(rp/r)'/? has a simple interpretation: it is the 
velocity of the observer who freely falls along the radius toward the center of the 
black hole with zero initial velocity at infinity. As can be found from the Hamil- 
tonian dynamics in eqn (32.8), the motion of the observer obeys the Newton’s 
laws all the way from infinity through the horizon to the singularity: 


—=-—>, (32.18) 


where M is the mass of the black hole. This gives the velocity of the observer 
for his (or her) radial motion inward 
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LK = -ey/ = vlr) ; (32.19) 


The time coordinate t is the local proper time for the freely falling observer who 
drags the local coordinate frame with him (or her). 

Thus in this simple case of a non-rotating electrically neutral gravitating 
object, the only result of gravity is the dragging effect according to Newtonian 
gravity. The same dragging effect is provided by the moving superfluid vacuum 
if it obeys Newtonian dynamics. This is one of several examples discussed by 
Trautman (1966) when general relativity is closely related to Newtonian dynam- 
ics (see also Czerniawski 2002). 

In the analogy between gravity and moving superfluid one has the following 
correspondence. The freely falling observer corresponds to an inner observer 
comoving with the superfluid vacuum. The far-distant observer corresponds to 
an inner observer who is at rest in the frame of the environment; we shall see in 
Sec. 32.2.7 that for this inner observer the effective metric is the Schwarzschild 
metric. The Painlevé-Gullstrand metric corresponds to the effective metric for 
quasiparticles measured by the external observer who belongs to the world of the 
laboratory with its absolute space and absolute time; the Painlevé-Gullstrand 
metric in liquids is the function of the absolute coordinates. 

Beyond the horizon, at r < rp, the velocity of the frame-dragging exceeds 
the speed of light. In relativistic language the radial coordinate r becomes time- 
like, because a quasiparticle beyond the horizon can move along the r coordinate 
only in one direction, toward the singularity, and the connection with the outside 
world is lost. This occurs in superfluids too, if the connection with the environ- 
ment is realized by low-energy ‘relativistic’ quasiparticles only. 

The outward superflow with the velocity field vs(r) = +c(rn/r)!/2 repro- 
duces the white hole. This velocity field equals the velocity of the observer freely 
escaping from the white hole with zero final velocity at infinity. 

For the general spherically symmetric flow of superfluids with radial super- 
fluid velocity vs(r), the Schwarzschild radius rp is determined as vs(rn) = Æc. 
The ‘surface gravity’ at the Schwarzschild radius and the Hawking temperature 
of the black hole are, respectively, 


1 (dv? he h (dug 
EEEN HAE prs eee l 2.2 
gh 92 (S). AH ee (SE). (32,20) 


32.2.2 Ingoing particles and initial vacuum 


The energy of a quasiparticle in the laboratory frame (the frame of the envi- 
ronment) is expressed in terms of the invariant (velocity-independent) energy 
E(p) in the superfluid-comoving frame as E(p) = E(p) + p - vs. Let us first 
consider a massless quasiparticle moving in the radial direction from infinity to 
the black-hole horizon and further to the singularity. This is called the ingoing 
particle. Its classical motion is characterized by the radial momentum p, < 0. 
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Fic. 32.4. The initial vacuum: the quasiparticle states with E(p) < 0 are empty, 
while those with E(p) > 0 are occupied. The energy spectrum of quasipar- 
ticles is shown as a function of the radial momentum p, for zero transverse 
momentum pı = 0. The same vacuum is seen by the inner observer moving 
with the superfluid velocity vs through the black-hole horizon toward the sin- 
gularity. It corresponds to the local Minkowski vacuum in the freely falling 
frame, and it is the same outside and inside the horizon. 


Since the Painlevé-Gullstrand metric is stationary, the energy of a moving qua- 
siparticle is conserved in the laboratory frame: E(p,) + ppvs(r) = E = constant. 
For the ingoing particle, its radial momentum p, < 0 and thus its energy in the 
superfluid-comoving frame has the following coordinate dependence: 


E 


E 
B= al T e F 


(32.21) 


It has no pathology when the quasiparticle crosses the black-hole horizon where 
Vs (rh) = —c. 

The same occurs for massive particles or for the massive inner observer. If 
the observer moves toward the black hole starting from rest at infinity, he (or 
she) moves with the superfluid velocity and smoothly crosses the horizon, as we 
discussed in Sec. 32.1.2. For this superfluid-comoving inner observer, the vacuum 
state is determined by the sign of the energy E(p) in the superfluid-comoving 
frame. The vacuum seen by the observer corresponds to the state where the levels 
with E(p) < 0 are occupied. This is the initial state of the liquid outside and 
inside the horizon, and it corresponds to the vacuum in the freely falling frame 
(Fig. 32.4). 

The evolution and reconstruction of the initial vacuum due to the presence 
of a horizon is one of the most important problems in the black-hole physics. 
We have already realized that in the presence of a horizon the initial state of 
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Fic. 32.5. The initial vacuum — the vacuum in the superfluid-comoving (freely 
falling) frame — as seen in the laboratory frame of the environment by an 
external observer who belongs to the trans-Planckian world. In the frame of 
the environment the quasiparticle energy is E(p) = E(p) + p- vs(r). Right: 
Outside the horizon the initial vacuum coincides with the vacuum in the labo- 
ratory frame. Left: Beyond the horizon the initial vacuum represents a highly 
excited system: many states with E(p) < 0 are empty, while many states 
with BE (p) > 0 are occupied. Here also the energy spectrum of quasiparticles 
is considered at zero transverse momentum p1 = 0. 


the liquid — the vacuum in the superfluid-comoving (freely falling) frame — rep- 
resents a highly excited state in the frame of the environment (Fig. 32.5). For an 
external (trans-Planckian) observer of the laboratory world, the vacuum state is 
determined by the sign of the energy E(p,) in the environment frame, and he 
(or she) sees that in the initial state of the liquid the huge amount of levels with 
E(pr) < 0 are not occupied in the region beyond the horizon. This is absolutely 
unbearable for him (or her), since any interaction with the environment must 
lead to the decay of this highly excited state. The problem is what is the most 
important process of the collapse of the superfluid-comoving vacuum. 


32.2.3 Outgoing particle and gravitational red shift 


Let us now consider the outgoing quasiparticle, a quasiparticle moving in the 
radial direction from the black-hole horizon to infinity. Its classical motion is 
again characterized by the radial momentum, but now with py > 0. From energy 
conservation in the laboratory frame, E(p,) + p,vs(r) = E = constant, one 
obtains that the momentum py and the energy E(p) = cp = cpr of a massless 
particle in the superfluid-comoving (freely falling) frame obey 


E(r) = cp,(r) = ————— = —. (32.22) 
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Fic. 32.6. Radial trajectories of massless ‘relativistic’ quasiparticles in artificial 
black hole (vs(r) < 0). Only those trajectories are shown on which quasipar- 
ticles have positive energy in the laboratory frame, E > 0. Arrows show the 
direction of motion. Ingoing quasiparticles smoothly cross the horizon. On 
the other two trajectories quasiparticles have diverging energy in the vicin- 
ity of the horizon (infinite blue shift) which must be cut off by Planckian 
physics. Quasiparticles moving from the horizon to the singularity along the 
trajectory marked by the dotted line have different sign of energy in superflu- 
id-comoving and laboratory frames. In the initial vacuum, the states on this 
branch are occupied, since in the superfluid-comoving (freely falling) frame 
the energy of these quasiparticles is negative, E(p) < 0. However, in the lab- 
oratory frame the energy of quasiparticles is positive, Æ > 0, and thus they 
must be emitted. The process of emission is the tunneling to the outgoing 
branch, which represents the Hawking radiation. 


The energy E(r) of a quasiparticle in the superfluid-comoving frame is very large 
close to the horizon, but becomes less and less when the quasiparticle moves away 
from the horizon (Fig. 32.6). This is the same phenomenon as the gravitational 
red shift in general relativity superimposed on the Doppler shift (see the book 
by Landau and Lifshitz 1975), since the emitter is freely falling with velocity 
v = vs(r). The frequency of the spectral line measured by the observer at infinity 
is 


ee ea *) (32.23) 
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where w is the nominal frequency of this line. 


32.2.4 Horizon as the window to Planckian physics 


The horizon at r = rp represents a surface of the infinite red shift: at this surface 
the energy of an outgoing quasiparticle in eqn (32.22) diverges. This means that 
if we observe particles coming to us from the very vicinity of the horizon, these 
outgoing particles originally had a huge energy approaching the Planck energy 
scale. Thus the event horizon can serve as a magnifying glass which allows us 
to see what happens at the Planck length scale. At some point the low-energy 
relativistic approximation inevitably becomes invalid and the deviations from 
the linear (relativistic) spectrum can be observed. 

There is another class of trajectories — the dotted line in Fig. 32.6 — which 
probe the Planckian physics. These are the trajectories of quasiparticles propa- 
gating from the horizon to the singularity. The most important properties of qua- 
siparticles on these trajectories is that their energies in the superfluid-comoving 
and laboratory frames, E(p) and E(p), have different sign. The negative energy 
states, Æ < 0, which are originally occupied in the vacuum of the superfluid- 
comoving frame, have the positive energy E > 0 in the laboratory frame of the 
environment, and thus quasiparticles occupying these states must be emitted. 
In the process of emission, the initial local Minkowski vacuum is decaying. In 
principle there can be more violent processes of the decay of the vacuum behind 
horizon, one of which is discussed in Sec. 32.3. 

In any case the final destiny of the system in the presence of a horizon, i.e. 
the formation of a new vacuum state as viewed in the laboratory frame, depends 
on Planck-scale physics. Such a vacuum state does not exist in the relativistic 
domain: the number of negative energy levels to be filled in the new vacuum is 
infinite, and we need the Planck energy cut-off to restrict the number of negative 
levels. In the process of filling these states the horizon will or will not be destroyed 
depending on the Planckian physics. The situation is very similar to the fate of 
the supercritical superflow: when the flow velocity exceeds the Landau critical 
value VLandau the superfluidity will (Fig. 26.1 middle) or will not (Fig. 26.1 left) 
be destroyed depending on the microscopic physics. 


32.2.5 Hawking radiation 


Irrespective of the final destiny of a horizon, the first stage of the dissipation 
of the initial vacuum can start with the Hawking-like radiation, provided some 
other, more violent, process of vacuum instability does not intervene. Let us 
consider the Hawking radiation using the semiclassical description, which is valid 
when the quasiparticle energy is much larger than the crossover temperature of 
order of the Hawking temperature Ty. In this case the Hawking radiation can be 
described as the quantum tunneling between classical trajectories in Fig. 32.6. 
We consider the positive energy states, E > 0, as viewed in the laboratory 
frame, where the velocity field is time independent. The tunneling exponent is 
determined by the usual quasiclassical action S = Im f p,(r)dr. At low energy, 
when the non-relativistic corrections are neglected, the momentum as a function 
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of r on the classical trajectory has a pole at the horizon p(r) ~ E/v!(r—rp). Here 
uv, is the derivative of the superfluid velocity at the horizon, which is equivalent to 
the surface gravity according to eqn (32.20). Shifting the contour of integration 
into the upper half-plane of the complex variable r, one obtains for the tunneling 
action 7 : 

S= m | pp(v)dr = ie aR (32.24) 


Us 


The probability of tunneling, 


2 QnE E 
exp (-=) = exp (- — = exp (-#] ; (32.25) 


reproduces the thermal radiation with the Hawking temperature in eqn (32.20). 

In the process of quantum tunneling from the occupied to empty levels pairs 
of fermions are created: (quasi)particles outside the horizon and (quasi)holes 
beyond the horizon. 


32.2.6 Preferred reference frames: frame for Planckian physics and absolute 
spacetime 


The energy E(p) of the outgoing quasiparticle in the superfluid-comoving (freely 
falling) frame in eqn (32.22) diverges at the horizon, where the Planckian physics 
intervenes. The first manifestation of the Planckian physics is the deviation from 
the linear relativistic law E(p) = cp. The quantum liquids give us examples where 
the dispersion of the quasiparticle spectrum E(p) becomes ‘superluminal’ at high 
energy, i.e. the velocity dE /dp exceeds the maximum attainable speed c of the 
low-energy quasiparticles (see Sec. 26.1.5). If the same happens in the quantum 
vacuum of RQFT there are many important physical consequences. 

This can be illustrated by the following example. At the level of the effective 
relativistic theory, the space-like coordinate r becomes time-like beyond the hori- 
zon, since in this region all (quasi)particles can move only in one direction of r — 
toward the singularity. At the fundamental level, because of the superluminal dis- 
persion, (quasi)particles can go back and forth even beyond the horizon. Thus 
the superluminal dispersion restores the space-like nature of the r coordinate 
even beyond the horizon. 

With our present knowledge there is an essential gap between the quantum 
vacuum in quantum liquids and the quantum vacuum of our Universe. In su- 
perfluids, as we know, there are two preferred reference frames. One of them is 
an ‘absolute’ spacetime of the laboratory frame (the frame of the environment). 
In the effective gravity in quantum liquids, the effective metric appears as a 
function of the coordinates (r,t) of this absolute spacetime. Another one is the 
frame locally comoving with the superfluid vacuum. In this frame the local met- 
ric is a Minkowski one. It is in this frame that the velocity-independent energy 
E(p) of quasiparticles is introduced. When E(p) is large enough the low-energy 
‘relativistic’ spectrum acquires the non-linear ‘non-relativistic’ correction which 
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contains the Planck energy scale (see eqn (26.4)). This means that it is the local 
superfluid-comoving frame where the Planck energy cut-off is introduced. 

As for the quantum vacuum of our Universe, we are still at such a low energy 
that we cannot say whether any of the two preferred reference frames exist. For 
us it is an open question in whose reference frame the Planck energy scale must 
be introduced, i.e. what the analog is of the superfluid-comoving frame. Also we 
cannot say whether there is an absolute spacetime which is the analog of the 
laboratory frame. The magnifying glass of the event horizon could serve as a 
possible source for spotting these two reference frames, if they exist. 

The existence of the absolute spacetime in quantum liquids allows us to re- 
solve between different metrics that are equivalent for inner observers. Let us 
suppose that we managed to construct the ‘perfect’ quantum liquid — the liquid 
with a favorable hierarchy of Planck scales. In such a liquid the integrals over 
fermions are restricted within the region where fermions are still relativistic, and 
thus the obtained effective action for the effective gravity obeys general covari- 
ance, i.e. it is the Einstein action. Being covariant the Einstein action does not 
depend on the choice of the reference frame, and thus the Einstein equations can 
be solved in any coordinate system. However, in the presence of the horizon or 
ergoregion some of the solutions are not determined in the whole spacetime of 
the liquid. In these cases discrimination between different solutions arises and 
one must choose between them. In the quantum liquid the choice is natural: we 
know that at high energy the general covariance disappears and for a correct 
description we must use absolute coordinates in the preferred frame of the labo- 
ratory. In general relativity, the ambiguity in the presence of a horizon requires 
proper choice of the solution, which is not known within the effective theory 
and is not known in general since we do not know the fundamental ‘microscopic’ 
background. One can thus only guess what is the proper solution of the Einstein 
equations. 

It is rather clear that Schwarzschild solution cannot be the proper choice, 
since the whole spacetime is not covered by Schwarzschild coordinates: the re- 
gion beyond the horizon is missing (see Sec. 32.2.7). Let us accept the quantum 
liquid scenario as a working hypothesis, which we shall use for description of the 
black-hole interior in Sec. 32.4. We assume that it is the Painlevé-Gullstrand 
metric with the frame dragging inward which is the proper stationary solution, 
with (r,t) considered as absolute coordinates, while the local frame of the freely 
falling observer serves as an analog of the superfluid-comoving frame in which the 
Planck energy physics is introduced. We also assume that the Planckian physics 
is superluminal. Particles arriving to us from the black hole could come not only 
from the very vicinity of the horizon, but also from beyond the horizon, since 
this is allowed by the superluminal dispersion, and even from the vicinity of the 
singularity at r = 0. In this case the magnifying glass will allow us to probe 
the trans-Planckian physics in the vicinity of the singularity. Let us stress, how- 
ever, that this is only a guess: being well within the effective theory we cannot 
discriminate between different choices of the preferred frames. 
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32.2.7 Schwarzschild metric in effective gravity 
The Schwarzschild line element 


2 
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can be obtained from the Painlevé-Gullstrand line element in eqn (32.17) by 
the coordinate transformation 


ss g Us 
i=t+ f ee : (32.27) 
This coordinate transformation is forbidden at the fundamental level, but is valid 
for the low-energy quasiparticles obeying general covariance, which live outside 
the horizon. Thus in quantum liquids the Schwarzschild metric has some, though 
very limited, physical sense: it is the metric viewed by the far-distant inner 
observer. 

Let us consider such an inner observer who is at rest at some point R > rh 
far from the artificial black hole where the superfluid velocity is almost zero. It 
appears that the observer’s time is given just by ¢ in eqn (32.27), and thus the 
metric which he (or she) observes is the Schwarzschild line element in eqn (32.26). 
How does the observer find this? He (or she) sends the pulse of quasiparticles, 
which plays the role of light, and looks for the reflection signal from the body 
which is at point r. If the observer sends the signal at the moment tı, it arrives 
at point r at t = tı + JE dr/|v_| of the absolute (laboratory) time, where v+ 
and v_ are absolute (laboratory) velocities of radially propagating quasiparticles, 
moving outward and inward respectively: 


dr dE 
z= dt dpr 


tc+ Us. (32.28) 


From the point of view of the inner observer the speed of light c is an invariant 
quantity and does not depend on direction of propagation. Thus for the inner 
observer the moment of arrival of pulse to r is not t but t = (tı + t2)/2, where t2 
is the time when the pulse reflected from r returns to the observer at R. Since 
t2- t = JE dr/|v_|+ Js dr/|v+|, one obtains that the time measured by the 


inner observer is 
$ tw 1 D dr a dr 
t(r,t) = =t+- — — 
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This is just eqn (32.27). 
The Schwarzschild metric is not applicable if one tries to extend the con- 
sideration to the space beyond the horizon and to physics at higher energy, 
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Fic. 32.7. Trajectories of massless ‘relativistic’ quasiparticles in the presence of 
pair of white and black horizons in Laval-nozzle-type geometry in Fig. 32.2 
right bottom according to Fischer and Volovik (2001). Only those trajecto- 
ries are shown on which quasiparticles have positive energy in the laboratory 
frame, E > 0. As distinct from Fig. 32.6 the non-linear superluminal disper- 
sion of the quasiparticle spectrum is included. The trajectories in Fig. 32.6 
which terminated at nonsingular points in space are now closed or smoothly 
cross the horizons. As a result the spacetime is ‘geodesically complete’. The 
Hawking process of emission by tunneling is also shown. 


while the Painlevé-Gullstrand metric is suitable for that. One may argue that 
the Painlevé-Gullstrand metric is also restricted since it is not geodesically 
complete. However, this is not necessary for the effective theory. The effective 
spacetime is not geodesically complete in the presence of the horizon, simply be- 
cause it exists only in the low-energy ‘relativistic’ corner. The trajectories in Fig. 
32.6 do not terminate at the horizon: they escape to a non-relativistic domain 
when their energy increases beyond the relativistic, linear approximation regime 
and the trajectory continues (Jacobson and Volovik 1998a,b; Jacobson and Koike 
2002). Such example, when the superluminal dispersion makes the trajectories 
‘geodesically complete’, is shown in Fig. 32.7 for the black-hole/white-hole pair 
arising in the Laval nozzle geometry in Fig. 32.2. The trajectories are either 
closed or continue across the horizons. 

Another example of the incomplete spacetime in effective gravity is provided 
by the vierbein domain walls — the walls with the degenerate metric — discussed 
in Sec. 30.1. For the inner observer who lives in one of the domains, the effective 
spacetime is flat and complete. But this is only half of the real (absolute) space- 
time: the other domains, which do really exist in the absolute spacetime, remain 
unknown to the inner observer. 
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FIG. 32.8. Whirlpool simulating the rotating black hole. The radial velocity of 
the flow is directed toward the center of the black hole. 


These examples also show the importance of the superluminal dispersion at 
high energy. The high energy dispersion of the relativistic particles was exploited 
in the black-hole physics by Jacobson (1996, 1999), Corley and Jacobson (1996, 
1999) and Corley (1998). 


32.2.8 Discrete symmetries of black hole 


Superfluids can also simulate the rotating black hole. An example is shown in 
Fig. 32.8. The types of the condensed matter black holes, ergoregions and sur- 
faces of the infinite red shift can now be classified in terms of the symmetry of 
the superfluid velocity field vs. There are three important elements of discrete 
symmetries which form the group Z2 x Z2. One of them is time reversal symme- 
try T; another one is the 7 rotation Uz around the axis perpendicular to the axis 
of rotational symmetry; and the third one is the combined symmetry operation 
TU. Let us enumerate possible types of spacetime configurations in terms of 
these symmetries. 

(1) T-, U2- and TU2-symmetric. This is the most symmetric configuration: 
all the elements of the Z2 x Z2 group are preserved. This occurs if there is no 
superfluid velocity field. The surfaces of the infinite red shift with zero value of 
the non-diagonal metric elements giọ = 0, corresponding to vs = 0, has been 
discussed in condensed matter by Chapline et al. (2001, 2002). 

(2) Us-symmetric. Analogs of the non-rotating black holes obtained by the 
dragging effect of the radial flow of the liquid violate the time reversal symmetry 
T, since Tvs = —vs. The U2 symmetry is preserved, simply because of the full 
spherical symmetry of these black holes. The symmetry operations T and TU2 
transform the non-rotating black hole into the non-rotating white hole. 

(3) TU2-symmetric. This describes the dragging effect, produced by a vortex, 
by a rotating cylinder, or by a rotating vortex cluster discussed in the previous 
chapter, giving rise to the ergosurface without horizon. The azimuthal flow of the 
liquid violates both T and Uz2 symmetries: these symmetry operations reverse 
the sense of rotation. But the combined symmetry TU? is preserved. 
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(4) Finally the whirlpool in Fig. 32.8 simulating the rotating black hole vi- 
olates both T and TU2. For example, the symmetry operation T transforms a 
rotating black hole into a white hole rotating with the same angular velocity but 
in the opposite direction. The operation TU2 transforms a rotating black hole 
into a white hole rotating in the same direction. 

In all these cases the space parity P of the velocity field is preserved: Pv,(r) = 
—v;(—r) = v;(r). 

Can this classification be applied to astronomical black holes? If so, then 
which sign of the non-diagonal element go; in the Painlevé-Gullstrand metric 
corresponds to the physical situation: black hole or white hole? One can argue 
(Czerniawski 2002) that, if physical gravitation corresponds to the dragging in- 
ward, then only one of the two metrics must be chosen, namely that with the 
minus sign for the dragging velocity. However, how can one exclude the possi- 
bility that the hole which one observes in the vacuum is the white one, if one 
does not know the prehistory of the formation of the hole and cannot detect the 
accretion of the interstellar medium, since the vacuum state is assumed to be 
outside the horizon. 

Why can we resolve the direction of the radial flow in the liquid, yet are 
not able do this for the gravitational black and white holes? The difference 
occurs only because of the different nature of the observers. For the quantum 
liquid gravity we are the external observers who do not belong to the vacuum of 
the quantum liquid, but belong to the ‘trans-Planckian’ world. Our maximum 
attainable speed is much larger than the internal ‘speed of light’ in the vacuum 
of the quantum liquid, and we do not obey the relativistic laws of the low-energy 
physics of this vacuum. This is the reason why we can resolve the direction of the 
flow. An inner observer, who lives in the quantum liquid and uses the low-energy 
quasiparticles for exchange of information, is not able to determine the direction 
of the flow of the liquid. Moreover, this observer cannot resolve between the 
black hole with broken T symmetry discussed here and the T-symmetric hole 
discussed by Chapline et al. (2001, 2002) and Mazur and Mottola (2001), since 
for the inner observer both are described by the Schwarzschild metric. 

This can be resolved only when the trans-Planckian physics is introduced. The 
physics beyond the horizon as observed by the external trans-Planckian observer 
essentially depends on T symmetry. The most prominent physical consequence 
of broken time reversal symmetry is, as we shall see in Sec. 32.4, that if the 
horizon survives after the vacuum reconstruction the vacuum inside the horizon 
acquires a Fermi surface and thus undergoes the quantum phase transition to a 
different universality class of fermionic vacua (Huhtala and Volovik 2001). 


32.3 Horizon and singularity on AB-brane 


The experimental realization of two superfluid liquids sliding along each other 
by Blaauwgeers et al. (2002) discussed in Sec. 17.3 and Chapter 27 opened 
another route for construction of an analog of the black-hole event horizon and 
also of the singularity in the effective Lorentzian metric. Now it is the effective 
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metric experienced by the collective modes living on the AB-interface — the AB- 
brane — separating two different superfluid vacua, *He-A and *He-B. Schiitzhold 
and Unruh (2002) suggested use of the capillary-gravity waves (ripplons) on 
the surface of a liquid flowing in a shallow basin. In the long-wavelength limit 
the energy spectrum of the surface modes becomes ‘relativistic’, which allows us 
to describe the propagating modes in terms of the effective Lorentzian metric. 
This idea can be modified to the case of ripplons propagating along the interface 
between two superfluids — the AB-brane. 

There are many advantages when one uses the superfluid liquids instead of 
conventional ones: (i) The superfluids can slide along each other without any 
friction until the critical velocity is reached, and thus all the problems related 
to viscosity disappear. (ii) The superfluids, as we know, represent the quantum 
vacua similar to that in RQFT. That is why the quantum effects related to the 
vacuum in the presence of an exotic metric can be simulated. (iii) The interface 
between two different superfluid vacua is analogous to the brane in modern 
RQFT (see Part V), and one can study the brane physics, in particular the 
interaction between brane matter and matter living in the higher-dimensional 
space outside the brane. Here, in an example of the AB-brane, we show that the 
interaction of the brane with the bulk environment can lead to vacuum instability 
of the brane vacuum in the presence of the ergoregion beyond the horizon. (iv) By 
reducing the temperature one can make the time of development of the instability 
long enough to experimentally probe the singularity within the black hole (the 
so-called physical singularity). 


32.3.1 Effective metric for modes living on the AB-brane 
Let us consider surface waves — ripplons — propagating along the AB-brane in the 
slab geometry shown in Fig. 32.9. Two superfluids, *He-A and *He-B, separated 
by the AB-brane are moving along the brane with velocities vı = vss and 
V2 = vsa in the container frame (the frame of the environment). The normal 
components of the liquids — the systems of quasiparticles on both sides of the 
interface, which play the role of the bulk matter outside the brane — are at 
rest with respect to the container walls in a global thermodynamic equilibrium, 
Vn = 0. The dispersion relation for ripplons which represent the matter living 
in the 2D brane world can be obtained by modification of eqn (27.8) to the slab 
geometry: 

M,(k)(w — k- v1)? + Mo(k)(w—k+ v2)? = F + ko — Tw. (32.30) 
Here, as before, o and F are the surface tension of the AB-brane and the force sta- 
bilizing the position of the brane respectively. The quantities M: (k) and M2(k) 
are those k-dependent masses of the liquids which are forced into motion by the 
oscillating brane: 

Pl p2 
MW) a ON a Cay 


where hı and hg are the thicknesses of the layers of two superfluids; pı and p2 
are mass densities of the liquids (we assume that the temperature is low enough 
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Fic. 32.9. The brane — the interface between two moving superfluids, 3He-A 
and °He-B. vs4 and vsg are the superfluid velocities of two liquids sliding 
along the brane, while the normal components of the liquids — the analogs of 
matter living outside the brane — are at rest in the frame of the container, 
VnA = Vng = 0. The dashed line demonstrates the propagating surface wave 
(ripplon) which represents matter living on the brane. 


so that the normal fraction of each of the two superfluid liquids is small, ps1 ~ p1 
and Ps2 ~ p2). 

Finally T is the frame-fixing parameter — the coefficient in front of the friction 
force in eqns (27.6) and (29.18) experienced by the AB-brane when it moves 
with respect to the 3D environment along the normal z to the brane, Friction = 
—T'(vap — Vn) (in the frame of the container v, = 0). The friction term in eqn 
(32.30) containing the parameter T is the only term which couples the 2D brane 
with the 3D environment consisting of liquids in the bulk and the container 
walls. If T = 0, the connection with the 3D environment is lost, and the brane 
subsystem becomes Galilean invariant. The T term violates Galilean invariance of 
the 2D world of the AB-brane due to the interaction with the higher-dimensional 
environment. 

In experiments conducted by Blaauwgeers et al. (2002) one has kh; >> 1 and 
kh > 1, and eqn (27.8) is restored. In the opposite limit of a thin slab, where 
kh, <1 and kh < 1, one obtains 


2 ~ 

alw =k: v1)? + a2(w = k: v2)? = 7k? (: + E) — U (k)w , (32.32) 
0 
where 
hop hips 

es UN y Gh es ig aS 32.33 
hop + hip2 a həpı T hıp2 : 3 ( 

F Fhiho = T hihe 
k= — , = —— TIT eee) eee 32.34 
0 o hapı + hı p2 (E) 2 hapı + hıip2 ( ) 


For k < ko and w < cko the dominating, quadratic in k and w, terms in eqn 
(32.32) can be rewritten in the Lorentzian form 


g!” kyky = 2iwl'(k) — ekt /kê , (32.35) 
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ky =; (—w, ke, ky) , k= \/ k2 ag ke : (32.36) 


The right-hand side of eqn (32.35) contains the remaining small terms violating 
the effective Lorentz invariance — the attenuation of ripplons due to the inter- 
action with the higher-dimensional environment and their non-linear dispersion. 
The quantities kg and cko play the roles of the Planck momentum and Planck 
energy for ripplons: they determine the scales where the Lorentz symmetry of 
ripplons is violated. Both terms on the rhs of eqn (32.35) come from the physics 
which is ‘trans-Planckian’ for the ripplons. The Planck energy scale of the 2D 
physics in the brane is typically much smaller than the Planck energy scales in 
eqn (7.31) for the bulk 3D superfluids outside the brane. The frame-fixing pa- 
rameter I is determined by the physics of 3D quasiparticles scattering on the 
brane as discussed in Sec. 29.3.1. We shall consider velocities vı and v2, which 
are comparable to the ‘speed of light’ c on the brane. But they are small com- 
pared to the maximum attainable speeds cj and c} in the 3D world outside the 
brane, i.e. cp=2 < cp=3. 

At sufficiently small k both non-Lorentzian terms — attenuation and non- 
linear dispersion on the rhs of eqn (32.35) — can be ignored, and the dynamics 
of ripplons living on the AB-brane is described by the following effective con- 
travariant metric in the frame of the environment g””: 


ayy; — aguh , g = eS — aviv? —aguiv,. (32.37) 


Introducing two vectors, U and W, which describe the relative motion of two 
superfluids and the mean velocity of the two superfluids with respect to the 
container, respectively, 


U = Vaiaz(vı — v2), W = avı + aeve , (32.38) 


one obtains the following expression for the time independent effective contravari- 
ant metric for ripplons: 


The corresponding effective covariant metric of the (2+1)-dimensional spacetime 
is 


U'U) 


1 ij i 3 z 
Jij = za ( 14 Hi » Joo = —1 + gijW Ww? > Joi = —gi; W? . (32.40) 


32.3.2 Horizon and singularity 


The criterion of the original Kelvin-Helmholtz instability, which takes place in 
the absence of the environment, i.e. at [ = 0, is modified in the slab geometry. 
If khy < 1 and kha < 1, then instead of eqn (27.1) or the third of eqns (27.13) 
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one obtains that the classical KH instability takes place when U = c, i.e. when 
the relative velocity of motion of the two liquids reaches the critical value 


Cc 


4/A1,QA2 i 


From eqn (32.40) it follows that at this velocity the determinant of the metric 
tensor 


(32.41) 


[vi — v2| = VKH = 


1 
I=- (2 U3 


has a physical singularity: it crosses the infinite value and changes sign. 

However, before U reaches c, the other important thresholds can be crossed 
where analogs of the ergosurface and horizon in general relativity appear. Let 
us consider the simplest situation when velocities U and W are parallel to each 
other (i.e. vı || v2); these velocities are radial and depend only on the radial 
coordinate r along the flow (Fig. 32.10 left). Then the interval of the effective 
2+1 spacetime in which ripplons move along the geodesic curves is 


(32.42) 


—(c? — W? (r) — U?(r))dt? — 2W (r)dtdr + dr? 


Da 242 
ds? = ovo +r?dø?, (32.43) 
or 
2 2 2 2 
ge — W” (r)-U*(r) dr oe 
ds“ = —dt ae + Faw) e + redo” , (32.44) 
d= dt + — Wire . (32.45) 


The circle r = rp, where goo = 0, i.e. where W? (rn) +U?(rn) = c?, marks the ‘co- 
ordinate singularity’ which is the black-hole horizon if the velocity W is inward 
(see Fig. 32.10 left). In such radial-flow geometry the horizon also represents the 
ergosurface (ergoline in 2D space) which is determined as the surface bounding 
the region where the ripplon states can have negative energy. As before, we call 
the whole region behind the ergosurface the ergoregion. This definition differs 
from that accepted in general relativity, but we must extend the notion of the 
ergoregion to the case when the Lorentz invariance and general covariance are 
violated, and the absolute reference frame appears (see Sec. 26.1.5). At the er- 
gosurface, the Landau critical velocity for generation of ripplons is reached. And 
also, as follows from eqn (32.35) (see also Sec. 27.1.2), the ergoregion coincides 
with the region where the brane fluctuations become unstable, since not only 
the real but also the imaginary part of the ripplon spectrum crosses zero at the 
ergosurface. It becomes positive in the ergoregion (Fig. 32.10 right). 


32.3.3 Brane instability beyond the horizon 


The positive value of the imaginary part of the ripplon spectrum beyond the 
horizon means that the brane vacuum becomes unstable in the presence of the 
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Fic. 32.10. Artificial black hole in AB-brane. Left: Horizon and singularity in 
the effective metric for ripplons on the brane (AB-interface). We assume that 
the A-phase is at rest, while the B-phase is radially moving to the center as 
shown by the arrows. Right: Real and imaginary parts of the ripplon spec- 
trum cross zero values at the horizon. In the ergoregion (the region beyond 
the horizon) the attenuation of ripplons transforms to the amplification lead- 
ing to the instability of the brane world. The time of development of this 
instability is long at low T, where [ is small. On the contrary, in the region 
beyond the singularity, the Kelvin-Helmholtz instability develops rapidly and 


Tsingularity >? 0. 


ergoregion. The slope of Im w(r) in Fig. 32.10 right is proportional to T, which 
means that instability develops only at non-zero frame-fixing parameter I, i.e. 
due to the interaction of the 2D ripplons with the 3D quasiparticles living in bulk 
superfluids on both sides of the brane. Outside the horizon, the interaction of 
the brane with the bulk environment leads to the attenuation of the propagating 
ripplons: the imaginary part of the ripplon spectrum is negative there. In the 
ergoregion, the imaginary part of the spectrum of ripplons becomes positive, i.e. 
the attenuation transforms to amplification of surface waves with negative Im w. 
The similar mechanism of the instability of the rotating black hole has been 
discussed by Press (1998). 

Since the instability of the interface with respect to exponentially growing 
surface fluctuations develops in the presence of the shear flow, this instability 
results in the formation of vortices observed by Blaauwgeers et al. (2002) (see 
Chapter 27). In these experiments, however, the conditions kh; < 1 and kh2 & 1 
were not satisfied, i.e. the relativistic description was not applicable. Also, in 
the rotating cryostat the superfluids flow in the azimuthal direction instead of 
the radial one. That is why there was no horizon in the experiment. However, 
the notion of the non-relativistic ergosurface and of the ergoregion beyond this 
ergosurface, where the ripplon energy becomes negative in the container frame, 
is applicable. According to Fig. 27.3 the observed threshold velocity for the 
instability which leads to vortex formation exactly corresponds to the appearance 
of the ergosurface (ergoline) in the reference frame of the bulk environment. The 
same physics of the brane vacuum instability in the ergoregion will hold for 
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shallow superfluids in the presence of a ‘relativistic’ horizon. 

There are two ingredients which cause vacuum instability within the ergore- 
gion: (i) the existence of the absolute reference frame of the environment outside 
the brane; and (ii) the interaction of the brane with this environment (T 4 0) 
which violates Galilean invariance (and Lorentz invariance in the ‘relativistic’ 
case) within the brane. They lead to attenuation of the ripplon in the region 
outside the ergosurface (horizon). Beyond the ergosurface (horizon) this atten- 
uation transforms to amplification which destabilizes the vacuum there. This 
mechanism may have an important implication for the astronomical black hole. 
If there is any intrinsic attenuation of, say, photons (either due to superluminal 
dispersion, or due to the interaction with the higher-dimensional environment), 
this may lead to catastrophical decay of the black hole due to instability beyond 
the horizon, which we discuss in Sec. 32.4.1. 

Let us estimate the time of development of such instability, first in the arti- 
ficial black hole within the AB-brane and then in the astronomical black hole. 
According to Sec. 29.3.3 the frame-fixing parameter in the friction force experi- 
enced by the AB-brane due to Andreev scattering of quasiparticles living in the 
bulk superfluid on the A-phase side of the brane is T ~ T?m* [Rese at T & Ty. 
Let us recall that c} and c are the ‘speeds of light’ for 3D quasiparticles living 
in anisotropic *He-A, and these speeds are much larger than the typical ‘speed 
of light’ c of quasiparticles (ripplons) living on the 2D brane; the superfluid tran- 
sition temperature Te ~ Ao also marks the 3D Planck energy scale. Assuming 
the most pessimistic scenario in which the instability is caused mainly by the 
exponential growth of ripplons with the 2D ‘Planck’ wave number ko, one ob- 
tains the following estimate for the time of development of the instability in the 
ergoregion far enough from the horizon: T ~ 1/P'(ko) ~ 10(T./T)* s. Thus at 
low T the state with the horizon can live for a long time (minutes or even hours), 
and this lifetime of the horizon can be made even longer if the threshold is only 
slightly exceeded. 

This gives a unique possibility to study the horizon and the region beyond 
the horizon. The physical singularity, where the determinant of the metric is 
singular, can also be easily constructed and investigated. 

At lower temperature T < m*c* the temperature dependence of I’ changes 
(see Sec. 29.3.2), T ~ T/R È cj, and at very low T it becomes temperature 
independent, T ~ Akt, which corresponds to the dynamical Casimir force acting 
on the 2D brane (mirror) moving in the 3D vacuum (Davis and Fulling 1976). 
Such intrinsic attenuation of ripplons, transforming to the amplification in the 
ergoregion, can lead to instability of the brane vacuum beyond the horizon even 
at T = 0. 


32.4 From ‘acoustic’ black hole to ‘real’ black hole 
32.4.1 Black-hole instability beyond the horizon 


Now let us suppose that the same situation takes place in our world, i.e. our world 
is the 3D brane in, say, 4D space. The modes of our 3D brane world (photons, or 
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gravitons, or fermionic particles) may have finite lifetimes due to the interaction 
with the 4D environment in the bulk. In this case this will lead to the instability of 
the vacuum beyond the horizon of the astronomical black holes. This instability 
can be considered using eqn (32.35) which incorporates both terms violating the 
Lorentz invariance of our world at high energy. Following the analogy, we can 
write the intrinsic width of the particle spectrum due to the interaction with 
the bulk environment as a power law Î(k) ~ u(ck/u)”, where the parameter p 
contains the Planck energy scale in 4D space, and thus is well above the Planck 
energy scale Epjanck of our 3D brane world, u >> Epjanck. The exponent n = 6 if 
the analogy is exact. In principle, the role of the 4D environment can be played 
by the trans-Planckian physics, which prvides the absolute reference frame. In 
this case the broadening of the particle spectrum characterized by (k) can be 
caused by the superluminal upturn of the spectrum which leads to the decay 
of particles. The non-linear dispersion of the particle spectrum was exploited 
both in the black-hole physics and cosmology (Jacobson 1996, 2000; Corley and 
Jacobson 1996, 1999; Corley 1998; Starobinsky 2001; Niemeyer and Parentani 
2001). 

We shall use the Painlevé-Gullstrand metric in eqn (32.17), which, together 
with the superluminal dispersion of the particle spectrum, allows us to consider 
the region beyond the horizon: 


l "ERO. e A DG 
g®=-1, gi = -vi, g” = C5 — vivul , vs = —f M ; (32.46) 
r 


Here G is the Newton constant and M is the mass of the black hole. This metric 
coincides with the 3D generalization of the metric of ripplons on the AB-brane 
in eqn (32.43) in the case when vı = v2. Equation (32.43) gives the following 
energy spectrum for particles living in the brane: 


(E - p: vs)? = E? (p) — 2iÑ(p)È , (32.47) 
E?(p) = M?+2p+e% , (32.48) 
Po 
or 
E(p) = p- vs — i (p) + y E*(p) —F2(p) — 240 (p)p- vs - (32.49) 


For massless particles and small I'(p) < cp, the imaginary part of the energy 
spectrum is 


2s 33 P: Vs 
Im E(p) = —il (p) (1 = Fut = z) ; (32.50) 
Beyond the horizon, where W > c, the imaginary part becomes positive for 
|p: vs| > E(p,M = 0) (or p? < p2/(v2/c? — 1)), i.e. attenuation transforms to 
amplification of waves with these p. This demonstrates the instability of the vac- 
uum with respect to exponentially growing electromagnetic or other fluctuations 
in the ergoregion. Such an instability is absent when the frame-fixing parameter 
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Č = 0, i.e. if there is no interaction with the trans-Planckian or extra-dimensional 
environment. 

The time of the development of instability within the conventional black hole 
is determined by the region far from the horizon, where the relevant p ~ po ~ 
PPlanck: Thus 7 ~ 1/T'(po) ~ u 2 iae If u is of the same order as the brane 
Planck scale, the time of development of instability is the Planck time. That is 
why the astronomical black hole can exist only if u >> EPlanck, which takes place 
when the 3D and 2D Planck scales are essentially different, as happens in the 
case of the AB-brane. Let us compare this ergoregion instability with the decay 
of the black hole due to Hawking radiation. The latter corresponds to n = 4 and 
u = M, where M is the black-hole mass. This always leads to the astronomical 
time for the decay of the astronomical black hole. 


32.4.2 Modified Dirac equation for fermions 


In the presence of the horizon the Minkowski vacuum decays via Hawking radi- 
ation or by more violent processes such as the ergoregion instability discussed 
in Sec. 32.4.1. Due to the vacuum decay inside the horizon, the horizon can be 
destroyed. However, in principle it is possible that the reconstruction of the vac- 
uum will preserve the horizon. This is possible for fermionic vacua, when the new 
vacuum can be formed after fermions finally fill all the negative energy levels in 
the ergoregionas. This happens in superfluids where the new stable vacuum can 
be reached when the Landau criterion is exceeded and the ergoregion is formed 
(Fig. 26.1 left). 

What kind of vacuum is formed beyond the horizon in this hypothetical 
case of a stable black hole? In Sec. 26.1.3 we have seen that in the region where 
ULandau < Us < Uc (i.e. where the superfluid velocity exceeds the Landau criterion 
but the superfluidity is not destroyed) the new superfluid vacuum acquires a 
Fermi surface (see Fig. 26.1 left for 7He-B and Fig. 26.1 right for 3He-A). This 
suggests that beyond the horizon the vacuum state (if it exists) has fermion zero 
modes which form a Fermi surface. This would occur only for horizons with 
broken time reversal symmetry, as in the Painlevé-Gullstrand metric which can 
be described in terms of the flow velocity. 

Let us consider how the fermion zero modes of co-dimension de = 1 can 
appear in the interior of a black hole. We need to invoke Planck-scale physics 
which is not known. But probably the final result — the existence of the Fermi 
surface beyond the horizon — is universal because of the universality of zeros of 
co-dimension de = 1. So let us use such an extension of the Standard Model and 
gravity to high energy as suggested by the quantum Fermi liquids, and exploit 
as a guide the analog of the horizon and ergoregion in these liquids. This means 
that we make the following crucial assumptions. 

(1) We assume that the Painlevé-Gullstrand metric with the frame dragging 
inward is the proper stationary solution of the Einstein equations, whose space- 
time coordinates are absolute even on the Planck scale. It is in this absolute 
frame of the trans-Planckian environment that the true vacuum must be found. 
In quantum liquids this corresponds to the abslolute spacetime of the laboratory 
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environment, in which the velocity field (the gravitational field) and the horizon 
are stationary. 

(2) The local frame of the observer who is freely falling toward the singularity 
will be considered as the counterpart of the superfluid-comoving frame. In this 
preferred frame the non-relativistic corrections due to Planck energy physics are 
introduced which violate the Lorentz invariance. In the freely falling frame these 
corrections do not depend on the gravitational field. The freely falling frame for 
the Planckian physics was also suggested by Corley and Jacobson (1996). 

(3) The energy spectrum of particles in this freely falling frame is given by 
eqn (32.48). 

(4) In the absolute frame of the trans-Planckian environment their energy 


spectrum is 
x pt 
E =p: v; 44| M? +p +e , (32.51) 
Po 


where vs = —fc\/r1,/r is the frame-dragging field. In the limit of the effective 
theory p < po this corresponds to the spectrum of relativistic particles, g4”p,py+ 
M? = 0, in the black-hole background described by the Painlevé—Gullstrand 
metric in eqn (32.46). 

The Painlevé-Gullstrand metric describes the spacetime in both exterior and 
interior regions. This spacetime, though not static, is stationary in the absolute 
frame, O:gy, = 0. That is why the energy in the interior region is well determined 
for any value of the momentum p. This allows us to determine the ground state 
(vacuum) of the Standard Model in the interior region of the black hole. This 
is the analog of the Boulware vacuum in general relativity (Boulware 1975), the 
divergence of the energy density of the Boulware vacuum at the horizon (and 
beyond) is cured by the superluminal dispersion. 

(5) Since we do not know the Planckian physics, the back reaction of the 
gravitational field to the establishment of a new vacuum is not known. That is 
why we simply fix the gravitational background, assuming that vs = —fc\/rp/r 
always holds. Since the Fermi surface is a topologically stable object, modification 
of the vs(r)-field due to the back reaction should not destroy the Fermi surface. 

(6) We consider here only the fermionic vacuum of the Standard Model. We 
assume that, as in fermionic quantum liquids, the bosonic fields in the Standard 
Model are the collective modes of the fermionic vacuum. The Dirac equation for 
fermions in the gravitational background of the Painlevé-Gullstrand metric can 
be written using the tetrad formalism (see Doran 2000). The violation of the 
Lorentz invariance at high energy can be introduced by adding the non-linear 
y5 term, which gives the superluminal dispersion. As a result one obtains the 
following modified Dirac equation (Huhtala and Volovik 2001): 


i0pU = —ica’'d,V + Myt + HpY + Hel . (32.52) 


Here Hp and Hg are Hamiltonians coming from the Planckian physics and from 
the gravitational field correspondingly: 
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he 3 
Higa Eyo He iho = (= fe a.) , (32.53) 
Po r \4r 


The Dirac matrices used are 


a a a y =(5.5) =l a ; (32.54) 


The equation (32.52) is the starting point for calculation of the fermion zero 
modes and new vacuum within the black hole. Here we shall use the fact that the 
main contribution to the new vacuum comes from the negative energy fermions, 
whose wavelength is on the order of Planck length (Huhtala and Volovik 2001). 
For such fermions the semiclassical approximation works well and we can use the 
classical energy spectrum in eqn (32.51). Also the masses M of fermions can be 
neglected at such scales, and we return to the chiral fermions of the Standard 
Model, but with non-linear dispersion. 


32.4.3 Fermi surface for Standard Model fermions inside horizon 

Because of the possibility of superluminal propagation the surface r = ry is not 
the true horizon: particles can penetrate this surface from both sides. However, 
this surface has a physical meaning: it marks the boundary of the ergoregion. 
At r < rn, some particles with positive square root in eqn (32.51) have negative 
energy. As a result, at r < ra the Fermi surface appears — the surface in the 
3D momentum space, where the energy of particles is zero, E(p) = 0. After the 
vacuum reconstruction, when all the negative energy states are occupied, the 
horizon becomes the physical surface separating quantum vacuua with different 
topology of the fermionic spectrum. The coordinate singularity of the metric 
becomes the real physical singularity. 

For the spectrum in eqn (32.51) with M = 0 the Fermi surface is given by 
an equation which expresses the radial momentum p, in terms of the transverse 
momentum p]: 

1 2 1 2 2 2 
Pr (PL) = 5Po (5 = 1) -pi E4 5P6 (= = 1) — PLS - (32.55) 


This surface of co-dimension de = 1 exists at each point r within the ergoregion, 
where v? > œ. It exists only in a restricted range of the transverse momenta, 
with the restriction provided by the cut-off parameter po: 


(32.56) 


This means that the Fermi surface formed by the fermion zero modes beyond the 
horizon is a closed surface in the 3D momentum p-space (see Fig. 32.11 right). 

The Fermi surface of fermion zero modes provides the finite density of fermi- 
onic states (DOS) at E = 0: 


N(E =0) = Nr | 6(E(p)) (32.57) 
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Fic. 32.11. Formation of the event horizon can be accompanied by the topo- 
logical phase transition in momentum space: the Fermi surface for the Stan- 
dard Model fermions can be formed beyond the horizon. The Fermi surface 
Ē(p, ro) = 0 is shown for a given point ro inside the black hole: 0 < |ro| < rn 
(right). The Fermi surface is absent for r > rp, where all the fermions of the 
Standard Model are massive. Thus the event horizon serves as the interface 
between the two vacua (left). In condensed matter, the quantum phase tran- 
sition at T = 0 with formation or topological reconstruction of the Fermi 
surface is called the Lifshitz transition. 
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Here Np = 16N, is the number of massless chiral fermionic species in the Stan- 
dard Model with N, generations; vg is the radial component of the group velocity 
of particles at the Fermi surface: 


z dE s 2 2 
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Integration over p in eqn (32.59) gives the following density of states of fermion 
zero modes 
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The main contribution to the DOS and thus to the thermodynamics comes from 
the energies comparable to the cut-off energy Eo = cpo, which is much larger 
than fermion masses. That is why all the masses of fermions were neglected. 


32.4.4 Thermodynamics of ‘black-hole matter’ 

Fermion zero modes with their finite DOS N(E£ = 0) determine the thermo- 
dynamics of the black-hole matter at T # 0. The thermal energy €(T) carried 
by the Standard Model fermions in the interior of the black hole at non-zero 
temperature is 


E(T) = NO) f ak Ef(E/T) = = N(0)T? 2 ua 


where f(x) = 1/(e” + 1) is the Fermi distribution function. The entropy of the 
black-hole matter S(T) = —dF/dT (where F(T) = E(T) — TS(T) is the free 
energy) is 


NrG? EG MPT? , (32.62) 


2 
at N 327 ae 
~ 105 5h 
where M = rp/2Gc is the black-hole mass; and G is the gravitational constant. 

Let us compare the entropy of fermion zero modes to the phenomenological 
Bekenstein—Hawking (BH) entropy of the black hole. In the phenomenological 
approach the black hole is in the thermodynamic equilibrium with the environ- 
ment if the Hawking temperature Ty coincides with the temperature T of the 
environment. This equilibrium is, however, unstable since it corresponds to the 
saddle-point thermodynamic state — the sphaleron — with a negative specific 
heat. The BH entropy of such a black-hole sphaleron is 


A4nrG h 
Sen =——-M?, Ta= goa: 


The black-hole sphaleron is similar to the vortex-ring sphaleron in Fig. 26.5 with 
R > rn, mw/In(R/Reore) > 2aT/c and E(R) = E(R)-— w- p(R) — M(rn) - 
TSpu(rn) (here p is the linear momentum of a vortex ring and w is the coun- 
terflow velocity). The energy and entropy of the sphaleron determine the rate 
—Espn/T -M/T — e7 SBH 


— Np EZ MPT , (32.63) 


(32.64) 


of black hole creation by thermal activation: e — eSBHe 
(see Hawking et al. 1995). An analogy between the vortex-loop and black-hole 
thermodynamics was discussed by Copeland and Lahiri (1995), Volovik (1995b) 
and Kopnin and Volovik (1998a); in both cases the entropy is proportional to 
the area. 

Equations for the microscopic and phenomenological entropy, (32.63) and 


(32.64) respectively, are consistent with each other if 


1 h 
—— Npr E2 =p? . 2. 
1057 F 0 = G Planck (3 65) 


In eqn (32.65) the cut-off energy Eo and the number of chiral fermionic species 
Nr are combined to form the gravitational constant G. The same occurs in 
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Sakharov’s (1967a) effective gravity, where all the fermionic species must add to 
produce the inverse effective gravitational constant: G7! ~ Np E%/h (see also 
eqn (10.52) for the Newton constant in the effective gravity of 7He-A, where the 
role of the cut-off parameter Eo is played by Ao). 

Equation (32.65) reflects the deep phenomenon of the insensitivity of the 
effective phenomenological theory to the details of the microscopic physics. In 
a given microscopic theory, the black-hole entropy comes from the fermionic 
microstates, and thus it must be proportional to the number of fermionic species 
Nr in the Standard Model. On the phenomenological level, eqns (32.64) are com- 
pletely determined within the effective theory, and thus cannot explicitly contain 
such microscopic parameters as Ey and Np. This apparent contradiction was re- 
solved by Jacobson (1994) who noticed that the number of fermions Np and the 
cut-off parameter Ep enter the microscopic entropy in the same combination as 
in the effective gravitational constant G. As a result the black-hole entropy is 
completely determined by the parameter G of the effective theory. 


32.4.5 Gravitational bag 


Let us show that in a given microscopic model the micro- and macro- entropies 
coincide, i.e. that the relation (32.65) between the Planck scale parameter Eo and 
the Newton gravitational constant does hold. We apply the condensed matter 
conjecture that the equilibrium vacuum is not gravitating. If so, then the whole 
gravitational mass M of the black hole is provided by the ‘matter’ above the 
vacuum, i.e. by thermal fermionic microstates in the black-hole interior. Thus 
M is determined by the thermal energy € of fermion zero modes and by their 
pressure p: 

M=E€E+3pV , (32.66) 


where V = (47/3)r? is the volume within the horizon. Since the equation of 
state of thermal fermions forming the Fermi surface is 


1 
E=58T=pV , (32.67) 


one obtains 
M=4E. (32.68) 


The black-hole matter can be in equilibrium with the external environment if its 
temperature coincides with the temperature of the Hawking radiation: in this 
case absorption and emission compensate each other. Substituting the Hawking 
temperature T = sin into eqn (32.68) and using eqn (32.62) for the thermal 
energy, one obtains the relation (32.65) between Np, Eo and G. This automat- 
ically leads to the Bekenstein-Hawking entropy (32.64) of the black hole if it is 
in equilibrium with the environment. 

In this consideration the black hole represents some kind of self-consistent 
gravitational bag in Fig. 32.11 left. In the exterior region, one has either the 
Standard Model vacuum of the Fermi point universality class, or the fully gapped 
Dirac vacuum if the temperature is below the electroweak transition. The interior 
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of the bag consists of the new vacuum belonging to the universality class of Fermi 
surface formed by fermion zero modes. The bag is self-sustaining in the sense 
that the vacuum in the interior is adjusted to the gravitational field determined 
by the Painlevé-Gullstrand metric, while thermal excitations inside the bag 
serve as a source of this gravitational field. The bag boundary — the black-hole 
horizon — represents the interface between two vacua of different universality 
classes. 

Of course, there are many weak points in this description of the gravitational 
bag. First of all, the reconstruction of the vacuum within the black hole involves 
the Planck energy in the whole volume of the black hole. That is why it is very 
unlikely that such a bag can arise as a result of the gravitational collapse of 
ordinary matter. However, the rearrangement of the vacuum can be triggered by 
instabilities near the physical singularity, and then it will propagate to the whole 
interior of the black hole if the latter survives after such a violent process. Second, 
it is not clear whether the traditional description of the black hole is applicable 
in the presence of the new vacuum. One may expect that it is applicable for the 
gravitational field outside the horizon, while the principle of the non-gravitating 
vacuum can provide the connection between the low-energy degrees of freedom 
of the new vacuum inside the hole and the gravitational field outside. Also we 
did not consider the change of the Painlevé-Gullstrand metric due to the spatial 
distribution of thermal fermions inside the horizon. However, if the gravitational 
bag is stable this will not change the universality class of the vacuum: it will 
contain the Fermi surface, and thus the T? dependence of the thermal energy 
of fermion zero modes will persist, and fermionic microstates will be responsible 
for the black-hole entropy. 

The main reason for the formation of the Fermi surface beyond the horizon 
is the violated time reversal symmetry of the Painlevé-Gullstrand metric. In a 
similar way the violated time reversal symmetry leads to the formation of the 
Fermi surface in the flowing superfluids when the Landau velocity is exceeded 
(see Sec. 26.1.3). In principle, the large density of states on the Fermi surface 
may generate further symmetry breaking in the black-hole interior, as it occurs 
in condensed matter. In this case the universality class of the vacuum can change 
spontaneously. 
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CONCLUSION 


According to the modern view the elementary particles (electrons, neutrinos, 
quarks, etc.) are excitations of some more fundamental medium called the quan- 
tum vacuum. This is the new ether of the 21st century. The electromagnetic and 
gravitational fields, as well as the fields transferring the weak and the strong 
interactions, all represent different types of collective motion of the quantum 
vacuum. 

Among the existing condensed matter systems, the particular quantum liquid 
— superfluid *He-A — most closely resembles the quantum vacuum of the Standard 
Model. This is the collection of 7He atoms condensed into the liquid state like 
water. But as distinct from water, the behavior of this liquid is determined by 
the quantum mechanical zero-point motion of atoms. Due to the large amplitude 
of this motion, the liquid does not solidify even at zero temperature. At zero 
temperature this liquid represents a coherent vacuum system similar to a Bose 
condensate. This is the analog of our quantum vacuum. When the temperature 
is non-zero this ‘vacuum’ is excited. Excitations of the quantum liquid consist of 
fermionic quasiparticles and bosonic collective modes. Although quasiparticles 
are not the real atoms of the liquid, they behave as real particles and serve 
as the ‘elementary particles’ of this liquid. Interacting fermionic and bosonic 
quantum fields constitute the quantum field theory in the quantum liquid. As 
distinct from the fundamental quantum field theories with their fundamental 
elementary particles, there are no ‘bare’ quasiparticles in quantum liquids. One 
cannot say that the bare quasiparticle interacting with the quantum vacuum 
becomes dressed: quasiparticles are excitations of the quantum vacuum of a 
quantum liquid and thus do not exist without the vacuum. 

The most important property of this particular quantum liquid — superfluid 
3He-A — is that its quasiparticles are very similar to the chiral elementary par- 
ticles of the Standard Model (electrons and neutrino), while its collective modes 
are very similar to gravitational, electromagnetic and SU(2) gauge fields, and 
the quanta of these collective modes are analogs of gravitons, photons and weak 
bosons. In the low-energy corner the Lorentz invariance emerges and the quan- 
tum field theory becomes a relativistic quantum field theory. The reason for this 
similarity between the two systems is a common momentum space topology. 

This momentum space topology (Chapter 8) is instrumental for classifying 
of universality classes of fermionic vacua in terms of their fermionic and bosonic 
zero modes. It provides the topological protection for the low-energy properties 
of systems of a given class: the character of the fermionic spectrum, collective 
modes and leading symmetries. What unites superfluid 3He-A and the Standard 
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Model into one universality class of fermionic vacua is the existence of topo- 
logically stable fermion zero modes in the vicinity of Fermi points — zeros of 
co-dimension 3. As a result the quantum liquids belonging to this universality 
class reproduce many fragments of the Standard Model and gravity. Chirality, 
relativistic spin, Weyl fermions, gauge fields and gravity emerge in the vicinity 
of a Fermi point together with the physical laws and corresponding symmetries 
which include Lorentz symmetry and local SU(N) symmetry. Such emergent 
behavior supports the ‘anti-grand-unification’ idea that the Standard Model and 
even GUT are effective theories gradually emerging in the infrared limit together 
with the corresponding symmetries. 

This similarity based on common momentum space topology allows us to pro- 
vide analogies between many phenomena in quantum liquids and in the quantum 
vacuum of the Standard Model. These phenomena have the same physics but in 
many cases are expressed in different languages and can be visualized in terms 
of different observables. However, in the low-energy corner they are described by 
the same equations if written in a covariant and gauge invariant form. 

The main advantage of quantum liquids is that these systems are complete be- 
ing described by, say, the BCS theory. This theory incorporates not only the ‘rel- 
ativistic’ infrared regime, but also several successive scales of the short-distance 
physics, which correspond to different ultraviolet ‘trans-Planckian’ ranges of high 
energy. Since in the microscopic theory there is no need for a cut-off imposed 
by hand, there is no need for the ultraviolet renormalization and all subtle is- 
sues related to the ultraviolet cut-off in quantum field theory can be resolved on 
physical grounds (as was demonstrated in the example of effects related to axial 
anomaly on *He-A, quantum liquids can also help to resolve some subtle issues 
of infrared problems). 

Comparison to quantum liquids can show the proper physical way from the 
low-energy effective theory toward a more fundamental one. This can help us 
to distinguish between different schemes which cannot be resolved within the 
effective theory. For example, using only the arguments based on the common 
momentum space topology one finds that some of the unification schemes of the 
strong and electroweak interactions are more preferable than others: in partic- 
ular, the Pati-Salam group G(224) = SU(4)c x SU(2)r x SU(2)r has many 
advantages from the condensed matter point of view compared to the more tra- 
ditional SO(10) unification (Sec. 12.2). This means that the condensed matter 
analogy of emergent RQFT provides us with some kind of selection rule. By 
comparing a given theory in particle physics to the picture of how the discussed 
phenomenon could occur in condensed matter, one is able to judge whether this 
theory is consistent with the condensed matter point of view or not. 

Our ultimate goal is to reveal the still unknown structure of the ether (the 
quantum vacuum) using our experience with quantum liquids. Unfortunately, 
liquid *He-A cannot serve as a perfect model for the quantum vacuum: though 
it belongs to the right universality class of co-dimension 3 and thus reproduces 
many fragments of the Standard Model vacuum, the full pattern is missing. The 
main disadvantage of *He-A is that the effective gravity there is far from being 
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fully covariant: the effect of the non-covariant ‘trans-Planckian’ physics shows 
up even in the low-energy corner, and as a result the gravitational field does not 
obey the Einstein equations. 

The realization of a quantum liquid with the completely covariant effective 
theory at low energy requires some effort. We need such a ‘perfect’ quantum 
liquid, where in the low-energy corner the symmetries become ‘exact’ to a very 
high precision, as we observe today in our Universe. The natural question is: are 
there any guiding principles to obtain the perfect quantum vacuum? The expe- 
rience with *He-A, especially with its hierarchy of ‘Planck’ energy scales there, 
shows possible routes. In 73He-A, the Lorentz invariance experienced by fermionic 
quasiparticles is violated at the lowest ‘Planck’ scale, ELorentz = EPlanck 1- The 
largest Planck scale Ecutot = Epianck 3, Which is separated from the lowest one by 
six orders of magnitude, provides the natural cut-off for the divergent integrals 
over the fermionic field in the effective action for the gauge and gravitational 
fields. Since in 9He-A Eporentz K Ecuto, for most terms in the effective action 
for bosonic fields the main contribution comes from the energy region where the 
fermions are ‘non-relativistic’; that is why these terms are non-relativistic and 
non-symmetric. This is very crucial for the effective gravity in ?He-A, which is 
mostly non-Einsteinean. 

The situation is somewhat better for the gauge fields because of the log- 
arithmic divergence of the effective action, and one finds that in the leading 
logarithmic approximation the action for the effective U(1) gauge field is gauge 
invariant and obeys general covariance. However, logarithmic accuracy is not 
enough to explain the really huge accuracy of the symmetries in the low-energy 
corner of our vacuum. 

In principle, it is clear how to properly ‘correct’ the ?He-A to make it perfect: 
one must somehow interchange the Planck scales so that Ejorentz > Ecutort. In 
this case the main terms in the bosonic action will have all the symmetries of 
our world. According to Bjorken, ‘the emergence can only work if there is an 
extremely small expansion parameter in the game’. This small parameter can be 
the ratio of Planck scales: Eeutor/E Lorentz. The precision of symmetries will be 
determined by some power of Ecutort/ELorentz. Since the theory is effective, the 
non-covariant terms will always remain there. But these remaining terms become 
vanishingly small in the low-energy limit, either due to the small parameter 
Ecutott /E Lorentz, or since they contain the Planck energy cut-off in denominator. 
An example of such a ‘non-renormalizable’ term in ?He-A, which is the remnant 
of the ‘trans-Planckian’ physics, is presented in Sec. 19.3.2. It corresponds to the 
mass term for the U(1)y gauge field of the hyperphoton which violates gauge 
invariance, but contains the Planck energy cut-off in the denominator. 

The quantum liquids with Fermi points show one of possibly many routes 
from the low-energy ‘relativistic’ to the high-energy ‘trans-Planckian’ physics. Of 
course, one might expect many different routes to high energy, since the systems 
of the same universality class are similar only in the vicinity of the fixed point: 
they can and will diverge far from each other at higher energies. Nevertheless, the 
first non-renormalizable corrections could also be universal, and in many cases 
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only this first non-renormalizable or the non-relativistic correction completely 
describes the physics of the system if it cannot be determined within the purely 
relativistic domain. An example is provided by the entropy of the extremal black 
hole discussed in Sec. 32.1.4. 

In many condensed matter systems (even of different universality classes and 
even in bosonic quantum liquids), the propagating bosonic or fermionic modes 
obey an effective Lorentzian metric. That is why, if one ignores the dynamics 
of the gravity and considers only its effect on the ‘matter’, one finds that the 
analog of the gravitational field acting on the matter can be easily constructed. 
The gravitational field (i) can be simulated by flowing liquids: normal fluids, 
superfluids, and Bose-Einstein condensates; (ii) it can also be reproduced by 
elastic strains, dislocations and disclinations in solids (see the review paper by 
Dzyaloshinskii and Volovick (1980), the recent paper by Schmidt and Kohler 
(2001) and references therein); (iii) in Fermi systems with Fermi points the same 
effective gravitational field interacts with both fermions and bosons; (iv) an effec- 
tive 2+1 metric field arises on surfaces, interfaces and membranes, for example, 
on a curved surface of a superfluid liquid (Andreev and Kompaneetz, 1972), this 
metric field plays the role of gravity for quasiparticles living within the surface; 
(v) an effective 2+1 metric field for ripplons arises at the interface between two 
sliding superfluids (Sec. 32.3), etc. Though the full dynamical realization of grav- 
ity can take place only in fermionic condensed matter of Fermi point universality 
class and with a proper hierarchy of Planck scales, gravity with non-Einsteinean 
dynamics can serve to simulate many different phenomena related to the mar- 
riage of gravity and quantum theory. 

The analog of gravity in superfluids shows a possible way of how to solve 
the cosmological constant problem without having to invoke supersymmetry or 
any fine tuning (Sec. 29.4). The naive calculations of the energy density of the 
superfluid ground state in the framework of the effective theory suggests that it 
is on the order of the zero-point energy of the bosonic field in Bose superfluids 
and on the order of the energy of the Dirac vacuum of fermionic quasiparticles 
in Fermi superfluids. If one translates this into the language of RQFT, one ob- 
tains the energy density on the order of F'$),,<;; With the sign being determined 
by the fermionic and bosonic content. The standard field theoretical estimate 
gives the same huge value for the energy of the RQFT vacuum and thus for the 
cosmological constant, which is in severe contradiction with real life. 

However, an exact treatment of the trans-Planckian physics in quantum liq- 
uids gives an exact vanishing of the appropriate vacuum energy density of the 
liquid. This follows solely from a stability analysis of the ground state of the iso- 
lated liquid combined with a thermodynamic Gibbs-Duhem identity. This analy- 
sis is beyond the effective theory: the low-energy inner observer who lives in the 
quantum liquid is not able to obtain this result. 

At the same time the vacuum of the liquid, which looks empty for an inner 
observer, is not ‘empty’ at all: it is densely populated with the underlying atoms, 
which, however, do not contribute to the cosmological constant. The underlying 
liquid starts to contribute when it is excited. This is manifested, for example, in 
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Casimir forces that arise from the distortion of the superfluid vacuum. Applying 
this to RQFT one may conclude that the equilibrium quantum vacuum does 
not gravitate. Such principle of the non-gravitating vacuum cannot be derived 
or justified within the effective theory. On the other hand, in the underlying 
microscopic physics this result of the complete nullification does not depend 
on the microscopic details. It occurs for any relation between the Planck scales, 
ELorentz and Ecuto, and thus is applicable to the case when the gravity is obeying 
the Einstein equations. The universality of this result suggests that it can be 
applicable to the fermionic vacuum of the Standard Model too. 

But what happens if a phase transition occurs in which the symmetry of the 
vacuum is broken, as is supposed to happen in the early Universe when, say, the 
electroweak symmetry was broken? In the effective theory, such a transition must 
be accompanied by a change of the vacuum energy, which means that the vacuum 
has a huge energy either above or below the transition. However, in the exact 
microscopic theory of the liquid, the phase transition does not disturb the zero 
value of the vacuum energy. After the liquid relaxes to a new equilibrium vacuum 
state, its vacuum energy will be zero again. The energy change is completely 
compensated by the change of the chemical potential of the underlying atoms 
of the liquid; such quantities as ‘atoms of the vacuum’ and the related chemical 
potential are not known by an inner observer who uses the effective theory. 

The analogy with quantum liquids also shows that in the perturbed vacuum 
the energy density must be on the order of the energy of the perturbations. In 
particular, if the perturbations are caused by quasiparticles created at non-zero 
temperature T, which form thermal matter, the vacuum energy density is of 
the order of the energy density of matter. This is in agreement with modern 
astrophysical observations. Thus the cosmological constant is not a constant at 
all but is the dynamical quantity which is either continuously or in a stepwise 
manner adjusted to perturbations. 

Another phenomenon where the marriage of gravity and quantum theory 
is important is the black hole. Having many systems for simulating of gravity, 
we can expect in the near future that the analogs of an event horizon could 
be constructed in the laboratory. In ?He-A the ‘maximum attainable velocity’ 
of quasiparticles, which plays the role of the speed of light, is rather small: 
about 3 cm s~!. Quasiparticles cannot escape from the region of liquid which 
moves faster than they can propagate. Such regions serve as black holes. Thus, 
in principle, the analog of an event horizon can be reproduced, and the Hawking 
radiation of quasiparticles from the horizon can be measured. The AB-brane 
in superfluid *He (the interface between the two sliding superfluids in Sec. 32.3) 
and the Bose condensates in laser-manipulated traps will probably be the first 
condensed matter systems where the event horizon will be realized. 

The condensed matter analogs of horizons may exhibit Hawking radiation, 
but in addition other, unexpected, effects related to the quantum vacuum could 
arise, such as instabilities experienced by the vacuum in the presence of horizons 
and ergoregions. The non-relativistic version of the ergoregion instability was 
experimentally investigated using the AB-interface (Chapter 27). With the AB- 
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brane one can also simulate the interaction of particles living on the brane with 
those living in the bulk, i.e. in the higher-dimensional space outside the brane. 
This interaction leads to the decay of the brane vacuum in the region beyond 
the horizon. This mechanism can be crucial for astronomical black holes, if this 
analogy is applicable and we live in the brane world. If the matter fields in the 
brane are properly coupled to, say, gravitons in the bulk, this may lead to fast 
collapse of the black hole. 

Due to instabilities the vacuum is reconstructed. This leads either to de- 
struction of the horizon, or to the horizon as an interface between vacua of 
different universality classes (Sec. 32.4). Since the short-distance physics is ex- 
plicitly known in condensed matter this helps to clarify all the problems related 
to the vacuum in the presence of a horizon, or in the background of other exotic 
effective metrics, such as surfaces of infinite red shift, surfaces or lines where the 
metric is degenerate, etc. 

In the presence of such exotic metrics the definition of the vacuum state 
becomes subtle from the point of view of the effective theory. It depends on the 
reference frame thus disturbing the equivalence between the frames obtained by 
a coordinate transformation. It is impossible to resolve which reference frame is 
more physical from within the effective theory. But looking at the theory from 
the outside, from the Planck energy scale, where the symmetries of the effective 
theory are violated, one can resolve between the frames. The inner low-energy 
observer living in a quantum liquid has the same restrictions imposed on him 
(or her) by the relativistic physics as we have in our vacuum. For an external 
observer outside the liquid, these restrictions disappear together with Lorentz 
invariance and general covariance, and he (or she) can judge what is the true 
vacuum. The vacuum in a non-trivial background is the proper area where the 
Planckian physics emerges, and we need the experience from the quantum liquids 
where this Planckian physics is known in order to understand what the meaning 
of different ‘equivalence’ schemes is. The frames which are equivalent from the 
point of view of an inner observer are not equivalent in the Planckian physics. 

At the moment only one of the exotic metrics has been experimentally simu- 
lated in superfluid *He. This is the metric induced by a spinning cosmic string, 
which is reproduced in the background of a quantized vortex. The spinning string 
represents the Aharonov-Bohm geometry in which the flux of the gravimagnetic 
field is concentrated in the core of the string (vortex). In the presence of the 
gravimagnetic flux, particles experience the analog of the Aharonov-Bohm ef- 
fect, called the gravitational Aharonov-Bohm effect. The analog of this effect has 
been experimentally confirmed in superfluids by measurement of the Jordanskii 
force acting on quantized vortices (Sec. 31.3). 

As for the other (non-gravitational) analogies, the most interesting ones are 
also related to the interplay between the vacuum and matter. They can be fully 
investigated in quantum liquids, because of the absence of the cut-off problem. 
These are the anomalies which are at the origin of the exchange of the fermi- 
onic charges between the vacuum and matter. Such anomalies are the attributes 
of Fermi systems in the universality class of Fermi points: the Standard Model 
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and ?He-A. The spectral flow of the fermionic levels, which carries the fermionic 
charge from the vacuum to matter, occurs just through the Fermi point. That is 
why the anomaly can be calculated in the vicinity of the Fermi point, where the 
equation for the anomaly in quantum liquids become fully gauge invariant and 
fully obeys general covariance with absolute precision. It is the same relativis- 
tic equation found by Adler (1969) and Bell and Jackiw (1969) in RQFT (see 
Chapter 18). ?He-A provided the first experimental confirmation of the Adler- 
Bell—Jackiw equation to a precision of a few percent. The anomalous nucleation 
of the baryonic or leptonic charge from the vacuum described by Adler—Bell-— 
Jackiw equation is at the basis of modern theories of baryogenesis in the early 
Universe. 

The modified equation is obtained for the nucleation of fermionic charge by 
the moving string — the quantized vortex. The transfer of the fermionic charge 
from the ‘vacuum’ to ‘matter’ is mediated by the spectral flow of fermion zero 
modes of co-dimension 1 living on vortices — analogs of matter living in the brane 
world. This condensed matter illustration of the cancellation of anomalies in 1+1 
and 3+1 systems (the Callan—Harvey effect) has also been experimentally verified 
in quantum liquids — now in 3He-B (Chapter 25). The relativistic counterpart of 
this phenomenon is baryogenesis by cosmic strings, which thus has been experi- 
mentally probed. In general, physics of fermion zero modes of the homogeneous 
or inhomogeneous quantum vacuum governs practically all phenomena in the 
low-temperature limit, and the most important of them are fermion zero modes 
with co-dimension 1 and co-dimension 3 which are topologically protected. 

The other effect related to the axial anomaly — the helical instability of the 
superfluid/normal counterflow in ?He-A — is described by the same physics and 
by the same equations as the formation of the (hyper)magnetic field due to the 
helical instability experienced by the vacuum in the presence of the heat bath 
of the right-handed electrons (Sec. 19.3). That is why its observation in ?He- 
A provided experimental support to the Joyce-Shaposhnikov scenario on the 
genesis of the primordial magnetic field in the early Universe. In the future the 
macroscopic parity-violating effects suggested by Vilenkin (Sec. 20.1) must be 
simulated in *He-A. In both systems, ?He-A and the Standard Model, they are 
described by the same mixed axial-gravitational Chern—Simons action. 

We have found that practically all the physics of the Standard Model and 
gravity emerge in the vicinity of the Fermi point, including even the quantum 
field theory. We started with a system of many atoms which obeys the conven- 
tional quantum mechanics and is described by the many-body Schrödinger wave 
function. The creation and annihilation of atoms is strongly forbidden at low 
energy scale, and thus there is no quantum field theory for the original atoms. 
The quantum field theory emerges for excitations — fermionic and bosonic quasi- 
particles — which can be nucleated from the vacuum. In the systems with Fermi 
points, this emergent quantum field theory becomes relativistic. 

The scheme of the emergent phenomena discussed in this book is not com- 
plete: quantum mechanics is still fundamental. It is the only ingredient which 
does not emerge in condensed matter. Quantum mechanics is already there from 
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the very beginning governing the dynamics of the original bare atoms. Planck’s 
constant f is the only constant which is fundamental: it is the same for the high- 
energy atomic physics and for the low-energy RQFT. However, in exploring the 
quantum liquids with Fermi points, we are probably on the right track toward 
understanding the properties of the quantum vacuum and the origin of quantum 
mechanics. 
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non-topological, 180 
terminated by string, 163, 169, 189, 
194, 195, 197, 207, 212 
topological stability, 169, 170, 196-199 
twist soliton, 384 
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spin-orbit coupling, 19, 144, 145, 153, 
154, 161-164, 169, 174, 176, 
189, 195, 196, 198, 204, 205, 
212, 214, 220, 224, 258, 299, 
384 
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local, 45-47, 378 
unstable, 330 
time dilation, 40 
transformation 
Bogoliubov, 22, 68, 69 
Galilean 
for particles, 33, 34 
for quasiparticles, 33-35 
Lorentz, 22 


universality 
classes, 5, 7 
of fermionic vacua, 5, 65, 81, 86, 87, 
103, 372, 460, 461, 464, 466 
of gravity, 11 
Universe 
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